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PREFACE. 



Of the various Treatises on Elementary Geometry 
which have appeared during the present century, thai 
of M. Legendsb stands preeminent. Its peculiar merits 
have won for it not only a Eurpjpe^n reputation, but 
have also caused it to be selected aa{thja ^basis of many 
of the best works on the subject that have: been pub- 
lished in this country. / 
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In the original Ti'eatise of LEGiAfiZBtejo^he^ ^opositions 
are not enunciated in general terms, but/ l)y^'ineans of 
the diagrams employed in their demonstration.. This 
departure from the method of Euclid is much to be 
regretted. The propositions of Geometry are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In the following work, 
each proposition is first enunciated in general terms, and 
afterwards, with reference to a particular figure, that 
figure being taken to represent any one of the class to 
which it belongs. By this arrangement, the diflSculty 
oxpenenced by beginners in comprehending abstract truths, 
is lessened, without in any manner impairing the gener- 
ality of the truths evolved. 

The term solidj used not only by Legendre, but by 
many other authors, to denote a limited portion of space, 
seems calculated to introduce -the foreigii idea oi tciaXXet 
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into a science, which deals only with the abstract pro- 
perties and relations of figured space. * The term volumCj 
has been introduced in its place, under the belief that 
it corresponds more exactly to the idea intended. Many 
other departures have been made from the original text, 
the value and utility of which have been made manifest 
in the practical tests to which the work has been sub- 
jected. 

In the present Edition, numerous changes have been 
.made, both in theJSf^metrj and in the Trigonometry. The 
definitions ha\sp:bej^ 'carefully revised — ^the demonstrations 
have beea^^aimOni2d(^, and, in many instances, abbreviated — 
theLjji<inc^i!l /))^^t:beiii^ to simplify the subject as much as 
po*dBiBle,/M%lliCttff from the general plan. These 

changes arej.d^^]!* Trofessor Peck, of the Department of 
Pure Matl^niktics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

CHARLES DATIES. 

OOLUIQILI GOILBQI, 

Nbw Yqbx, April, 1862. 
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INTRODUCTION. 

DEFIKITIOKS OF TERMS. 

1. QUANTITY is anything whicli can be increased, dimin- 
ished, and measured. 

To measure a thing, is to find out how many times it 
contains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the U7iit of measure. 

2. In Geometry, there are four species of quantity, viz.: 
LnTES, Surfaces, Volumes, and Angles. These are called, 
Geometrical Magnitudes. 

Since the unit of measure of a quantity is of the same 
kind as the quantity measured, there are four kinds oi units 
of measure, viz.: Units of Length, Units of Surface, Units 
of Volume, and Units of Angular Measure. 

3. Geometry is that branch of Mathematics which treats 
of the properties, relations, and measurement of the Geo- 
metrical Magnitudes. 

4. In Geometry, the quantities considered are generally 
represented by means of the straight line and curve. The 
operatiolis to be performed upon the quantities and the reW 
tionB betw'een them, are indicated by Bigna, aa m Kx^aX^^^a* 
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The following are tbe principal signs employed : 

The Sign of Addition^ + , called plus : 

Thus, A + By indicates that B is to be added to A, 

The Sign of Subtraction^ — , called minus : 
Thus, A — Bj indicates that B is to be subtracted 
from A. 

The Sign of Multiplication^ X : 

Thus, A X B^ indicates that ^ is to be multiplied 
by B. 

The Sign of Division^ -i- : 

Thus, A-^By or, -^ , indicates that ^ is to be 
divided by B, 

The JEaponential Sign : 

Thus, A^ , indicates that A is to be taken three times 
as a factor, or raised to the third power. 

The Madical Sign^ V' : 

Thus, y/A^ V^ indicate that the square root of -4, 
and the cube root of B^ are to be taken. 

When a compound quantity is to be operated upon as a 
single quantity, its parts are connected by a vinculum or 
by a parenthesis : 

Thus, A ■\- B X (7, indicates that the sum of A an«l 
Z? is to be multiplied by C ; and {A + B) -l. C, indi- 
cates that the sum of A and B is to be divided by C, 

A number written before a quantity, shows how many 
limes it is to be taken. 

Thus, Z{A-\- B)y indicates that the sum of A and / 
is to be taken three times. 

The Sign of Equality^ = : 

Thus, A = B -\- C^ indicates that A is equal to the 
dom of B and C, 
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The expression, A = H + C^ is called an equation. The 
part on the left of the sign of equality, is called the first 
member ; that on the right, the second member. 

The Sign of Inequality^ < : 

Thus, .VZ < J/S, indicates that the square root of A 
is less than the cube root of B. The opening of the sign 
is towards the greater quantity. 

The sign, .'. is used as an abbreyiation of the word 
hencBy or consequently. 

The sypibols, 1°, 2*^, etc., mean, 1st, 2d, etc 

5. The general truths of Geometry are deduced by a 
course of logical reasoning, the premises being definitions and 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration, 

6. A Theorem is a truth requiring demonstration. 

7. An Axiom is a self-evident truth. 

8. A Problem is a question requiring a solution. 

9. A Postulate is a self-evident Problem. 

Theorems, Axioms, Problems, and Postulates, are all called 
Propositions, 

10 A Lemma is an auxiliary proposition. 

11. A Corollary is an obvious consequence of oiie or 
more propositions. 

12. A Scholium is a remark made upon one or more 
propositions, with reference to their connection, their uso, 
tJbeir extent, or tjieir limitation. 
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13. An Hypothesis is a supposition made, either in the 
i^atement of a ^oposition, or in the coarse of a demonstra- 
tion. 

14. Magnitudes are equal to each other, when each con- 
lains the same unit an eqivd number of times. 

15. Magnitudes are equal in all their parts, when they 
may be so. placed as to coincide throughout their whole 
extent 
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BLBMENTABY PBINCIPLBS. 
DEFINITION'S. 

1. Geometry is that branch of Mathematics which treats 
of the properties, relations, and measurements of the Geo- 
metrical Magnitudes. 

2. A Point is that which has position, but not magni- 
tude. 

3. A Line is that which has length, but neither breadtfr 
nor thickness. 

Lines are divided into two classes, straight and curved. 

4. A Straight Line is one which does not change its 
direction at any point. 

5. A Curved Line is one which changes its direction al 
eyery point. 

When the sense is obyious, to ayoid repetition, the woril 
line, alone, is sometimes used for straight line; and thd 
word curve, alone, for curved line. 

6. A line made up of straight lines, not lying in the same 
direction, is called a broken line. 

7. A SuREACB is that which has length and breaAiih. 
without thickness. 
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some- 
called 



Sar&ces are divided into two classes, plane and curved 
sttrfaces, 

8. A Pl.vnb is a surface, such, that if any two of it« 
points be joined by a straight line, that line will lie wholly 
in the surface. 

9. A CuBYSD Surface is a surface which is neither .4 
plane nor composed of planes. 

10. A Plane Angle is the amount of diyergence of two 
straight lines lying in the same plane. 

Thus, the amount of divergence of the 
lines AJi and AC^ is an angle. The 
lines AJB and AG are called sideSj and 
their common point A^ is called the ver- 
tex. An angle is designated by naming its sides, or 
times by simply naming its vertex ; thus, the above is 
the angle HAG^ or simply, the angle A» 

11. When one straight line meets 
another the two angles which they form 
are called adjacent angles. Thus, the 
angles ABD and DBG are adjacent. 

12. A Right Angle is formed by one 
straight line meeting another so as to 

^make the adjacent angles equal. The first 
line is then said to be perpendicular to the second. 

I 13. An Oblique Angle Is formed by 
one straight line meeting another so as 
to make the adjacent angles unequal. 

Oblique angles are subdivided into two classes, Ojcuit 
angles^ and obtuse angles. 

14. An Acute Angle is less than a 
right angle 
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15. An Obtuse Axgle is greater than 
a right angle. 

16. Two straight lines are paraUd^ 
when they lie in the same plane and can- 
not meet, how far soever, either way, both 

may be produced. They then have the same direction. 

17. A Plaxb Figure is a portion of a plane bounded 
by lines, either straight or curved. 

18. A Polygon is a plane figure bounded by straight 
lines. 

The bounding lines are called sides of the polygon. The 
broken line, made up of all the sides of the polygon, is called 
the perimeter of the polygon. The angles formed by the 
sides, are called angles of the polygon. 

19. Polygons are classified according to the number of 
their sides or angles. 

A Polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral / one of five sides, a pentagon ; 
one of six sides, a hexagon / one of seven sides, a heptOr 
gon ; one of eight sides, an octagon ; one of ten sides, a 
decagon ; one of twelve sides, a dodecagon^ &c. 

20. An Eqxtilatbral Polygon, is one whose sides art 
all equal. 

An EQULiNGULAB PoLTGON, is one whose angles are al; 
equal. 

A Regular Polygon, is one which is both equilateral 
and equiangular. 

21. Two polygons are mutually equilateral, when their 
sides, taken in the same order, are equal, each to each: that 
is, following their perimeters in the same direction, the first 
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Bide of the one is equal to the first side of the other, the 
Becond side of thQ one, to the second side of the other, 
and so on. 

22. Two polygons are mutually equiangular, when 
their angles, taken in the same order, are equal, each to 
each. 

23. A DiAGOiq'AL of a polygon is a straight line joining 
the vertices of two angles, not consecutiye. 

24. A Base of a polygon is any one of its sides on 
which the polygon is supposed to stand, 

25. Triangles may be classified with reference eithei* to 
their sides, or their angles. 

When classified with reference to their sides, there are 
two classes : scalene and isosceles. 

1st. A Scalene Teiangle is one which 
has no two of its sides equal. 

2d. An Isosceles Tbianglb is one which 
has two of its sides equal. 

When all of the sides are equal, the 
triangle is equilateral. 

When classified with reference to their angles, there are 
are two classes : right-angled and oblique-mingled. 

1st. A Bight-angled Tbianglb is one 
that has one right angle. 

The side opposite the right angle, is called the h^pothe 
nuse. 

2d. An Oblique-angled Tbianglb is 
one whose angles are all oblique. 
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If one angle of an oblique-angled triangle is obtuse, the 
triangle is said to be obtuse-angled. If all of the angles 
are acute, the triangle is said, to be acute-angled, 

26. Quadrilaterals are classified with reference to the r(il- 
atfve directions of their sides. There are then two classes 
the fit St class embraces those which have no two sides par 
allel; the second class embraces those which have at leasts 
two sides parallel. 

Quadrilaterals of the first class, are called trapeziums, 
Quadi-ilaterals of the second class, are divided into two 
species : trapezoids and j>araUelograms. 



27, A Trapezoid is a quadrilateral 
which has only two of its sides parallel. 



28. A Parallelogram is a quadrilateral which has its 
opposite sides parallel, two and two. 

There are two varieties of parallelograms : rectangles 
aiid rliomhoids. 



1st, A Rectangle is a parallelogram 
whose angles are all right angles. 



A Squabk is an equilateral rectangle. 



\ » 



2(1. A' RnoiiBOiD is a parallelogram 
whose angles are all oblique. 



/ 
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A Bhoubcs is an equilateral rhomboid. 
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29. Space is indefinite ex|,ension. 

30. A Volume is a limited portion of space. A Volume 
has three dimensions : length, breadth, and thickness. 

* 

AXIOMS. 

i 

1. Things which are equal to t^c same thing, are equa 
to each other. 

2. If equals be added to equals, the sums will be equal. 

3 If equals be subtracted from equals, the remainders 
will be equal. 

4. If equals be added to nnequals, the sums will be 
onequal. 

5. If equals be subtracted from unequals, the remainders 

win be unequal. 

6. If equals be multiplied by equals, the products will be 
equal. 

7. If equals be divided by equals, the quotients will be 
equal. 

8. The whole is greater than any of its parts.. 

9. The whole is equal to the sum of all its parts. 
10. All right angles are equal. 

11. Only one straight line can be drawn joining two 
given points. 

12. The shortest distance from one point to another is 
measured on the straight line which joins them. • 

13. Through the same point, only ©ne straight line can 
be drawn parallel to a given straight line. \ 
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POSTULATES. 

1. A straight line can be drawn joining any two points. 

2. A straight line may be prolonged to any length. 

3: If two straight lines are unequal, the length of the 
less may be laid off on the greater. 

4. A straight line may be bisected; that is, divided into 
two equal parts. 

5. An angle may be bisected. 

, 6. A perpendicular may be drawn to a giyen straight line, 
either from a point without, or from a point on the line. 

7. A straight line may be drawn, making with a giyen 
straight line an angle equal to a given angle. 

8. A straight line may be drawn through a given point, 
parallel to a given line. 



NOTE. 

In making references, the following abbreyiations are employed, viz. < 
A. for Axiom ; 6. for Book ; C. for Corollary ; D. for Definition ; L 
for Ihtro'duction ; P. for Proposition ; Prob. for Problem ; Post, for 
Postulate ; and S. for Scholium. In referring to the same Book, the 
number of the Book is not given ; in referring to any other Book, the 
nnmber of the Book is ^ven. 
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PROPOSITION I. THEOREM. 

If a straight line meet a?iother straight line^ the sum of the 
adjacent angles will be eqical to two right angles. 

Let DO meet AB at (7: 

then will the sum of the angles E D 

DOA and DOB be equal to 

two right angles. 

A\ C, let CJ^ be drawn per- . !/ _ 

• ^ A ^ — « B 

pendicular to AB (Post. 6) ; then, ^ 

by definition (D. ]2), the angles 

JSCA and J^GJB will both bo right angles, and conse- 
quently, their sum will be equal to two right angles. 

The angle DC A is equal to the sum of the angles 
EGA and EGD (A.. 9); hence, 

DGA + DGB = EGA -I- EGD + DGB ; 
But, EGD + DGB is equal to EGB (A. 9)* hence, 

DGA + DGB = EGA + EGB. 

The sum of the angles EGA and EGBy is equal to 
two right angles ; consequently, its equal, that is, the sum 
«f the angles DGA and DGB^ must also be equal to two 
right angles ; which was to be proved. 

Gor, 1. If one of the angles DGAj DGBj is a right 
angle, the other must also *be a right angle. 

Gor. 2. The sum of the an- 
gles BAG, GAD, DAE, EAF, 
formed about a given point on 
the same side of a straight line 
BF, is equal to two right an- 
gles. For, their, sum is equal to 
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the sum ot the angles EAB and EAF\ wliich, from the 
proposition just demonstrated, is equal to two right angles. 

DEFINITIONS. 

If two straight lines intersect each other, they form four 
angles about the point of intersection, which have received 
different names, with respect to each other, 

1°. Adjacent Angles are ^ 

those which lie on the same side 
of one line, and on opposite sides 
of the other ; thus, A GJS and 
UGB, or ACE and AGD, are 
adjacent angles. 

2°. OpposriE, or VEK-ncAii Angles, are those which lie 
on opposite sides of both lines; thus, ACE and JDGB^ 
or A CD and EGB^ are opposite angles. From the pro- 
position just demonstrated, the sum of any two adjacent 
angles is equal to two right angles. 




PROPOSITION n. THEOREM. 

If two straight lines intersect each otJier^ the opposite or 

vertical angles will he equal. 

Let AB and JDE intersect 
at G : then will the opposite 
or vertical angles be equal. 

The sum of the adjacent angles 
AGE and AGD^ is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles AGE and EGB^ is also equal to 
two right angles. But things which are equal to the same 
thing, are equal to each other (A. 1) ; hence, 
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ACEJf ACD = ACE+ EGB\ 



Taking from both the common 
angle AGE (A. 3), there re- 



mams. 



ACB^ECB. 




In like manner, wo find, 

•»■ 

AGB + AGE = AGD + DGB ; 
and, taking away the common angle AGD^ we have, 

AGE = BGB. 

Hence, the proposition is proved. 

Cor. 1. If one of the angles about C is a right angle, 
all of the others will be right angles also. For, (P. I., C 1), 
each of its adjacent angles will 
be a right angle ; and from the 
proposition just demonstrated, its 
opposite angle will also be a right A \^ ^B 



D 



angle. 



Gor. 2. If one Ime BEy is ^ 

perpendicular to another AB^ then will the second line AB 
be perpendicular to the first BE, For, the angles BGA 
and BGB are right angles, by definition (D, 12) ; and 
from what has just been proved, the angles AGE and 
BGE are also right angles. Hence, the two lines are 
mutually perpendicular to each other. 

Gor. 3. The sum of all the 



angles AGB, BGB, BGE, EGF, 

EGA, that can be formed about 
a point, is equal to four right 
angles. 
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For, if two lines be drawn through the poiut, mutually 
perpendicular to each other, the sum of the angles which 
they form will be equal to four right angles, and it will 
also be equal to the sum of the given angles (A. 9). Hence, 
the sum of the given angles is equal to four right angles. 



B 




PROPOSITION in. THEOREM. 

If two straight li7ies have two points iii common^ they will 
coincide throughout their whole extent^ and form one and 
the same line. 

Let A and B be two points 
common to two lines : then will A.— 
the lines coincide throughout. 

Between A and B they must 
coincide (A. 11). Suppose, now, that they begin to separate 
at some point (7, beyond AB^ the one becoming ACE^ 
and the other AGD, If the lines do separate at (7, one 
or the other must change direction at this point ; but this 
is contradictory to the definition of a straight line (D. 4) : 
hence, the supposition that they separate at any point is 
absurd. They must, therefore, coincide throughout; whidi 
was to be proved. 

Cor. Two straight lines can intersect in only one point. 

Note. — ^The method of demonstration employed above, is 
called the redicctio ad absurdum. It consists in assuming an 
hypothesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until tlie 
assumed hypothesis is shown to be false. Its contradictory ir; 
thus proved to be true. This ^ method of demonstration k 
often used in Geometry. 
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PROPOSITION IV. THEOREM. 

ly a straight line meet two otJier straight lines at a comr 
mon pointy making the sum of the contiguous angles 
equal to tioo right angles^ the two lines met will form 
one ajid the same straight line. 

Let DC meet AG and BO 
at (7, making the sum of the 
angles DO A and DCJ3 equal 
to two right angles : then will 
CS be the prolongation of AG. 

For, if not, suppose CE to bo the prolongation of AO*^ 
then will the sum* of the angles DGA and DGE be 
equal to two right angles (P. I.) : "We shall, consequently, 
have (A, 1), 

DGA + DGB = DGA + DGE ; 

Taking from both the common angle DGA^ there re- 
mains, 

DGB = DGE, 

which is impossible, since a part cannot be equal to the 
whole (A. 8). Hence, GB must be the prolongation of 
AC ; which was to be proved. 



PROPOSITION V. THEOREM. 

If two triangles have two sides and the ificluded angle of 
the one equal to two sides and the included angle of 
the other J each to each, the triangles will be equal in all 
their parts. 

In the triangles ABC and DEE, let AB be equa] 
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to DE^ AG to DF^ and the angle A to the angle D : 
then will the triangles he equal in all their parts. 

For, let ABC be 
applied to DEF^ in A D 

such a manner that the 
angle A shall coincide 
with the angle J9, 
the side AB taking 
the direction DE^ and 

the side AG the direction DF, Then, because AB is 
equal to DE^ the vertex B- will coincide with the vertex 
E\ and because AG is equal to DF^ the vertex G will 
coincide with the vertex F ; consequently, the side B G 
will coincide with the side EF (A. 11). The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; which was to he proved. 



PROPOSITION VI. THEOREM. 



If two triangles have two angles and the included side of the 
one equal to two angles and the included side of the other^ 
each to each^ the triangles will be equal in aU tJwir parts. 

In the triangles 
ABG and DEF, let 
the angle B be equal 
to the angle E^ the ' 
angle G to the angle 
F^ and the side BG 
to the side EF\ then 
will the triangles be equal in all their parts. 

For, let ABG be applied to DEF in such a manner 
that the angle B shall coincide with the angle E^ the side 
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BU taking the direction EF^ and the side BA the direc- 
tion ED. Then, because BO is equal to EEy the vertex 
G will coincide with the vertex F\ and because the anL»h 
C is equal to the angle F^ the side GA will take iIm 
direction FD, Now, the vertex A being at the same time 
on the lines ED and FDy it must be at their intersection 
D (P. in., C.) : hence, the triangles coincide throughouL 
' and are therefore equal in all their parts ( L, D. 14 ) ; 
which was to he proved. 




PROPOSITION Vn. TUEOREM. 

The sum of any two sides of a triangle is greater than the 

third side. 

Let AB (7 be a triangle : then will 
the sum of any two sides, as AB,^ BG^ 
be greater than the third side AG. 

For, the distance from A to G^ 
measured on any broken line AB^ BGy 
is greater than the distance measured on the straight line 
AG (A. 12) : hence, the sum of AB and BG \a greater 
than AG \ which was to be proved, 

Gor. If from both members of the inequality, 

AG <AB + BG, 

wo take away either of the sides ABj BGy m BG, fr* 
example, there will remain (A. 6), 

AG- BG<AB; 

tliat is, t?ie difference between any two sides of a triangle ii> 
less tha7i the third side. 

Scholium. In order that any three given lines may re- 



BOOK I. 27 

present the sides of a triangle, the sum of any two must be 

greater than the third, and the difference of any two mutt 
be less than the thii*d. 




PROPOSITION Vni. THEOREM. 

If from any 'point within a triangle two straight lines b 
drawn to the extremities of any side^ their sum will he 
less than that of the two remaining sides of the triangle. 

Let be any point within the triangle SAG^ and let 
the lines Oi?, 0(7, be drawn to the 
extremities of any side, as DC : ^ 

then will the sum of JSO and 00 
be less than the sum of the sides / ^ ^^^3) 

DA and AC. 

Prolong one of the lines, as 2?0, 
till it meets the side AC in D; then, from Prop. Vll., we 
shall have, 

00 < OD + DO ; 

adding DO to both members of this inequality, recollecting 

that the sum of DO and OD is equal to DD^ wo have 

(A. 4), 

DO +00 <DD + DC. 

From the triangle DADy we have (P. VII.), 

DD < DA + AD ; 

adding DC to both members of this inequality, recollecting 
that the sum of AD and DC is equal to ACy we have, 

DD + DC< DA + AC. 

Eut it was sho^vn that D0+ 00 is less than DD + DC\ 
still more, then, is DO + OC less ttan DA + AC ; which 
was to he proved. 
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PEOPOSinON IX, THEOREM. 



If two triangles have two sides of tJie one equal to two sides of 
the other^ each to each^ and the inrlnded angles unequal^ the 
third sides wiU he unequal ; and the greater side will belong 
to the triangle which has the greater included angle. 



In the triangles BAC and DEF^ let AB be equal to 
DEy AC to 2>i^ and the angle A greater than the an- 
gle B I then will BC be greater than EF. 

Let the line AG be dra^vn, making the angle CAO 
equal to the angle D (Post. 7) ; make AG equal to BE^ 
and draw GC. Then will the triangles AGO and BEF 
have two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each; 
consequently, GC is equal to EF (P. V.). 

Now, the point G may be without the triangle ABCj 
it may be on the side BC^ or it may be within the tri- 
angle ABC. Each case will be considered separately. 

A D • 

1°. When G is 

without the triangle 
ABC. 

In the triangles GIG 
and AIB^ we have, 

(P. vn.), 



GI+ IC > GC, 




BI+IA >AB; 



whence, by addition, recollecting that the sum of BI and 
IC is equal to BCj and the sum of GI and lAj to OAy 
vre have, 

AG + BC > AB 4- GG. 
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Or, since AG = AB^ and GO -=• EF^ we Lave, 

AB + BC > AB -\' EF. 
Tafemg away the common part AB^ there remains (A« 5)^ 

BG > EF. 

2^ When G is on BO. 

In this case, it is obvious 
that GO \& less than BO \ or, 
since GO = EF^ we have, 

BO > EF. 

3®. When G is within the triangle ABO. 
From Proposition VIII., we have, 

BA + BO > GA+ GO I 

or, since GA = BA^ and GO = EF, B 

wo have, 

BA + BO > BA + EF. 

Taking away the common part AB^ 

there remains, 

BO > EF. 

Hence, in each case, BO is greater than EF; which was 
to be proved. 

Converself/ : If in two triangles ABO and JDEF, the 
side AB is equal to the side BE, the side AO to BF^ 
and BO greater than EFj then will the angle .l^AO be 
greater than the angle EDF. 

For, if not, BAO must either be equal to, or less than, 
EDF. In the former case, BO would be equal to EF 
(P. v.), and in the latter case, BO would be less than 
EF\ either of which would be contrary to the hypothesis : 
hence, BAG must be greater than EBF. 
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PROPOSITION X. THEOEEM. 

If two triangles have the three sides of the one equal to the 
three sides of the other^ each to each^ the triangles mU be 
equal in aU their parts. 

In the ti-iangles ABC and DBF^ let AJ^ be equal to 
DU, AC to DF, and BC to EF i then will the tri- 
angles be equal in all their parts. 

For, since the sides 
AB^ ACy are equal to A D 

DFj DFy each to each, 
if the angle A were 
greater than 7>, it would 
follow, by the last Pro- 
position, that the side 

BC would be greater than FF; and if the angle A were 
less than JD^ the side BC would be less than FF, But 
BC is equal to FF^ by hypothesis ; therefore, the angle A 
can neither be greater nor less than D : hence, it must be 
equal to it. The two triangles have, therefore, two sides and 
the included angle of the one equal to two sides and the inclu- 
ded angle of the other, each to each ; and, consequently, they 
are equal in all their paits (P. V.) ; which was to be proved. 

Scholium. In triangles, equal in all their parts, the equal 
sides lie opposite the equal angles; and conversely. 

PEOPOSinON XI. THEOREM. 

In an isosceles triangle the angles opposite the eqitaZ sides are 

equal. 

Let BAC be an isosceles triangle, having the side AJB 
equal to the side AC: then will the angle C be equal to 
the angle B. 
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JoiQ the vertex A and the middle point D of the base 
£C. Then, AB is equal to AC, by hypothesis, AD 
conimon, and J3D equal to DC, by 
construction : hence, the triangles DAD, 
and DAC, have the three sides of the 
one equal to those of the other, each to 
each ; therefore, by the last Proposition, 
the angle D is equal to the angle C; 
which was to be proved. 

Cor. 1. An equilateral triangle is equiangular. 

Cor. 2. The angle DAD is equal to DAC, and DDA 
to CDA : hence, the last two are right angles. Conse- 
quently, a straight line draivn from the vertex of an isosceles 
triangle to the middle of the base, bisects the angle at the vertex, 
and is perpendicular to the base. 



PROPOSITION Xn. THEOREM. 

If two angles of a triangle are equal, the sides opposite to 
them are also equal, and consequently, the triangle is isos' 
celes. 

In the triangle ADC, let the angle 
ADC be equal to the angle ACD \ 
then will AC be equnl to AD, and 
consequently, the triangle will be isosceles. 

For, if AD and AG are not equal, 
suppose one of them, as AD, to be the 
greater. On this, take DD equal to -4(7 (Post. 3), and 
draw DC. Then, in the triangles ADC, DDC, we have 
the side DD equal to AC, by construction, the side DG 
conunon, and the included angle ACD equal to the included 
angle DDC, by hypothesis: hence, the two triangles are equal 
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in all thoir parts (P. V.). But this is impossible, because a 
part cannot be equal to the whole (A. 8) : hence, the 
hypothesis that AD and AC are unequal, is false. They 
must, therefore, be equal ; which toaa to be proved. 

Cor, An equiangular triangle is equilateral. 




PROPOSITION XIIL THEOREM. 

fn any triangle^ the greater side is opposite the greater angle j 
and^ converseli/j the greater angle is opposite the greater 
side. 

In the triangle ABC^ let the angle 
ACB be greater than the angle ABC\ 
then will the side AB be greater than 
the side AC 

For, draw CZ>, making the angle 
BCD equal to the angle B (Post. 7): 
then, in the triangle DCB^ we have the angles DCB and 
DB C equal : hence, the opposite sides DB and D C are 
equal (P. XTE.). In the triangle ACD^ we have (P. VII.), 

AB ^ DC> AC \ 
or, since 2>(7 = BB^ and AD + DB = AB^ we have, 

AB >AC ; 

fchiSh was to be proved. 

Conversely: Let AB be greater than AC: then 'will the 
angle ACB be greater than the angle ABC. 

For, if ACB were less than ABC^ the side AB would 
be less than the side A (7, from what has just been proved ; 
if ACB were equal to ABC^ the side AB would be 
equal to A 6\ by Prop. XII. ; but both conclusions are contrary 
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to the hypothesis : hence, A CB can neither be less than, 
nor equal to, ABO \ it must, therefore, be greater; which 
was to he proved. 




PROPOSITION XrV. THEOREM. 

£Vo7n a given point only one perpendicular can he drawn ti 

a given straight line. 

Let A be a given point, and AB 
a perpendicular to BE : then can no 
other perpendicular to BJS be drawn 
from A. 

For, suppose a second perpendicular 
AC to be drawn.- Prolong AB till 
BF is equal to AB^ and draw CF. 
Then, the triangles ABC and FBG will have AB equal 
to BF^ by construction, CB common, and the included 
angles ABC and FBC equal, because both are right an- 
gles : hence, the angles A CB and FCB are equal (P. V.) 
But ACB is, by a hypothesis, a right angle : hence, 
FCB must also be a right angle, and consequently, the line 
ACF must be a straight line (P. IV.). But this is impos- 
sible (A. 11). The hypothesis that two perpendiculars can 
be drawn is, therefore, absurd ; consequently, only one such 
perpendicular can be drawn ; which was to he proved. 

If the given point is on the given line, the proposition 
is equally true. For, if fi-om A two perpendiculars AB 
and AC could be di-awn to BE^ 
we should have BAE and CAE 
each equal to a right angle ; and 
consequently, equal to each other ; 
which is absurd (A. 8). 

8 
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PBOPOSmON XV. THEOEEM. 

If from a point without a straigJU line a perpendicular U 
let fdU on the line^ and oblique lines he drawn to differ- 
ent points of it : 

1®. The perpendicular wiU be shorter than any oblique line. 

2°. Any two oblique lines that meet the given line at points 
equally distant from the foot of the perpendicular^ wiU 
be equal: 

3**. Of two oblique lines that meet the given line at points 
unequaUHy distant from the foot of th>e perpendicular^ the one 
which meets it at the greater distance wiU he the longer. 

Let ^ be a given point, DJE a 
given straight line, AB a perpendicular 
to DEy and AD^ AC, AE oblique 
lines, BG being equal to BE, and BD 
greater than BG. Then will AB be 
lees than any of the oblique lines, AG 
will be equal to AEy and AD greater 
than A G. 

Prolong AB until BF is equal to AB^ and draw 
FG, FD. 

1°. In the triangles ABG, FBG, we have the side 
AB equal to BF, by construction, the side BG common, 
and the included angles ABG and FBG equal, because both 
are right angles : hence, FG is equal to AG (P. V.)* 
But, AF is shorter than AGF (A. 12): hence, AB, the 
'half of AF, is shorter than A G, the half of A GF\ which 
was to be proved. 

2"^. In the triangles ABG and ABE, we have the 
side BG equal to BE, by hypothesis, the side AB com 
mon, and the included angles ABG and ABE equal. 
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because both are right angles: hence, AG is equal to AJS\ 
which was to be proved, 

3°. It may be sho^\Ti, as in the first case, that AD is 
equal to DF. Then, because the point C lies within the 
triangle ADF^ the sum of the lines AD and DF mil be 
greater than the sum of the lines A C and GF (P. VJIl.) : 
hence, AD^ the half of ADF^ is greater than AG^ the 
half of A GF ; which was to he proved. 

Gor. 1. The perpendicular is the shortest distance from a 
point to a line. 

Gor. 2. From a given point to a given straight line, only 
two equal straight lines can be drawn ; for, if there could 
be more, there would bfl at least two equal oblique lines on 
the same side of the perpendicular ; which is impossible. 

PROPOSITION XVI. THEOREM. 

If a perpendiculdr he drawn to a given straight line at its 
middle point : , 

1°. Any point of the perpendicular wiU he equaUy distant 
from the extremities of the line: 

2®, Any pointy without the perpendicvlary wiU he uneqtcaHy 
distant from the extremities. 

Let AD be a given strmght line, C 
its middle point, and FF the perpendicular. 
Then will any point of FF be equally dis- 
tant fi'om A and D ; and any point without 
FFy will be unequally distant from A and 2?. 

1°. From any point of FF, as i>, draw 
the lines DA and DD. Then' will DA 
and DD be equal (P. XV.) : hence, D is 
equally distant from A and D ; which was to be proved, 
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2®. From any point without £JI] as -ZJ draw lA and 
IB. One of these lines, as lA^ will cut JSF in somo 
point D ; draw DJS, Then, from what 
has just been shown, DA and DJB wiU 
be equal ; but IJB is less than the sum 
of ID and DJ3 (P. VII.) ; and because 
the sum of ID and DD is equal to the 
sum of ID and DAy or Z4, we have 
/jB less than lA : hence, I is unequally 
distant from A and 2? ; which was to he 
proved. 

Cor. If a straight line EF have two of its points JE 
and F equally distant from A and B^ it will be perpen- 
dicular to the line AB at its middle point. 




PROPOSITION XVn. THEOREM. 




]^ two right<ingled triangles have the hypothervuse and a side 
of the one equal to the hypothenuse and a side of the 
other^ each to each^ the triangles wiU be equal in aU theif 
parts. 

Let the right-angled tri- ^ 
angles AB C and DEF have 
the hypothenuse AC equal 
to DF, and the side AB B 
equal to DE: then will the 
triangles be equal in all their parts. 

If the side BC is equal to EF, the triangles will be 
equal, in accordance with Proposition X. Let us suppose thenj 
that BC and EF are unequal, and that BC is the 
longer. On BC lay off BO equal to EF^ and draw 
AO. The triangles ABC and DEF have AB equal to 
DE, by hypothesis, BG equal to EF^ by construction, and 
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the angles B and JE equal, because both are right angles; 
consequently, AG isXequal to DF (P. V.) But, AC is 
equal to DF^ by hypothesis: hence, AG and AC are equal, 
which is impossible (P. XV.). The hypothesis that BC and 
EF are unequal, is, therefore, absurd : hence, the triangles 
have all their sides equal, each to each, and are, consequently^ 
equal in all of their parts ; fjohich was to be proved. 



PEOPOSITION XVlll. THEOREM. 

If two straight lines are perpendicular to a third straight line, 

they will be parallel 

Let the two lines ACj BD^ be perpendicular to ABi 
then will they be parallel. 

For, if they could meet in a 
point 0, there would be two 
perpendiculars OAy OB^ drawn 
from the same point to the same 

straight line ; wliich is impossible (P. XIV.) : hence, the 
lines are parallel ; which was to he proved. 



B 



D 
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DEFINITIONS. 

If a straight line FF inter- 
sect two other straight lines AB 
and (7Z>, it is called a secant^ 
with respect to them. The eight 
angles formed about the points of 
intersection have different names, 
.with respect to each other. 

1**. Interior angles on the same side, are those tbfit 
lie on the same side of the secant and within the other two 
lines. Thus, BGH and GJSD are interior angles on the 
same side. 
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2°. EzTBBiOB ANGLES ON THB BAME SIDE, are thoflo that lie 
on the same side of the secant and without the other two 
Imes. Thus, EGB and DHF 
are exterior angles on the same 
side. 

3°. Alternate angles, are 
those that lie on opposite sides 
of the secant and within the 
other two lines, but not adja- 
cent. Thus, AGH and GHD 
ore alternate angles. 

4^. Alteenatb extebiob angles, are those that lie on 
opposite sides of the secant and without the other two lines. 
Thus, AGE and FED are alternate exterior angles. 

6®. OpposrEB exterior and intbrioe angles, are those 
that lie on the same side of the secant, the one within and 
the other without the other two lines, but not adjacent. Thus, 
EGE and GED are opposite exterior and interior angles. 




PROPOSITION XIX. THEOREM. 

If ttvo straight lifies meet a third straight line, maTcing the 
sum of the interior angles on the same side equal to two 
right angles^ the tioo lines will he parallel. 

Let the lines KG and ED meet the line BA^ making 
the sum of the angles BAG and ABE equal to two rig]»t 
angles : then will KG and EE be parallel. 

Through G^ the middle point 
of ABj di-aw GF perpendicular -g g 



to KG^ and prolong it to E, 7 

The sum of the angles GEE / ^ 

and GEE is equal to two right ^ A jj" 



G 
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angles (P. I.) ; tbo sum of the angles FAQ and GBD' is 
equal to two right angles, by hypothesis : hence (A. 1), 

GBE+ GBD = FAG + GBD. 

Taking from both the Common part GBB^ we have the 
angle GBF equal to the angle FAG. Again, the angles 
BGE and AGF are equal, because they are vertical an- 
gles (P. n.) : hence, the triangles GEB and GFA have 
two of their angles and the included side equal, each to each; 
they are, therefore, equal in all their parts (P. VI.) : hence, 
the angle GEB is equal to the angle GFA. But, GFA 
is a right angle, by construction ; GEB must, therefore, be 
a right angle : hence, the lines KG and HD are both per- 
pendicular to EF^ and are, therefore, parallel (P. XViil.) ; 
which was to he proved. 

Cor. 1. If two straight lines are cut by a third straight 
line, making the alternate angles equal to each other, the 
two straight lines will be parallel. 

Let the angle HGA be equal E 

to GHD. Adding to both, the 
angle IIGB^ we have, ^ ~f B 




HGA + UGB = GUD + UGB. p / ^ 

y 7H ^ 

But the first sum is equal to 

two right angles (P. I.) : hence, ^ 

the second sum is also equal to two right angles ; therefore, 

from what has just been shown, AB and CD are parallel. 

Cor. 2. If two straight lines are cut by a third, making 
the opposite exterior and interior angles equal, the two straight 
lines will be parallel. Let the angles EOB and OHB be 
equal : Now EOB and A OH are equal, because they are verti- 
cal angle* (P, II.) ; and consequently, A OH and OHD are 
equal: hence, from Cor. 1, AB and CD are parallel. 
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PROPOSITION XX. THEOREM. 

Jf a straight line intersect two parallel straight lineSy the sum 
of the interior angles on the same side toill be equal to 
two right angles. 

Let the parallels AB^ CD^ be cut by the secant line 
FE : then will the sum of HOB and OHD be equal to 
two right angles. 

For, if the sum of HGB 
and OHD is not equal to 
two right angles, let lOL be 
drawn, making the sum of HOB 
and OHD equal to two right 
angles ; then IB and CD will 
be parallel (P. XIX.) ; and consequently, we shall have two 
lines OBy OB^ drawn through the same point O and paF- 
allel to C7J9, which is impossible (A. 13) : hence, the sum 
of HOB and OHD^ is equal to two right angles ; which 
was to be proved. 

In like manner, it may be proved that the sum of HGA 
and OHCy is equal to two right angles. 

Cor. 1. If HOB is a right angle, OHD will be a right 
angle also : hence, if a line is perpendicular to one of two 
paraUdSy it is petpendicular to the other also. 

Cor. 2. If a straight line meet two paraUds^ the alternate 
angles will be equal 

For, if AB and CD are 
parallel, the sum of BOH and 
OHD is equal to two right 
angles ; the sum of BOH and 
HOA is also equal to two right 
angles (P. I.) : hence, these sums 
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are equal. Taking away the common part BQH^ there re- 
mains the angle OHD equal to HQA. In like manner, 
it may be shown that BQH and GHG are equal. 

Cor. 3. If a straight line meet two parallels^ the opposite 
exterior and interior angles wiU be eqical. The angles DHO 
and HGA are equal, from what has just been shown. TLe 
angles HO A and BGE are equal, because they are verti- 
cal : hence, DHQ and BQE are equal. In like manner, 
it may be shown that CHQ and AOE are equal. 

Scholium. Of the eight angles formed by a line cutting 
two parallel lines obliquely, the four acute angles are equal, 
and so, also, are the four obtuse angles. 



PROPOSITION XXI. THEOREM. 

If two straight lines intersect a third straight line, niahing the 
sum of the interior angles on the same side less than two 
right angles, the two lines will m^eet if sufficiently produced. 

Let the two lines (72>, ZL, meet the line EF^ making 
the sum of the interior angles HOL^ GHD^ less than two 
right angles : then will IL and CD meet if sufficiently pro- 
duced. 

For, if they do not meet, 
they must be parallel (D. 16). 
But, if they were parallel, the 
sum of the interior angles HGL^ 
, GHD^ would be equal to two 
right angles (P. XX.), which is 
contrary to the hypothesis : hence, 
ZL, CZ>, will meet if sufficiently produced ; which was to be 
proved. 
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Cor, It is evident that IL and CD, will meet on thaf 
side of EF^ on which the sum of the two angles is less 
than two right angles. ^ 



PROPOSITION XXn. THEOREM. 

If two Straight lines are pardUd to a third line^ they are 

parallel to each other. 

Let AB and CD be respectively 
parallel to EF\ then will they be par- 
allel to each other. 

For, draw PB, perpendicular to 
EF\ then will it be perpendicular to 
AB, and also to CD (P. XX., C. 1) : 
hence, AB and CD are perpendicu- 
lar to the same straight line, and consequently, they are par- 
allel to each other (P. XV III.) ; which was to he proved. 
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PROPOSITION XXm. THEOREM. 

Two parallels one every wh^e equally distarU, 

Let AB and CD be parallel : then will they be every- 
where equally distant. 

From any two points of AB, as 
F and E, draw FH and EQ 
perpendicular to CD ; they will also be 
perpendicular to AB (P. XX., C. 1), 
and will measure the distance between 

AB and CD, at the points F and E, Draw also tV 
The lines FB: and EG are parallel (P. XVm.) : hence, 
the alternate angles ITFG and FGE are equal (P. XX., C. 2). 
The lines AB and CD are parallel, by hypothesis : hence, 
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the alternate angles EFO and FQH are equal. The tri- 
angles FQE and FQH have, therefore, the angle HGF 
equal to GFE, GFH equal to FGE^ and the side FG 
common ; they are, therefore, equal in all their parts (P. VI.) : 
hence, FH is equal to EG ; and consequently, AB and 
CD are everywhere equally distant ; which was to he proved. 



PROPOSITION XXIV. THEOREM. 

If two angles have their sides parallel^ and lying either in 
the same, or in opposite directions^ th^y wiU he equal, 

V, Let the angles ABC and DEF have their sides 
parallel, and lying in the same direction : then will they be 
equal. 

Prolong FE to i. Then, because ^/ ij^ 

DE and AL are parallel, the exterior / / 

angle DEF is equal to its opposite in- LA — ---L p 

terior angle ALE (P. XX., C. 3) ; and / 
because BG and LF are parallel, the ^ 
exterior angle ALE is equal to its op- 

N posite interior angle AB G : hence, DEF is equal to 

\JLBG ; which was to he proved, 

'v2°. Let the angles ABC and GHK 
their sides parallel, and lying in op- 

^te directions : then will they be equal. 

Prolong GH to M, Then, because 
JLbL and BM are parallel, the exterior 
angle GHK is equal to its opposite interior angle HMB ; 
and because H3f and BC are parallel, the angle HMB 
is equal to its alternate angle MBO (P. XX., C. 2) : hence, 
GHK is /equal to ABC; wJdch was to he proved. 

Cor. The opposito angles of a parallelogram are equaU 
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PROPOSITION XXV. THEOREM. 

In any triangle^ tJie sum of the three angles is equal to two 

right angles. 

Let CBA be any triangle : then will the, sum of the 
angles (7, -4, and jB, be equal to 
two right angles. 

For, prolong CA to 2>, and draw 
AE parallel to BO. 

Then, since AE and CB, are 
parallel, and CD cuts them, the ex 
terior angle DAE is equal to its 

opposite interior angle C (P. XX., C. 3). In like manner, 
since AE and GB are parallel, and AB cuts them, the 
alternate angles ABC and BAE are equal: hence, the 
sum of the three angles of the triangle BAC^ is equal to 
the sum of the angles CAB, BAE^ EAJD ; but this sum 
is equal to two right angles (P. I., C. 2); consequently, the 
sum of the three angles of the triangle, is equal to two 
right angles (A. 1) ; which was to be proved. 

Cor, 1, Two angles of a triangle being given, the third 
will be found by subtracting their sum from two right angles. 

Cor. 2. If two angles of one triangle are respectively 
equal to two angles of another, the two triangles are mutually 
equiangular. 

Cor, 3. In any triangle, there can be but one right angle; 
for if there were two, the third angle would be zero. Nor 
can a triangle have more than one obtuse angle. 

Cor. 4. In any right-angled triangle, the sum of the acute 
angles is equal to a right angle. 
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Cor, 6. Since every equilateral triangle is also equiangular 
(P. XI., C. 1), each of its angles will be equal to the third part 
of two right angles ; so that, if the right angle is expressed 
by 1, each angle, of an equilateral triangle, will be expressed 

by t- 

Cor. 6. In any triangle ABG^ the extenor angle BAD 
is equal to the sum of the interior opposite angles B and 
C For, AE being parallel to -B(7, the part BAE is 
equal to the angle B^ and the other part DAE^ is equal 
to the angle C. 



PROPOSITION' XXVI. THEOEEM. 

ThA sum of the interior angles of a polygon is eqiuxl to 
two right angles taken as many times as the polygon has 
sideSy less two. 

Let ABCJDE be any polygon : then will the sum of its 
interior angles A^ By C7, J9, and Ey be equal to two right 
angles taken as many times as the polygon has sides, less 
two. 

From the vertex of any angle Ay draw 
diagonals ACy AD. The polygon will be 
divided into as many triangles, less two, as 
it has sides, having the point A for a 
common vertex, and for bases, the sides of 
the polygon, except the two which form the 
angle A. It is evident, also, that the sum of the angles of 
these triangles does not differ from the sum of the angles of 
the polygon : hence, the sum of the angles of the polygon is 
equal to two right angles, taken as many times as there are 
triangles ; that is, as many times as the polygon has sides, 
less two ; which was to be proved. 
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Cor. 1. The sum of the interior angles of a quadrilateral 
is equal to two right angles taken twice ; that is, to four 
right angles. If the angles of a quadrilateral are equal, eaoih 
will be a right angle. 

Cor, 2. The sum of the interior angles of a pentagon is 
JBqual to two right angles taken three times ; that is, to six 
right angles : hence, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to | 
of one right angle. 

Cor. 3. The sura of the interior angles of a hexagon is 
equal to eight right angles : hence, in the equiangular 
hexagon, each angle is the sixth part of eight right angles, 
or ^ of one right angle. 

Cor. 4. In any equiangular polygon, any interior angle is 
equal to twice as many right angles as the figure has sides, 
less four right angles, divided by the number of angles. 



PROPOSITION XXVn. THEOREM. 

The Bum of the exterior angles of a polygon, is equal to 

four right angles. 

Let the sides of the polygon ABCDE 
be prolonged, in the same order, forming 
the exterior angles a, ^, c, c?, e ; then will 
the sum of these exterior angles be equal 
to four right angles. 

For, each interior angle, together with 
the corresponding exterior angle, i^ equal 
to two right angles (P. I.) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angles taken 
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as many times as the polygon has sides. But the sum of 
the interior angles is equal to two right angles taken as 
many times as the polygon has sides, less two : hence, the 
sum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four right angles ; which was to be 
proved. 



PROPOSITION XXVin. THEOREM. 

In any paraUelogramj the opposite sides are equcd^ each to 

each. 

Let ABCD be a parallelogram: then 
will AB be equal to DC^ and AD to 
BG. 

For, draw the diagonal BD. Then, 
because AB and DG are parallel, the 
angle DBA is equal to its alternate 
angle BDG (P. XX., C. 2) : and, because AD and j5C 
are parallel, the angle BDA is equal to its alternate angle 
DBG. The triangles ABD and GDB^ have, therefore, 
the angle DBA equal to GDB^ the angle BDA equal 
to DB Gy and the included side DB common ; consequently, 
they are equal in all of their parts : hence, AB is equal 
to DGy and AJ) to BG\ which was to be proved. 

Got. 1. A diagonal of a parallelogram divides it into two 

triangles equal in all their parts. 

Gor. 2. Two parallels included between two other par 
allels, are equal. 

Gor. 3. K two parallelograms have two sides and the 
included angle of the one, equal to two sides and the included 
angle of the other, each to each, they wiU be equaL 
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PEOPOSITION XXIX. THEOREM. 

If the opposite sides of a quadrilateral are equals each to 

eachy the figure is a parallelogram. 

In the quadrilateral AJSCDy let AJS 
be equal to DO, and AD to JBG : 
then will it be a parallelogram. 

Draw the diagonal DJ^. Then, the 
triangles ADJB and CJSDj will have 
the Bides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will be equal in all of their 
parts : hence, the angle ABD is equal to the angle CDB 
(P. X., S.) ; and consequently, AB is parallel to DC (P. 
XIX., C. 1). The angle DBG is also equal to the angle 
BDAy and consequently, BG is parallel to AD : hence, 
the opposite sides are parallel, two and two ; that is, the 
figure is a parallelogram' (D. 28) ; which was to be proved* 



PROPOSITION XXX. THEOREM. 

If two sides of a quadrilateral are equal and parallel^ the 

ftgvre is a parallelogram. 

In the quadrilateral ABGD^ let AB 
bo equal and parallel to DG\ then will 
the figure be a parallelogram. 

Draw the diagonal DB. Then, be- 
cause AB and DG are parallel, the 
angle ABD is equal to its alternate angle GDB. Now, 
the triangles ABD and GDB^ have the side DG equal 
to ABy by hypothesis, the side DB common, and the 
included angle ABD equal to BDGy from what has just 
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been shown ; hence, the triangles are equal in all their parts 
(P. V.) ; and consequently, the alternate angles ADB and 
DBG are equal. The sides BG and AD are, therefore, 
parallel, and the figure is a parallelogram ; which was to he 
proved. 

Cor, If two points be taken at equal distances from a 
giyen straight line, and on the same side of it, the straight 
line joining them will be parallel to the given line. 

PROPOSITION XXXI. THEOREM. 

The diagonals of a parallelogram divide each other info 
equal parts, or mutually bisect each other. 

Let ABGD be a parallelogram, and 
A (7, BD, its diagonals : then will AE 
be equal to EG, sijnd BE to ED. 

For, the triangles BEG and AED, 
have the angles EBG and ADE equal 
(P. XX., C. 2), the angles EGB and DAE equal, and th« 
included sides B G and AD equal : hence, the triangles 
are equal in all of their parts (P. VI.) ; consequently, AE ii 
equal to EG, and BE to ED ; vMch was to be proved 

Scholium. In a rhombus, the sides AB, BG, being 
equal, the triangles AEB, EBG, have the sides of the 
one equal to the corresponding sides of the other ; they are, 
therefore, equal : hence, the angles AEB, BEG, are equal, 
and therefore, the two diagonals bisect each other at right 
angles. 




BOOK II. 

BATIOS AHD PBOPOBTIOHB. 

I 

DEFnonONS. 

1. Thb Ratio of one quantity to another of the same 
kind, is the quotient obtained by dividing the second by th« 
first. The first quantity is called the Antecedent, and the 
second, the Conseqxtent. 

2. A FsopoBnoN is an expression of equality between 
two equal ratios. Thus, 

A " C ' 

expresses the &ct that the ratio of ^ to jS is equal to 
the ratio of G to D. In Oeometry, the proportion is 
written thus, 

A : B II C I J)^ 
and read, ^ is to jS, as £7 is to 2>. 

3. A Co ntinued Fbopobtion is one in which several 
ratios are successively equal to each other ; as, 

e 

A : JB : : G : B : I JS : F : : O : BT, &o 

4. TOiere are four terms in every proportion. The first 
and second form the first couplet^ and the third and fourth. 
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the second couplet. The first and fourth terms are called 
extremes; the second and third, means j and the fourth term, 
a fourth proportional to the other . three. When the Second 
term is equal to the third, it is said to be a mean proportional 
between the extremes. In this case, there are but three 
different quantities in the proportion, and the last is said to 
be a third proportional to the other two. Thus, if we have, 

J? is a mean proportional between A and £7, and (7 is a 
third proportional to A and JB. 

5. Quantities are in proportion by alternation, when ante- 
cedent is compared with antecedent, and consequent with con- 
sequent. 

6. Quantities are in proportion by inversion, when ante- 
cedents are made consequents, and consequents, antecedents. 

7. Quantities are in proportion by composition, when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

8. Quantities are in proportion by division, when the dif-' 
ference of the antecedent and consequent is compared either 
with antecedent or consequent. 

9. Two varying quantities are reciprocally or inversely 
proportional, when one is increased as many times as the 
other is diminished. In this case, their product is a fixed 
quantity, as a^ == m. 

10. Equimultiples of two or more quantities, are the pro- 
ducts obtained by multiplying both by the same quantity. 
Thus, mA and mJS, are equimultiples of A and JS, 
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PBOPOSinON I THEOREM. 

If four quantities are in proportion^ the product of tJu 
means toiU be eqwd to the product of the extremes. 

Assume the proportion, 

A : JS : : G : D; whence, "T = 77 5 

clearing of fractions, we have, 

JSG = AD; 
which was to he proved. 

Cor. If B ia equal to (7, there will be but three pro- 
portional quantities ; in this case, the square of th>e mean is 
equal to the product of the extreme. 



PEOPOsmoN n. theorem. 

J^ the product of two quantities is equal to the prodixt of 
two other quantitiesy two of them mAxy he made the 
meanSj and the other two the extremes of a proportion. 

If we have, 

AD = J5(7, 

by changing the members of the equation, we have, 

:BG = ADi 
dividing both members by -4(7, we have, 

J- =^ -Q 9 or A : JS : : C \ D\ 
toAicA was to be proved 
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PEOPOsinoiT in. theoeem. 

If four quantities are in proportion^ they mil be in pro- 
portion by alternation. 

Assume the proportion, 

A : jB : : C : Di whence, -7- = -tt* 

A V 

Q 

Multiplying both members by -^, we have, 

G D 
2" = -g- J or, A \ G I \ B \ D\ 

which was to be proved. 



PEOPOSmOIT IV. THEOEEM. 

jy one couplet in each of two proportions is the same^ the 
other couplets will form a proportion. 

Assmne the proportions, 

A : JB : : G I D; whence, --j- = -s^; 

JB (it- 
and, A : B i : JF : Q\ whence, -j- = =. 

From' Axiom 1, we have, 

^7 = -^ ; whence, G i D i i JF i G\ 

which was to be proved. 

Cor. If the antecedents, in two proportions, are the same 
tlie consequents will be proportional. For, the antecedents 
of the second couplets may be made the consequents of the 
first, by alternation (P. IIL). 
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PEOPOSinON V. THEOBEM. 



I^ four qu<%fUities are in proportion^ they wiU be in pro- 
portion by inversion. 

Assume the proportion, 

A I B I I C : D\ whence, -j- = -j^ . 

If we take the reciprocals of both members (A. *l\ we haye, 
•^ = -^ ; whence, B i A i i D i C\ 

which was to be proved. 



PROPOSITION' VI. THEOBEM. 

jjJT jTour quantities are in proportion, they toitt be in pro- 

portion by composition or division. 

Assume the proportion, 

A : B : : O : B z whence, -y = -7=- • 

AC 

If we add 1 to both members, and subtract 1 from both 
members, we shall have, 

^+1=^+1; and, _ « 1 = - - 1 ; 

whence, by reducing to a common denominator, we have, 

B + A B+C , B^A B-^G 

— j—^^ — Q—9 and, — 2 — = — Q — 5 whence, 

A : B-i-A : : G : B+G, and, A : B-A : : G : D^G 

fchich was to be proved. 



/ 
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FBOFOSmON' Vn. THEOBEIC. 

Sijuimultiplea of two guantitiea are proportional to the gwrn- 

titles themsdvee. 

Let A and JB be any two quantities ; then -j will 

denote their ratio. 

K we mnltiply both terms of this fraction by m^ its 
value will not be changed ; and we shall have, 

— -J = -J ; whence, mA : mJB : : A : JB ; 

which waa to be proved* 



PBOPOsmoN vm. theobem. 

If four quantities are in pi^oportion^ any equimultiples of 
the first couplet wiU be proportional to a/ny equimultiples 
of the second couplet. 

Assume the proportion, 

A I B I I O I Di whence, -y- = -7=. . 

A 

If we multiply both terms of the first member by m, aDd 
both terms of the second member by n, we shall have, 

mB nJD , ^ ^ ^ »x 

—J- = —Q ; whence, mA : mB : : nC : nD\ 

which was to be proved. 



M GEOMETRY. 



/ 



PBOPOSmON IX THEOREM. 

If two quwnJtitieB be increased or diminished by Uke parts 
of eachj the results wiU be proportional to the guantUits 
themselves. 

We have, Prop. Vll., 

A : B : : mA : mB. 

If we make m = 1 ± — , in wbioh ^ is any fractaon, 
we Bhiall have, 

A . B II A±^A : B±^Bi 

q q 

which was to be proved. 



PROPOSITION X THEOBEK. 

If both terms of the first c&uplet of a proportion be in- 
creased or diminished by like parts of each ; and if both 
terms of the second couplet be increased or diminished by 
any other like parts of each^ the results wiU be in prO" 
portion. 

Since we have, Prop. YilL, 

mA 2 mB : : nO : nD\ 

if we make m = 1 ± — , and, n = 1 ± -^ , we shall. 

? ? 

have, 

A±^A : B±^B :: O ±^,G : D ±^,D ^ 
q q q' q' ' 

which was to be proved. 
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PBOPosrrioN xi. theorem. 

In any continued proportion^ the sum of the antecedents is 
to the sum of the consequents^ as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. 3), 

A : JB : : G : D : : JS : F : : G : By &o^ 

hence, 

7? n 

whence, BA =z'AJB ; 

whence, JBG = AD ; 

whence, JBJS = AJF ; 

whence, JBG = AS" ; 

&c., &c. 

Adding and &ctoring, we have, 

JB{A + C+£!+G + &c.) = A{JS +D + JF+ £r+ &c.) : 

hence, from Proposition 11., 

A + C + H+G + &0. : JB + D + JF+Sr+&o. ': A : Ji; 

which was to he proved. 
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PBOPOsmoN xn. theobeil 

Jf two proportions be mnUiplied together^ term by term^ the 

the products mU be proportional. 

Assume the two proportions, 
• A I B I I C I D\ ' whence, -^ = y^ ; 

F H 

and, E x F \ \ Q \ H\ whence, -= = ^* 

Multiplymg the equations, member by member, we have, 

^ = ^; whence, AE . BF . i CG : DM; 
which was to be proved. 

Cor. 1. If the corresponding terms of two proportions 
are equal, each term of the resulting proportion will be the 
square of the corresponding term in either of the given pro- 
portions : hence, J^ four quantities are prcportionalj their 
^squares wiU be proportionaL 

Cor. 2. If the principle of the proposition be extended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it will follow that, like powers 
of proportional quantities are proportionals. 




BOOK III. 

THE OIROLE A.ND THB MEASXTSEMENT OF ANGLES 

DEFINITIONS. 

1. A CiBCLB is a plane figure, 
bounded by a curved line, every point 
of which is equally distant from a point 
within, called the centre. 

The bounding line is called the cir- 
cumference. 

2. A Radius is a straight line drawn from the centre 
to any point of the circumference. 

ft 

3. A Diameter is a straight line drawn through the 

centre and terminating in the circumference. 

All radii of the same circle are equal. All diameters 
are also equal, and each is double the radius. 

4. An Arc is any part of a circumference. 

5. A Chord is a straight line joining the extremities of 
an arc. 

Any chord belongs to two arcs : the smaller one is meant, 
unless the contrary is expressed. 

6. A Segment is a part of a circle included between an 
arc and its chord. 

7. A Sector • is a part of a circle included within an 
an arc and the radii drawn to its extremities. 



eo 



GEOMETRY. 



8. An Inscribed Angle is an angle 
wbose vertex is in the circumferenee, and 
whose sides are chords. 






9. An Inscribed Polygon is a poly- 
gon whose vertices are all in the circum- 
ference. The sides are chords. 

10. A Secant is a straight line which 
cuts the circumference in two points. 

11. A Tangent is a straight line which 
touches the circumference in one point only. 
This point is called, the jpoint of contact, 
er, the point of tangency. 

12. Two circles are tangent to 
each other^ when they touch each 
other in one point. This point is 
called, the point of contact^ or the 
point of tangency. 

m 

13. A Polygon is circumscribed aboiU 
a circle^ when all of its sides are tangent 
to the circumference. 

14. A Circle is inscribed in a polygon^ 
when its circumference touches aU of the 
sides of the polygon. 

POSTULATE. 

A circumference can be described from any point as a 
nentre^ and with any raditcs. 
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PEOPOSinON I. T^OEEM. 

Any diameter divides the cirde^ and also its circumference^ 

into two equal parts. 

Let AEBF be a circle, and AB 
any diameter : then will it divide the 
circle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB^ 
the diameter AB remaining conmion ; 
then will they coincide; otherwise there would be some points 
in either one or the other of the curves unequally distant 
from the centre ; which is impossible (D. 1) : hence, AB 
diyides the circle, and also its circumference, into two equal 
parts ; vshich was to be proved. 




PBOPOsinoN n. theoeem. 

A diameter is greater than any other chord. 

Let AD be a chord, and AB a diameter through oxi« 
extremity, as A : then will AB be greater than AD. 

Draw the radius CD. Li the tri- 
angle ACD^ we have AJD less than 
the sum of AG and CD (B. L, P. 
VJLL). But this sum is equal to 
AB (D. 3) : hence, AB is greater 
than AD ; which was to be proved. 
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PROPOsmoK m. theorem. 

A straight line cannot meet a circumference in mare than 

two points. 

Let AEBF be a circumference, and 

AB a straight line : then AB cannot 

meet the circumference in more than two 
points. 

For, suppose that they could meet in 
three points. We should then have three 
equal straight lines drawn from the same point to the same 
straight line ; which is impossible (B. L, P. XV., C. 2) : 
hence, AB cannot meet the circumference in more than 
two points ; which was to be proved. 




PROPOSITION IV. THEOREM. 



In equal circles^ equal arcs are subtended by equal chords f 
and converselj/y equal chords subtend equal arcs. 

1°. In the equal cir- 
cles ABB and UGI] 
let the arcs AMD and 
ENG be equal : then 
will the chords AD and 
EG be equal. 

Draw the diameters AB and EF. If the semi-cirole 
ABB be applied to the semi-circle EGF^ it will coincide 
with it, and the semi-circumference ABB will coincide with 
the semi-circumference EGF, But the part AMD is equal 
to the part ENG^ by hypothesis : hence, the point D wiD 
fall on G\ therefore, the chord AJO will coincide with 
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SO (A. 11), and is, therefore, equal to it ; which was to 
be proved. 

2®. Let the chords AD and JSJG be equal : then will 
the arcs AMD and ENG be equal. 

Draw the radii CD and OG. The triangles A CD 
and EOO have all the sides of the one equal to the cor- 
responding sides of the other ; they are, therefore, equal in 
all their parts: hence, the angle A CD is equal to EOQ. 
If, now, the sector ACD be placed upon the sector EOGy 
BO that the angle ACD shall coincide with the angle EOGj 
the sectors will coincide throughout ; and, consequently, the 
arcs AMD and ENG will coincide : hence, they will be 
equal ; which was to be proved. 



PROPOSITION V. THEOREM. 

In equal circles^ a greater arc is subtended by a greater 
chord ; and conversely ^ a greater chord subtends a greater 
arc. 

1°. In the equal circles 

ADD and EGK, let the 

arc EGP be greater than 

the arc AMD : then will 

the chord EP be greater 
{ tiian the chord AD. 
^:, For, place the circle EQK upon AHL^ so that the cen- 
r- tre shall fall upon the centre (7, and the point E upon 

A \ then, because the arc EGP is greater than AMD^ the 

point P will fall at some point H^ beyond jE>, and the 

chord EP will take the position AH. 

Draw the radii C4, CD^ and CH. Now, the rides 

-4(7, CB^ of the triangle ACH^ are equal to the rides 

AC^ CD J of the triangle ACD^ and the angle ACS is. 
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greater than A CD : hence, the side AU^ or its equal EP^ 
is greater than the side AD (B. I., P. IX.) ; which was h 
be proved. 



D _JT 



V 




2^ Let the chord JSP, 
or its equal AM, be great- 
er than AD : then will the 
arc EGP, or its equal 
ADIT, be greater than 
AMD. 

For, if ADH were equal to AMD, the chord AH 
would be equal to the chord AD (P. IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADS ifere less 
than AMD, the chord AH would be less than AD\ 
which is also contrary to the hypothesis. Then, since the 
arc ADH, subtended by the greater chord, can neither be 
equal to, nor less than AMD, it must be greater than 
AMD ; which was to be proved. 



PBOPOSinON VL THEOKEJM. 

The radiiM which is perpendicular to a chords bisects that 
chord, and also the arc subtended by it. 

Let CO be the radius which is 
perpendicular to the chord AB : 
then wiU this radius bisect the chord 
AB, and also the arc AOB. 

For, draw the radii CA and CB. 
Then, the right-angled triangles CDA 
and CDB wiU have the hypothenuse 
CA equal to CB, and the side CD 
common ; the triangles are, therefore, equal in all their 
parts : hence, AD is equal to DB. Again, because CO 
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is perpendicular to AB^ at its middle point, the chordB 
GA and GB are equal (B. I., P. XVI,) ; and consequently, 
the arcs GA and GB are also equal (P. lY.) : hence, CO 
bisects the chord A B^ and also the arc A GB ; which toas 
to be proved. 

Cor. A straight line, perpendicular to a chord, at its mid 
die point, passes through the centre of the circle. 

Scholium. The centre (7, the middle point I) of the 
diord ABy and the middle point G of the subtended arc, 
are points of the radius perpendicular to the chord. But 
two points determine the position of a straight line (A. 11) : 
hence, any straight line which passes through two of these 
points, will pass through the third, and be perpendicular to 
the chord. 



PROPOSITION Vn. THEOREM. 

TTiTough any three points^ not in the same straight line^ one 
circumference may he made to pa^s^ and hut one. 

Let A^ Bj and (7, be any three points, not in a 
straight line : then may one circumference be made to pass 
through them, and but one. 

Join the points by the lines 
ABy BCy and bisect these lines 
by perpendiculars JDJE and FG : 
tken will these perpendiculars 
meet in some point 0. For, 
if they do not meet, they are 
parallel ; and if they are parallel, 

tlie line ABK^ which is perpendicular to JDE^ is also per- 
peodicular to KG (B. L, P. XX., C. 1) ; consequently, there 
are two lines BK ahd BF^ drawn thzoagh the same 

5 
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point jB, and perpendicular to the same line KO ; which 
is impossible : Ltnce, DE and FG meet in some point 0* 

Now, Li on a perpendicu- 
lar to AB at its middle point, 
it is, therefore, equally distant 
from A and B (B. L, P. XVI.). 
For a like reason, is equally 
distant from B and C If, 
therefore, a circumference be de- 
scribed from as a centre, with a radius equal to OA^ 
it will pass through -4, jB, and (7. 

Again, is the only point which is equally distant from 
A^ -B, and G : for, DE contains all of the points which 
are equally distant from A and B\ and FQ all of the 
points which are equally distant from JB and G ; and con- 
sequently, their point of intersection 0, is the only point 
that is equally distant from A^ jB, and G : hence, one 
circumference may be made to pass through these points, and 
but one ; vihich was to be proved. 

Got. Two circumferences cannot intersect in more than 
two points ; for, if they could intersect in three points, there 
would be two circumferences passing through the same three 
points ; which is impossible. 



PROPOSITION Vni. THEOEEM. 

In equal circles^ e(jual dtords are equally distant from the 
centres ; and of two unequal chords^ the less is cU the 
greater distajice from the centre. 

t 

V. In the equal circles AGS and KLO^ let the 
chords A G and KL be equal : then will they be equally 
distant from the centres. 
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For, let the circle KLG be placed upon ACH^ so that 
the centre It shall fall 'upon the centre O, and the point 
JT upon the point A : 
then will the chord Kit 
coincide with AG (P. 
IV.) ; and consequently, 
they will be equally dis- 
tant/' from the centre ; 
lohich was to be proved. 

2®. Let AB be less than KL : then will it be at a 
greater distance from the centre. 

For, place the circle KLG upon AGH^ so that R 
shaU fell upon 0, and K upon . A. Then, because the 
chord KL is greater than AS^ the arc KSL is greater 
than AMB ; and consequently, the point L will fall at a 
point (7, beyond B^ and the chord KL will take the 
direction A (7. 

Draw OD and OE^ respectively perpendicular to AG 
and AB ; then will OE be greater than OF (A. 8), and 
OF than OD (B. L, P. XV.) : hence, OE is greater than 
OD, But, OE and OD are the distances of the two 
chords from the centre (B. I., P. XV., C. 1) : hence, the less 
chord is at the greater dbtance from the centre ; which vyas 
to be proved, 

iScholium. AU the propositions relating to chords and arcs 
of equal circles, are also true for chords and arcs of one and 
the same circle. For, any circle may be regarded as made 
up of two equal circles, so placed, that they coincide in all 
their parts. 



68 



GEOMETRY. 




PROPOSITION IX. THEOREM. 

If a straight line is perpe7idicular to a radius at its outer 
extremity y it toill be tangent to the circle at that point; 
conversely, if a straight line is tangent to a circle at any 
point, it will he perpendicular to the radius drawn to 
that point. 

1°. Let BD be perpendicular to the radius CA^ at 
A : then Avill it be tangent to the circle at A» 

For, take any other pomt of 
i?J9, as E^ and draw CU i 
then YnUl CJS be greater than 
CA (B. L, P. XV.) ; and con- 
sequently, the point E will lie 
without the circle : hence, £D 
touches the cu'cumference at the 

point A\ it is, therefore, tangent to it at that pomt (D. 11); 
which was to he proved. 

2°. Let BD be tangent to the circle at A : then will 
it be perpendicular to CA, 

For, let E be any point of the tangent, except the 
point of contact, and draw CE. Then, because BD is a 
tangent, E lies without the circle ; and consuquontly, CE 
is greater than CA : hence, CA is shorter than any other 
line that can be drawn fi*om C to BD ; it is, therefore, 
perpendicular to BD (B, L, P. XV., C. 1) ; which was to 
he proved. 

Cor, At a given point of a circumference, only one tan- 
gent can be drawn. For, if two tangents could be drawn, 
they would both be perpendicular to the same radius at the 
same point ; which is impossible (B. L, P. XIV.), 
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PROPOSITION X, THEOREM. 



Ihjoo parallels intercept equal arcs of a circumference. 



There may be three cases: both parallels may be secants; 
one may be a secant and the other a tangent ; or, both 
may be tangents. 

1^. Let the secants AJ3 and DJS be parallel : then 
will the intercepted arcs MUT and PQ be equal. 

For, draw the radius CJB" 
perpendicular to the chord 
MjP ; it will also be per- 
pendicular to JVC (B. I., P. 
XX., 0. 1), and JET will be at 
the middle point of the arc 
MHP^ and also of the arc 
NSQ : hence, MN^ which is 
the difference of SN and SM^ 

is equal to P§, which is the difference of SQ and SP 
(A. 3) ; which was to he proved. 




2**. Let the secant AB and tangent DE^ be parallel 
then will the intercepted arcs MH and PS be equal. 

For, draw the radius CS 
to the point, of contact -ET; 
it will be perpendicular to DPI 
(P. ES[.), and also to its par- 
allel MP. But, because CIT 
is perpendicular to JfP, II 
is the middle point of the aro 
MHP ( P. VI.) : hence, MH 
and PH are equal ; whi(^ 
VMS to be proved. 
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3^. Let the tangents DE and IL be parallel, and let 
JI and K be their pomts of contact : then will the in- 
tercepted arcs JTMK and HFK be equaL 

For, draw the secant AB 
parallel to DE ; then, from 
what has just been shown, we 
shall have JIM equal to JZP, 
and MK equal to PK\ hence, 
HMK^ which is the sum of 
HM and MK^ is equal to 
HPKy which is the sum of 
SP and PK\ which was to 
be proved. 




/^ 
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PEOPOSITION XI. THEOREM. 



]^ two circumferences intersect each other^ the points of i»- 

ter section will he in a perpendicular to the straight line 
joining their centres, and at equal distances from it. 



Let the circumferences, whose centres are G and 2>, 
intersect at the points A and 
S : then will CD be perpen- 
dicular to ABy and AF will 
be equal to BF. 

For, the points A and -B, 
being on the circumference 
whose centre is (7, are equally 
distant from C ; and being on 

the circumference whose centre is jD, they are equally dis- 
tant from D : hence, CD is perpendicular to AB at its 
middle point (B. L, P. XYI., C.) ; which was to be proved. 
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PEOPOSITION Xn, THEOREM. 



Jf two circumferences intersect each othery the distance b6' 
tween t/ieir centres will be less than the sum, and greater 
than the difference, of their radii. 

Let the circumferences, whose centres are G > and D, 
intersect at A : then will CD 
be less than the sum, and 
greater than the difference of 
the radii of the two circles. 

For, draw AG and AD, 
forming the triangle A CD, 
Then will CD be less than 
the sum of AC and AD, 

and greater than their difference (B. I., P. Vil.) ; which was 
to he proved. 




PROPOSITION Xin. THEOREM. 

^ the distance between the centres of two circles is equal 
to the sum of their radii, they will be tangent extemaUy. 

Let C and D be the centres of two circles, and let 
the distance between the centres be equal to the sum of the 
radii : then will the circles be tangent externally. 

For, they will have a point 
A, on the line CD, common, 
and they will have no other 
point in common ; for, if they 
had two points in common, the 
distance between their centres 
would be less than the sum of 
their radii ; which is contrary to the hypothesis : hence, they 
are tangent externally ; which was to be proved. 
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PEOPOSmON XIV. THEOREM. 

J^ the distance between the centres of two circles is equal to 
the difference of their radiiy one will he tangent to ths 
Other internally. 

Let G and D be the centres of two circles, and let 
the distance between these centres be equal to the differenfie 
of the radii : then will the one be tangent to the other in- 
ternally. 

For, they will have a point A^ on 
DC^ common, and they will have no 
other point in common. For, if they 
had two points in common, the distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to the hypothesis : 

hence, one touches the other internally ; which was to be 
proved. 

Cor. 1. If two circles are tangent, either externally or 
internally, the point of contact will be on the straight line 
drawn through their centres. 

Cor. 2. All circles whose centres are on the same straight 
line, and which pass through a common point of that line, 
are tangent to each other at that point. And if a straight 
line be drawn tangent to one of the circles at their common 
point, it will be tangent to them all at that point. 

Scholium. From the preceding propositions, we infer that 
two circles may have any one of six positions with respect 
to each other, depending upon the distance between their 
centres : 

1®. When the distance between their centres is greater 
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than the sum of their radii, tJiey are external, one to the 
other: 

2°. When this distance is equal to the sum of the radii, 
they are tangent^ externally: 

?5°. When this distance is less than the sum, and greater 
llian the difference of the radii, they intersect each other : 

4°. When this distance is equal to the difference of theii 
radii, one is tangent to the others internally: 

6°. When this distance is less than the difference of the 
radii, one is whoUy within the other: 

6°. When this distance is equal to zero, they have a 
common centre; or, they are concentric. 



PEOPOSITION XV. THEOREM. 

In equal circles^ radii making equal angles at tht centre^ 
intercept equal arcs of the circumference / conoersely^ 
radii which intercept equal arcs^ make equal angles at ths 
centre. 

1°. In the equal circles ADB and EGF^ let the an- 
gles ACD and ^06? be equal: then will the arcs AMD 
and ENQ be equal. ^ ^ 

For, draw the chords AD y^'^ '\ ^ "\ 

and EQ ; then will the tri- / \ I \ 

angles ACD and EOG have I /\ I I /\ 1 

two sides and their included \ / \ / \ / \ /' 

angle, in the one, equal to "^^TS"^^ "^'^^"'""^^''"'"^ 
two sides and their included 

angle, in the other, each to each. They are, therefore, erjual 
in all their parts ; consequently, AD is equal to EO. 
But, if the chords AD and EG are equal, the arcs AMD 
and ENG are also equal (P. lY.) ; which was to be proved. 
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2®. Let the arcs AMD and ENQ be equal : then will 
the angles ACD and EOQ be eqnaL 

For, if the arc58 AMD 
and ENQ are equal, the 
chords AD and EQ are 
equal (P. IV.) ; consequently, 
the triangles ACD and EOQ 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the angle A CD is equal 
to the angle EOQ ; which was to be proved. 




PROPOSITION XVI. THEOREM. 

In equal circles^ commensurable angles at the centre are pro- 

portional to their interc€2>ted arcs. 

In the equal cu'cles, whose centres are C and O, let 
the angles A CB and D OE be commensurable ; that is, 
be exactly measured by a common unit: then will they be 
proportional to the intercepted arcs AB and DE. 




p y 



Let the angle Jf be a conmion unit ; and suppose, fcr 
example, that this unit is contained 7 times in the aiigk 
AGB^ and 4 times in the angle DOE, Then, suppose 
ACB be divided into 7 angles, by the radii Cm, Cn^ Gp^ 
&c. ; and DOE into 4 angles, by the radii Ox^ Oy^ and 
Qs, each equal to the unit M, 
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From the last proposition, tlie arcs Am^ mn^ &c., Ik^ 
ay^ <&c., are equal to each other ; and because there are 7 
of these arcs in AB^ and 4 in DE^ we shall have, 

arc AB : arc BE : : 7:4. 

But, by hypothesis, we have, 

angle A CB : angle B OE : : 7:4; 

hence, from (B. 11., P. IV.), we have, 

angle ACB : angle BOE : : arc AB : arc BE, 

If any other numbers than 7 and 4 had been used, tht> 
same proportion would have been found ; which wds to be 
proved. 

Cor. If the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above .proportion. 



PROPOSITION XVn. THEOREM. 

In equal circles, incommensiirdble angles at the centre are 

proportional to their intercepted arcs. 

In the equal circles, whose 
centres are C and 0, let 
ACB and EOIT be incom- 
mensurable : then will tliey 
be proportional to the arcs 
AB and EBT. 

For, let the less angle FOH^ be placed upon the greater 
angle ACB^ so that it shall take the position ACB. 
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Then, it the proportion is not 
true, let ns suppose that the 
angle ACB is to the angle 
FOU, or its equal ACB, 
as the arc AB is to an arc 
AO, greater than FH, or 
its equal AD ; whence, 




dTo 



angle A CB 



angle A CD 



arc AB : arc AO. 



Conceive the arc AB to be di\'ide<l into equal parts, 
each less than DO : there will be at least one point of 
division between D and \ let Z be that point ; and 
draw CL Then the arcs AB, AT, will be commensura> 
ble, and we shall have (P. XVI.), 

angle ACB : angle A CI : : arc AB : arc AI. 

Comparing the two proportions, we see that the antecedents 
are the same in both : hence, the consequents are propoi^ 
tional (B. IL, P. IV., C.) ; hence. 



angle A CD : angle A CI 






arc AO 



arc AI. 



But, AO is greater than AI : hence, if this proportion is 
true, the angle A CD must be greater than the angle A CI. 
On the contrary, it is less: hence, the fourth term of the 
assumed proportion cannot be greater than AD, 

In a similar manner, it may be shown that the fbarth 
term cannot be less than AD : hence, it must be equal to 
AD ; therefore, we have, 

angle ACB : angle A CD : : arc AB • arc AD 

which was to he proved. 



Cor. 1. The intercepted arcs are propc»rti6nal to the cor- 
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responding angles at the centre, as may be shown by chang- 
ing the order of the couplets in the preceding proportion. 

Cor. 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whether 
they are commensurable or incommensurable. * 

Cor 3. In equal circles, sectors are proportional to their 
angles, and also to their arcs. 

Scholium. Since the intercepted arcs are proportional to 
the corresponding angles at the centre, the arcs may be 
taken as the measures of the angles. That is, if a cu*cum- 
ference be described from the vertex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
sides of the angle may be taken as the measure of tlie 
angle. Li Geometry, the right angle which is measured by 
a quarter of a circumference, or a quadrant^ is taken as a 
unit. l£y therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. 



PROPOSITION XVni. THEOREM. 

An inscribed angle is measured by half of the arc included 

between its sides. 

There may be three cases : the centre of the circle may 
lie on one of llhe sides of the angle ; it 
may lie within the angle ; or, it may 
lie without the angle. 

1°. Let EAD be an inscribed an- 
gle, one of whose sides AE passes 
ttirough the centre : then will it be 
measured by half of the arc DK, 
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For, draw the r:iaius (JU, Tiie external angle DCE^ 
of the ti-iangle DCA^ is equal to the sum of the opposite 
interior angles CAD and CBA (B. L, P. XXV^ C. 6). 
But, the triangle DC A being isosceles, 
ihc angles D and A are equal ; 
therefore, the angle DCE is double 
the angle DAE, Because DCE is 
at the centre, it is measured by the 
arc DE (P. XVII., S.) : hence, the, 
angle DAE is measured by half of 
the arc DE ; which was to he proved. 




2^. Let DAB be an inscribed angle, and let the centre 
lie within it : then will the angle be measured by half of 
the arc BED. 

For, draw the diameter AE, Then, from what has just 
been proved, the angle DAE is ^easured by half of DE^ 
and the angle EAB by half of EB : hence, BAjD^ which 
is the sum of EAB and DAE, is measured by half of 
the sum 6f DE and EB, or by half of BED ; tohich 
was to he proved. 

3^. Let BAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
arc BD. 

For, draw the diameter AE. Then, 
from what precedes, the angle DAE 
is measured by half of DE, and the 
angle BAE by half of BE: hence, 
BADy which is the difference of BAE 
and DAE, is measured by half of the 
difference of BE and DE, or by 
half of the arc BD ; which was to he proved. 
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Cor. 1. All the angles BAC^ 
BDC^ BEG^ inscribed in the same 
segment, ' are equal ; because they are 
t?nch measured by half of the same 
arc BOC. 




Cor. 2. Any angle BADy in- 
scribed in a semi-circle, is a right an- 
gle ; because it is measured by half 
the semi-circumference BOD^ or by 
a quadrant (P. XVII., S.). 




C(yr. 3. Any angle BAC^ in- 
scribed in a segment greater than a 
semi-circle, is acute ; for it is mea- 
sured by half the arc BOG^ less 
than a semi-circumference. 

Any angle BOCy inscribed in a 
segment less than a semi-circle, is 
obtuse ; for it is measured by half the arc BA (7, 
than a semi-circumference. 




greater 



Cor. 4. The opposite angles A 
and (7, of an inscribed quadrilateral 
ABGDy are together equal to two 
rig] It angles ; for the angle BAB 
is measured by half the arc DCB^ 
the angle DCB by half the arc 

DAB : hence, the two angles, taken together, are mea- 
sored by half the circumference : hence, their sum is equal 
to two right angles. 
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PKOPOSmON XIX. THEOREM. 

An}/ angle formed by two diordsy which intersect^ U mmik 
sured by half the sum of th>e included arcs. 

Let DEB be an angle formed by the intersection of 
the chords AB and CJD : then will it be measured bv 
half the sum of the arcs AC and JOB. 

For, draw AF parallel to DCi 
then, the arc BF will be equal to 
AG (P. X.), and the angle FAB 
equal to the angle BEB (B. I, P. 
XX., C. 3). But the angle FAB is 
measured by half the arc FBB (P. 
XVlll.) ; therefore, DEB is measured 
by half of FDB\ that is, by half the sum of FD and 
DB^ or by half the sum oi AC and DB ; which toas to 
be proved. 

PROPOSITION XX. THE0RE3I. 

The angle formed by tiv'o seca7its, intersecting without the circum- 
ference, is measured by half the difference of the included arcs. 

Let AB^ AC, be two secants : then will the angle 
BAC be measured by half the differ- 
ence of the arcs BC and DF. A 

Draw DE parallel to AC \ the 
arc EC will be equal to DF (P. X.), 
and the angle BDE equal to the an- 
gle BA C (B. L, P. XX., C. 3.). But 
BDE is measured by half the arc 
BE (P. XVm.) : hence, BAC is 
also measured by half the arc BE ; 
that is, by half the difference oi BC 
and ECy or by half the difference of jB (7 and DF\ which 
teas to be proved. 
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PEOPOSmOlT XXL THEOBEM. 



An angle formed by a tangent o/nd a chord meeting it (xt 
the paint of contact^ is measured by half the included 
€src. 

Let SS be tangent to the drde AMC, and let AG 
be a chord drawn from the point of contact A : then 
will the angle SAC be measured 
by half of the arc AMC. 

For, draw the diameter AD. 
The angle BAD is a right angle 
(P. IX.), and is measured by half 
the semi-circumference AMD (P. 
XVn., S.) ; the angle DAG is 
measured by half of the arc DC 
(P. XVm.) : hence, the angle BA (7, 

which is equal to the sum of the angles BAD and DAG^ 
is measured by half the sum of the arcs AMD and DCy 
or by half of the arc AMC ; Mohich toaa to be proved. 

The angle CAJE, which is the difference of DAJE and DA G^ 
is measured by half the difference of the arcs DCA and DO, 
or by half the arc GA. 




PRACTIOAL APPWOATIONS. 



PBOBLEM 



To bisect a given straight line. 

Let AB be a given straight line. 

From A and J^, as centres, with 
a radius greater than one half of AlB, 
describe arcs intersecting at E and 
F: join E and Fj by the straight 
line FF. Then will EF bisect the 
given line AB. For, E and F 
are each equally distant from A and 
B ; and consequently, the line EF 
bisects AB (B. I., P. XVI., C). 



A 



/kE 



* 



J 



PROBLEM n. 



To erect a perpendicular to a given straight line^ <U a given 

point of that line. 

Let EF be a given line, and let ^ be a given point o 
that line. 



From -4, lay off the equal 
distances AB and -4(7; from 
B and (7, as centres, with a 
radius greater than one half 



>a> 



E 



t 



c 



Y 
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of DCy describe aics intersecting at D\ draw tie line ADi 
then will AD be the perpendicular required. For, D and A 
are each equally distant from B and C7; consequently, DA is 
perpendicular to DC Bit the given point A (B. I., P. XVL, C). 



PEOBIiEM m. 



To draw a perpendicular to a given straight line^ from a 

given point without that line. 

Let DD be the given line, and A the given point. 

From A, as a centre, with a ra- 
dius sufficiently great, describe an arc 
cutting DD in two points, D and 
D ; with D and D as centres, and 
a radius greater than one-half of DDj 
describe arcs intersecting at £!; draw 
AJ5^ : then will AJE be the perpendi- 
cular required. For, A and S are each equally distant 
from D and D : hence, AJEJ is perpendicular to DD 
(B. L, P. XVI., C). 



^ 



^^ 



r 

E 



PROBLEM IV. 

At a ' point 07i a given straight line, to construct an angle 

equal to a given angle. 

Let A be the given point, AD the given line, and 
IKZ the given angle. 

From the vertex JT as a 
centre, ynih any radius -KT, 
describe the arc iZ, terminat- 
mg in the sides of the angle. 
Prom ^ as a centre, with a radius AD^ equal to -STJ 
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describe the indefinite arc BO ; then, with a radius elqnal 
to the chord XJT, from JB as a centre, describe an aic 
cutting the arc BO in 2> ; 
draw AD : then will BAD 
be equal to the angle K. 

For, the arcs BD^ IL^ 
have equal radii and equal 

chords : hence, they are equal (P. IV.) ; therefore, the angles 
BAD, IKLy measured by them, are also equal (P. XY.). 




PROBLEM Y. 

To bisect a given are, or a given angle. 

1°. Let AJEJB be a given arc, and C its centre* 

Draw the chord AB ; through (7, 
draw CD perpendicular to AB (Prob. 
HL) : then will CD bisect the arc 
ABB (P. VI.). 




2®. Let ACB be a given angle. 

With (7 as a centre, and any 
radius CB, describe the arc BA ; 
bisect it by the line (7Z>, as just 
explained : then will CD bisect the angle ACB, 

For, the arcs AJE and JEB are equal, from what was 
just shown ; consequently, the angles A CJS and JSCB are 
also equal (P. XV.). 



Scholium. If each half of an arc or angle be bisected, 
the original arc or angle will be divided into four equal 
parts ; and if each of these be bisected, the original arc or 
angle will be divided into eight equal parts ; and so on. 
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PEOBLEM VI. 

Tlvrcmgh a given pointy to draw a straight line parallel to 

a given straight line. 

Let ^ be a given point, and BG a given line. 

From the point ^ aa a centre, 
with a radios AE^ greater than the 
shortest distance from A to j&C, 
describe an indefinite arc EO ; from 
^ as a centre, with the same ra- 
dius, describe the arc AF \ lay off 

ED equal to AF.^ and draw AD : then will AD be the 
parallel required. 

For, drawing AE^ the angles AEF^ EAD^ are equal 
(P. XV.) ; therefore, the lines AD^ EF are parallel (B. L, 
P. XIX., C. 1.). 

PEOBLEM Vn. 

Given^ two angles of a triangle^ to construct the third 

angle. 

Let A and S be given angles of a triangle. 

Draw a line DF^ and at some 
point of it, as E, construct the an- 
gle FEJBT equal to A, and SEG 
equal to £. Then, wiU GED be jy 
equal to the required angle. 

For, the sum of the three angles at ^ is equal to two 
light angles (B. L,. P. L, C. 8), as is also the sum of tliie 
three angles of a triangle (B. L, P. XXV.). Consequently, 
the third angle CED must be equal to the third angle of 
the triangle. 
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PEOBLEM VnL 

Oiven^ two sides and the included angle of a Mangle^ to 

construct the triangle. 

Lot JB and G denote the given eddes, and A the given 
angle. 

Draw the indefinite line DJFl 
and at D construct an angle 
FjDJEJj equal to the angle A ; on 
DJPl lay off DM equal to the 
dde C7, and on DJSl, lay off 
DO equal to the side D ; draw 
OM : then will DGH be the required triangle (B. L, P. V,). 




PROBLEM IX 

CKvenj one side and two angles of a triangle, to construct 

t?he triangle. 

The two angles may be either both adjacent to the given 
side, or one may be adjacent and the other opposite to it. 
In the latter case, construct the third angle by Problem YLL 
We shall then have two angles and their included side. 

Draw a straight line, and on it 
lay off D£! equal to the given 
side ; at D construct an angle 
equal to one of the adjacent an- 
gles, and at F construct an angle 
equal to the other adjacent angle ; 

produce the sides DJ^ and JEJG till they intersect at Ml 
then will D^B" be the triangle required (B. I, P. VL). 




.{. 
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PBOBLEM X. 

Qiden^ the three sides of a triangle^ to construct the tri- 
angle. 

Let A^ JBf and C7, be the given sides. 

Draw DJ5J^ and make it equal 
to the side A ; from i!> as a 
centre, with a radius equal to the 
side JSj describe an arc ; from £J 
as a centre, with a radius equal 
to the side (7, describe an arc 

intersecting the former at J^ ; draw DI^ and jET'^ : then 
will DBF be the triangle required (B. I., P. X.). 

Scholium. In order that the construction may be possible, 
any one of the given sides must be less than the sum of the 
other two, and greater than their difference (B. I., P. VII., S.). 




PROBLEM XI. 

Givenj two sides of a triangle, and the angle opposite one 

of them^ to construct the triangle. 

Let A and JB be the given sides, and C the given 
angle. 

Draw an indefinite line DG, 
and at some point of it, as Dj 
construct an angle QDE equal 
to the given angle ; on one side 
of this angle lay off the distance 
DE equal to the side B adjacent / 

to the given angle ; from E as '' 

a centre, with a radius equal to the side opposite the given 
angle, describe an aic cutting the side DG at Q\ ^asx^ 
EG. Then will DEG be the required tnan^^. 
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For, the sides DE and EQ are equal to the ^yen 
sides, and the angle 2>, opposite one of them, is equal to 
the given angle. 

Scholium, When the side oppofflte the given angle is 
greater than the other given side, there will be but one 
solution. When the given angle is acute, and the side 
opposite the given angle is less 
than the other ^ven side, and 
greater than the shortest dis- 
tance from E to DQ^ there 
will be two solutions, DEQ 
and DEF. When the side 

opposite the given angle is 

« 

equal to the shortest distance from E to 2X?, the arc 
will be tangent to DG^ the angle opposite DE will be 
a right angle, and there will be but one solution. When 
the fflde opposite the given angle is shorter than the distance 
from ^ to 2X?, there will be no solution. 




PEOBLEM Xn. 

Oiverif two acffacent sides of a parallelogram and their 
included angU^ to construct the parallelogram* 

Let A and E be the given sides, and O the given 
angle. 

Draw the line i>J3J and 
at some point as J[>, construct 
the, angle HDF equal to the 
angle (7. Lay off BE equal 
to the side A^ and DF equal 
to the side B ; draw FQ 
parallel to BE^ and EQ par- 
allel to BF * then will BFOE be the parallelogram t^ 
quired. 




Aw 
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For, the oppofflte sides are parallel by construction ; and 
consequently, the figure is a parallelogram (D. 28) ; it is 
also formed with the given sides and given angle. 



PROBLEM xm. 
To find the centre of a given circumference. 

Take any three points A^ 
J?, and C, on the circumference 
or arc, and join them by the 
chords ABy BC; bisect these 
chords by the perpendiculars J)J^ 
and JP^G : then will their point 
of intersection 0, be the centre 
required (P. VH.).- 

Scholium. The same construc- 
tion enables us to pass a circumference through any three 
points not in a straight line. If the points are vertices of 
a triangle, the circle will be circumscribed about it. 




PROBLEM XIV. 

Through a given pointy to drato a tangent to a given circle. 

There may be two cases : the given point may lie on 
the circumference of the given circle, or it may lie without 
the given circle. 

1®. Let G be the centre of the 
given circle, and A a point on the 
circumference, through which the tan- 
gent is to be drawn. 

Draw the radius GA^ and at A 
draw AD perpendicular to AG: then 
will AJD be the tangent required (P. IX.). 
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2^. Let C be the centre of the given drde, and A a 
point without the circle, through which the tangent is to be 
drawn. 

Draw the line AC \ bisect it at 
O^ and from as a centre, with a 
radios OC^ describe the circumference 
AJiCD'y join the point A with the 
points of intersection D and B : 
then will both AD and AB be 
tangent to the given circle, and there 
will be two solutions. 

For, the angles ABC and ADC 
are right angles (P. XVm., C, 2) : 

henco, e:ioh of the lines AB and AD is perpendicular to 
a nidi us at its extremity ; and consequently, they are tangent 
to the given circle (P. IX.). 

CoroUary, The right-angled triangles ABC and ADG^ 
Iiave a coiniiioii h}i>othenuse AC^ and the side BC equal 
to DC\ and consequently, they are equal in all their parts 
(B. I., P. XVII.) : hence, AB is equal to AD^ and 
the angle CAB is equal to the angle CAlD. The tan- 
gents are therefore equal, and the line AC bisects the 
angle between them. 



'. ^ 



PROBLEM XV. 

To inscribe a circle in a given triangle. 

Let ABC be the given 
truinglc. 

l>isect the angles A and 
By by tlie lines AG and 
BOy meeting in the point 
(Prob. V.) ; from the point 
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let fell the perpendiculars OD^ OE^ OF^ on the sides of 
the triangle : these perpendiculars will all be equal. 

For, in the triangles BOD and BOE^ the angles OBE 
and OBD are equal, by construction ; the angles ODB 
and OEB are equal, because both are right angles ; and 
consequently, the angles BOD and BOE are also equal 
(B. I., P. XXV., C. 2), and the side OB is common ; and 
therefore, the triangles are equal in all their parts (Bi L, 
P. VI.) : hence, OD is equal to OE, In like manner, it 
may be shown that OD is equal to OF. 

From as a centre, with a radius OD^ describe a 
circle, and it will be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 

CoroUary. The lines that bisect the three angles of a 
triangle all meet in one point. 



PEOBLEM XVI. 



On a given straight line, to construct a segment that shall 

contain a given angle. 

Let AB be the given line. 





I^roduce AB to wauls D\ 2X B construct the angle 
DBE equal' to the given angle draw BO perpendicular 
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to JSJEf and at the middle point G^ of AS^ draw GO 
perpendicnlar to AJB ; from their point of intersection O, 
as a centre, with a radius OB^ describe the arc AMB: 
then will the segment AMB be the segment required. 





For, the angle ABjF\ equal to JSBBy is measured by 
half of the arc AKB (P. XXL) ; and the inscribed . angle 
AMB is measured by half of the same arc : hence, the 
angle AMB is equal to the angle EBD^ and conse- 
quently, to the given angle. 



BOOK IV. 

MSASUBSHBNT AND BELATIOK OF POLTOONS. 

DEFIianONS. 

1. &MILAB Polygons, are polygons which are mntnany 
eqaiangular, and which have the sides about the equal angles, 
taken in the same order, proportional. 

2. In similar polygons, the pai*ts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologoiLS anghSy the 
corresponding sides are homologous sides, the corresponding 
diagonals are homologous diagonals, and so on. 

3. Similar Arcs, Sectors, or Segments, in different circles, 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and are A 

equal, the arcs BFG and DOE are 
similar, the sectors BAG and DOE 
are similar, and the segments BFG g^ 
and DOE are similar. F 

4. The ALTrruDB of a Triangle, is the perpendicular 
distance from the vertex of either an- 
gle to the opposite cdde, or the opposite 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
vertex of the triangle, and the oppodte 
side, is called the ba^e of the triangle. 
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5. The ALxrnro!-: of ▲ Pauallelograic, is the perpefr 
dicnlar distance between two opposite 

sides. 

These sides are called bcises ; one the 
upper^ and the other, the lower base. 

6. The Altitudb of a Trapezoid, is the perpendicular 
distance between its parallel sides. 

These sides are called bases ; one the 
upper, and the other, the lower base, 

7. The Area of a Surface, is its numerical value 
expressed in terms of some other sm&ce taken as a taUL 
The nnit adopted is a square described on the linear unit, 
as a cdde. 

PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and ^qual altitudes, 

are equal. 

Let the parallelograms ABCD and EFOH have equal 
bases and equal altitudes : then will the parallelograms be 
equal. 



D II C G H 






For, let them be so placed 
that their lower bases shall 
coincide ; then, because they 
have the same altitude, their 
upper bases will be in the 
same line DQ, parallel to AB. 

The triangles BAH and (77? 6?, have the sides AJD and 
BC equal, because they are opposite sides of the parallet 
ogram A G (B. I., P. XXVm.) ; the sides ABC and BQ 
equal, because they are opposite sides of the parallelograin 
AQ I the angles BAH and CBG equal, bcdhise their 
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sides are parallel and lie in the same direction (B. I,, 
P. XXrV.) : hence, the triangles are equal (B. L, P. V.). 

If from the quadrilateral AJBGD^ we take away the tri- 
angle DAJETf there will remain the parallelogram AG ; if 
from the same quadrilateral AJBGjD^ . we take away the tri- 
tiiangle CBG^ there will remain the parallelogram AG \ 
hence, the parallelegram AG is equal to the parallelogram 
EG (A. 3) ; which was to be proved. 




PROPOSITION n. THEOREM. 

A triangle is equal to one-half of a parallelogram having 
an equdl base and an equal altitude. 

Let the triangle ABG^ and the parallelogram ABFD^ 
have equal bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 

For, let them be so 

0aced that the base of I^- ?— ^ — -^ ^ 

the triangle shall coin- 
cide with the lower base 
of the parallelogram ; 
then, because they have equal altitudes, the vertex o. the 
triangle will lie in the upper base of the parallelogram, or 
in the prolongation of that base. 

From -4, draw AE parallel to BC^ forming the par- 

allelogram ABGE. This parallelogram will be equal to 

the parallelogram ABFD^ from Proposition L But the 

triangle ABG is equal to half of the parallelogram ABGJl 

(B. L, P. XXVm., C. 1) : hence, it is equal to half of 

the parallelogram ABFD (A. 7) ; which was to be proved 

* 
Cor. Triangles having equal bases and ^qual altitudes are 

equal, for they are halves of equal parallelograms. 
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FEOPOSinoN m. thxobex. 

I 

Rectangles having equal aUitudes^ are proportional to their 

bases. 

There may be two cases : the bases may be commensii- 
rable, or they may be incommensurable. 

1^. Let ABCD and HEFK^ be two rectangles whose 
altitudes AD and HK are equal, and whose bases AB 
and SE are conmiensurable : then will the areas of the 
rectangles be proportional to their bases. 




K 






p 




























• 






k 






E 



Suppose that AB is to J±J^ as 7 is to 4. Conceive 
AB to be divided into 7 equal parts, and HE into 4 
equal parts, and at the points of division, let perpendiculars 
be drawn to AB and HE. Then will ABCD be divi- 
ded into 7, and HEFK into 4 rectangles, all of which wiQ 
be equal, because they have equal bases and equal altitudes 
(P. L) : hence, we have, 

ABCD : HEFK : : 7 : 4. 



But we have, by hypothesis. 



AB 



HE 






4. 



From these proportions, we hare (B. H, P. IV.), 



ABCD 



SEFK 



• • 



AB 



HE. 



Had any otner numbers than 7 and 4 been used, the same 
proportion would have been found ; vaihich ioas to be proved. 
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2° . Let the bases of the rectangles be incommensurable : 
then will the rectangles be proportional to their bases. 

For, place the rectangle HEFK 
npon the rectangle ABGD^ so that 
it shall take the position AEFD. 
Then, if the rectangles are not pro- 
portional to their bases, let ns sup- ^ - ^ io iB 

pose that 

ABCD : AEFD i : AJB : AO; 

in which AO is greater than AE. Divide AJB into 
eqnal parts, each less than OE ; at least one point of 
division, as J, will fall between E and ; at this point, 
draw jTZT perpendicular to AJB. Then, because AJB and 
AI are commensurable, we shall have, from what has just 
been shown, 

AJSCD : AIEJ) : : AB : AI. 

The above proportions have their antecedents the same 
in each ; hence (B. 11., P. IV., C), 

AEFB : AIKB : : AO : AI, 

The rectangle AEFB is less than AIKB ; and if the 
above proportion were true, the line AO would be less 
than AI ; whereas, it is greater. The fourth term of the 
proportion, therefore, cannot be greater than AE, In like 
manner, it may be shown that it cannot be less than AE ; 
consequently, it must be equal to AE : hence, 

ABCB : AEFB : : AB AE \ 

tohich toas to be prove^d. 

Cor, If rectangles have equal bases, they are to each 
other as their altitudes. 

7 
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PBOPOSinON IV. THEOBEM. 

Any two rectangles are to each other as the producU qf 

their bases and altitudes. 

Let ABGD and AEGF be two rectangles: then \ril 
ABGD be to AEGF, as AB x AD is to AE x AF. 

For, place the rectangles so 
that the angles JDAE and EAE 
shall be opposite or vertical ; 
then, produce the sides GJD 
and GE till they meet in JET, 

The rectangles ABGD and 
AlDHE have the same altitude 
AD : hence (P. m.), 

ABGD : ADHE : : AB : AK 

The rectangles ADHE and AEGF have the same 
altitude AE : hence, 




s 



ADHE : AEGF : : AD : -4JR 



Multiplying these proportions, term by term (B. IL, P. 
Xn.), and omitting the conmion &ctor ADHE (B. IL 
P. Vn.), we have, 

ABGD : AEGF :: AB x AD : AExAF; 
which was to be proved. 

Scholium 1. If we suppose AE and AFy each to be 
equal to the linear unit, the rectangle AEGF will be the 
superficial unit, and we shall have, 

ABGD • 1 : : AB x AD : 1 ; 
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ABGB = AB X AD : 

hence, the area of a rectangle is eqtial to the product of 
its base and altitude ; that is, the number of supei-ficial 
units in the rectangle, is equal to the product of the number 
of linear units in its base by the number of linear units in 
its altitude, 

/Scholium 2. The product of two lines is sometimes called 
the rectangle of the lines, because the product is equal to 
the area of a rectangle constructed with the lines as sides. 



PROPOSITION V. 



THEOREM. 



The area of a parallelogram is equal to the product of its 

base and altitude. 




E 




Let AJBCB be a parallelogram, AJB its base, and JSJE 
its altitude : then will the area of ABGD be equal to 
AB X BE. 

For, construct the rectangle 
ABEF^ having the same base 
and altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. I.) ; but the area of the 
rectangle is equal to AB x BE\ 

hence, the area of the parallelogram is also equal to 
AB X BE \ which toas to be proved. 

Cor, Parallelograms are to each other as the products 
of their bases and altitudes. If their altitudes are equal, 
they are to each other as their bases. If their bases are 
equal, they are to each other as their aHiluaL^. ^^'\^^ 
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PROPOSITION VI. THEOEEIL 

The area of a triangle is equal to half the product of its 

base and altitude. 

Let ABO be a triangle, SG its base, and AD iti 
altitude : then will the area of the triangle be equal to 
^BO X AD. 

For, from C7, draw CJS 
parallel to BA^ and from A^ 
draw AB parallel to CB. The 
area of the parallelogram BCJEJA 
is BG X AD (P. V.) ; but the 
triangle ABG is half of the par- 
allelogram BGJEA : hence, its area is equal to ^BG X AD\ 
vhich was to be proved. 

Cor. 1, Triangles are to each other, as the products of 
their bases and altitudes (B. IT., P. Vll.). If their alti- 
tudes are equal, they are to each other as their bases. If 
their bases are equal, they are to each other as their alti- 
tudes. 

Cor. 2. The area of a triangle is equal to half the pro- 
duct of its perimeter and the radius of the inscribed circle. 

For, let DEF be a circle 
inscribed in the triangle ABG. 
Draw 0/>, OE, and OF, to 
the points of contact, and OA, 
OB, and OC, to the verti- 
ces. 

The area oi OBC will be 
equal to \0E X BC ; the 
area of OAC will be equal to \0F x AG ; and the area 
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of OAB will be equal to ^OB x AB ; and since OD, 
OJE^ and OF^ are equal, the area of the triangle ABC 
(A. 9), will be equal to \0B {AB + BC + GA). 



PROPOSinOK VII. THEOREM. 

The area of a trapezoid is equal to the prodt^t of its alti- 
tude and half the sum of its parallel sides. 

Let ABGD be a trapezoid, BE its altitude, and 'AB 
and DC its parallel sides: then will its area be equal to 
BEx \{ABJrBG). 

For, draw the diagonal AG^ form- 
ing the triangles ABG and AGB, 
The altitude of each of these trian- 
gles is equal to BE. The area of 
ABG is equal to ^AB x BE (P. A E B 

VI.) ; the area of A GB is equal to 

^BG X BE I hence, the area of the trapezoid, which is the 
Bum of the triangles, is equal to the sum of ^AB x BE 
and iBG X BEy or to BE x i(AB + BG) ; which toae 
to be proved. 





PROPOSITION Vm. THEOREJ^. 

The square described on the sum of two 'lines is eqical to 
the sum of the squares described on the lineSj increased 
by twice the rectangle of the lines. 



Let AB and BG be two lines, 
and A G their sum : then will 



AG"" = AB" + BG' + 2AB x BG. 

On AGy construct the square 
AGBE\ from JB, draw BH par- 
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E 



H 



allel to AJS ; lay off AJP equal to AJBj and from 
i; draw FG parallel to AC: then will Jfl^ and i2 be 
each equal to ^C7 ; and IB and IJF\ to A£. 

The square AGDJEJ is composed 
of four parts. The part ABIF is 
a square described on AB ; the part 
lODH is equal to a square described 
on BC \ the part BCGI is equal 
to the rectangle of AB and £G ; 
and the part FIHE is also equal to 
the rectangle of AB and BG : and 

because the whole is equal to the sum of all its parts (A. 9), 
we have, 



6 



C 



i2 



AG" = AB" + BG" + 2AB x BG ; 
Mohich toas to be proved. 

' Gor. If the lines AB and BG are equal, the four 
parts of the square on AG will also be equal : hence, the 
square described on a line is egucd to four times the sqtiare 
described on half the line. 



PROPOSITIOK IX. 



THEOREM. . 

T- '^ - • - 



The square described on the difference of two^Unes is equal 
to the sum of the squares described on the lineSj dimin- 
ished by twice the rectangle of the li?ies. 

Let AB and BG be two lines, and AG their differ- 
ence: then will 



AG" = AB' + BG" - 2AB x BG. 

On AB construct the square ABIF; from G draw 
GG parallel to BI ; lay off GB equal to -4(7, and 
from B draw B^ parallel and equal to BA ; complete 
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the square BFLK : then will EK be equal to SO^ and 
EFLK will be eqnal to the square of BG. 

The whole figure ABILKE U 
e<iiial to the aum of the aqaarea 
described on AB and BC. The 
part CBIQ is equal to the rect- 
angle of AB and BC ; the part 
DGLK is also eqnal to the rect- 
■ angle of AB and BC. If from 
the whole fignre ABILKE, the two parts CBIO and 
B QLK be taken, there will remain the part A CBE, 
which is eqnal to the sqnare oi AC ; hence, 

AO'' = A^ + BC'' - 2AB X BC ; 
vhieh maa to he proved. 



L if O T 

^^ D 



PEOPOSmON X THEOREM. . 

The rectangle contained by the sum and d^erence of two 
lines, is egucU to the difference of their i 



Let AB and BC be two lines, of which AB is the 
greater : then will 

(AS + BC) {AB - BO) = AS* - -S^- 



G I 



On ABy constrnct the sqnare 
ABIF ; prolong AB, and make 
BK eqnal to BC; then will AK 
be eqnal to AB + i? C ; from 
Kf draw KB parallel to BI, and 
make it equal to AC ', draw BE 
parallel to KA, and C6 parallel 
to BI : then DG is equal to 
BC, and the figure BHIQ- ia eqnal to the square 
BGy and EBGF is equal to BKLS. 



^ 
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If we add to tbG figure ABIIE, the rectangle SKtB, 
we shall have the rectangle AKLE, which is equal to tha 
the rectangle of AB + JIG and 
AJ3 — BG. If to the sanio,. figure 
ABJIE, we add tiie rectangle 
HGFE, equal to HKLIF, wo' 
shall have the figure ABIWGF, 
which is equal td the difli.Tcnco of 
the squares of AB and BG. But 
the sums of equals are equal (A. 2), 

hence, 

{AB +BC) {AB -BO) = A^ - BG* 

tohich Teas to be proved, 
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PBOFOSinON XL THEOSEIL 



The square described on the hypothemise of a right-angM 
triangle, is equal to the sum of the squares described on 
the other two sides. 

Let ABC be a triangle, right-angled at A : then will 
^'^ = AB" + AG^. 



Construct the square BO 
AS on the side AB, and 
the square AI on the side 
A I from A draw AD 
perpendicular to BC, and 
prolong it to E : then will 
HE be parallel to BF ; 
draw AF and SC. 

In tbe triangles SBC 
and ABF, we have SB 
equal to AB, because they 
are sides of the same square ; 



I the ade BG, the aqoan 
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BG equal to BF^ for the same reason, and the included 
angles HBG and ABF equal, because each is equal to the 
angle ABC plus a right angle : hence, the triangles are 
equal in all their parts (B. I., P. V.). 

The triangle ABFy and the rectangle BF^ have the 
same base BF^ and because BF is the prolongation of 
DAy their altitudes are equal : hence, the triangle ABF 
ia equal to half the rectangle BF (P. II.). The triangle 
SBGy and the square jBi, have the same base BJS^ and 
because AG is the prolongation of AB (B. I., P. IV.)» 
their altitudes are equal : hence, the triangle J97? G is equal 
to half the square of Aff, But, the triangles ABF and 
JETB G are equal : hence, the rectangle BF is equal to the 
square A^. In the same manner, it may be shown that \ 
the rectangle BG is equal to the square AI : hence, the 
sum of the rectangles BF and BGj or the square BG^ 
is equal to the sum of the squares AS" and AI ; or, 
BG^ = AB^ + AG^ I which was to he proved. 

Got. 1. The square of either side about the right angle 
is equal to the square of the hypothenuse diminished by the 
square of the other side : thus, 

AB" = BG^ - AG^ ; or, AG^ = BC^ - AS^^ 

Got. 2. If from the vertex of the right angle, a per- 
pendicular be drawn to the hypothenuse, dividing it into two 
segments^ BD and -DC, tJie square of the hypothenuse wiU 
be to the square of either of the other sidesj as the hypo- 
thenuse is to the segment adjacent to that side. 

For, the square BG^ is to the rectangle BF^ as BG 
to BD (P. nX) ; but the rectangle BF is equal to th« 
square AH i hence, 

BG^ : AB" II BG I BD. 



5 Cw />it '''TCgeomet 



RT. 



In like manner, we have, 



BG* : AG* : : BC : 2>(7. 

(7or. 8. TJie squares of the sides about the right an^ 
are to each otJier as the a^acent 
segments of the hypothemise, A 



For, by combining the propor- 
tions of the preceding corollary 
(B. n., P. IV., C), we have, 




A^' 



AG 



2 






BD 



DC. 



Cor. 4. The square described on the 
square is double the given square. 

For, the square of the diagonal is 
equal to the sum of the squares of the 
two sides; but the square of each side 
is equal to the given square : hence, 

AC^ = 2AB' ; or, AG"" = 2BC^. 



diagonal of a 



H D Q 
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Cor. 5. From the last corollary, we havOi 

AG^ : AB^ : : 2 : 1 ; 
hence, by extracting the square root of each term, we have, 

AG : AB : : -v/J : 1 ; 

that is, the diagonal of a square is to the sidcj as the 
square root of two to one; consequently, the diagonal and 
the side of a square are incommensurable. 



BOOK IV. 



107 



PKorosinoN xii. theoeem. 

In any triangle^ the square of a side Ojpposite an acute 
angle^ is equal to the sum of the squares of the base and 
the other side^ diminished by twice the rectangle of tls 
base and the distance from, the vertex of the acute angle 
to the foot of the perpendicular drawn from the vertex 
of the opposite angle to the base^ or to the base produced. 



Let ABC .be a triangle, C one 
of its acute angles, BG its base, and 
AB the perpendicular drawn from A 
to BCj OT BG produced; then will 

AB" = BC^ + AC^ - 2BG x CB. 




For, whether the perpendicular meets the base, or the 
base produced, we have BB equal to the difference of 
BG and GB : hence (P. IX.), 

BB" = WG^ + CB" - 2BG X GB. 

Adding AB^ to both members, we 
have, 




2 



BBT + AB^ = BG^ + GB" +AB' - 2BG x GB. 



But, B& + AB^ = AJfj and GB" + AB^ = AG^ : 



hencei 



ZF = BC^ + AU^ - 2BG X GB ; 



which was to be proved. 
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PROPOSITION XIII. TIIEOllEM. 

In any obtuse-angled triangle^ the square of the side opposiU 
the obtuse angle is equal to the sum of- the squares of 
the base and the other side^ ijicreased by twice the rect- 
angle of the base and t/ie distance from the vertex of tht 
obtuse angle to the foot of tJie perpendicular draum from 
the vertex of the opposite angle to the base produced 

Let ABC be an obtuse-angled triangle, B its obtuM 
angle, BG its base, and AD the perpendioular drawn 
from A to BG produced ; then will 




AG^ = BG^ + Al? + 2BG x BD. 

For, GB is the sum of BC 
and BB : hence (P. Vm.), 

GB" = BC^ + BB" + 2BG x BB. 

Adding AB^ to both members, ^ ^ 

and reducing, we have, 

AO" = BG^ + AT^ + 2jB(7 X BD ; 

which was to be proved. 

Scholium. The right-angled triangle is the only one m 
which the sum of the squares described on two sides is 
equal to the square described on the third side. 

PROPOSITION XEV. THEOREM. 

Tn any triangle^ the sum of the squares described on tvoo 
sides is equal to twice tlie square of half the third sUh 
increased by twice the square of the line drawn frcfft^ 
the middle point of that side to the vertex of the opposite 
angle. 

Lot ABC be any triangle, and JEA a line drawn from 
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the middle of the base BG to the vertex A : then will 

JOS' + AG'' = 2BE' -f 2EA^. 

Draw AD perpendicular to BG \ then, from Proposition 
Xn., we have, 

IC^ = WC^ + JSA" - 2BG X ED. 
From Propodtion XTTT., we have, 

AS^ = DE^ + Kl^ + 2BE X ED. ^ ^'^ ^^ 

Adding these equations, member to member (A. 2), recollect* 
ing that BE is equal to JE'C, we have, 

AB" + ZC?^ = 2BE^ + 2jE2^ ; 
which toas to be proved. 

Gor. Let ABGD be a parallelogram, and BDj ACj 
its diagonals. Then, since the diagonals 
mutually bisect each other (B. I., P. B C 

XXXI.), we shall have. 



AB^ + BG^ = 2AE^ + ^BE" ; 

id, :.. 

GD^ + DAl = 2(7^' + 2DE'' ; 




whence, by addition, recollecting that AE is equal to GE^ 
and BE to DE^ we have, 

AJ? + BG'' + G^' + J52' = 4C^* + 42^' ; 

but, A.GE' is equal to J^*, and 4.»E'^ to .S!^ 
(P. Vni., C.) : hence, 

AJ^ + BG" + O^' + .03:^ = AG^ + ^BS". 

That is, the sum of the squares of the sides of a parallelo- 
gram^ is egtud to the sum of the squares of its diagonal&. 
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, -^ PROPOSITION XV. THEOBEIL 

In any triangle^ a line drawn parallel to the base ditfuk^ 

the oth^er sides proportionaUj/. 

Let ABG be a triangle, and DE a line parallel to 
the base BG : then 

AD : DB : : AE : CK 

Draw EB and DC. Then, becaufle 

Uie triangles AED and DEB have their 

bases in the same line AB^ and their 

vertices at the same point E^ they will 

have a common altitude : hence, (P. VL, 

C.) 

AED : DEB : : AD : DB. 

The triangles AED and EDCy have their bases in the 
same line AC^ and their vertices at the same point D\ 
they have, therefore, a conmion altitude ; hence, 

AED : EDO : : AE : EC. 

But the triangles DEB and EDO have a common base 
DE^ and their vertices in the line jS(7, parallel to DE\ 
they are, therefore, equal : hence, the two preceding propor- 
tions have a couplet in each equal ; and consequently, the 
remaining terms are proportional (B. H, P. IV.), henoey 

AD : DB : : AE : EG ; 

which was to he proved. 

Cor. 1. We have, by composition (B. 11., P. VL), 
AD + DB : AD : : AE + EC : AJ& ; 
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HI 



w. 



A£ 



AJ> 






AC : AJS; 



and, in like maimer, 

AJB : DJB 






AG 



EG. 



Got. 2. If any number of parallels be drawn catting two 
lines, they will divide the lines proportionally. 

For, let be the point where AB 
and GD meet. In the triangle OEF^ 

the line A G being parallel to the base 
EF^ we shall have. 



OE 






AM 






OF 



GF. 



In the triangle OGH^ we shall have, 

OE \ EG \\ OF \ FH ; 
hence (B. H., P. IV., C), 




AE I EG .1 CF : FH. 



In like manner, 

EG : GB 
and so on. 



. * 



FH 



* 



PROPOSITION XVI. THEOREM. 

If a straight line divides two sides of a triangle proportionaUyj 

it ,will be parallel to the third side. 

Let ABG be a triangle, and let DE 
divide AB and AG^ so that 

AB . BB : : AE : EG ; 

then will BE be parallel to BG. 

Draw BG and EB. Then the tri- 
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angles ADE and DEll will have a common altitude; and 

consc(iiiently, we shall have, 

ADE : DEB : : AD : DB. 

The triangles ADE and EDO have also 
a conunon altitude ; and consequently, we 
shall have, 

ADE : EDO : : AE z EO ; 

but, by liypothesis, 

AD : DD I : AE : EO ; 

hence (B. H., P. IV.), 

ADE : DED : : J.Z>jEr : EDC. 

Tlic antecedents of this proportion being equal, the oon- 
itequents will be equal ; that is, the triangles DEB and 
EDC arc equal. But these triangles have a conmion base 
DE : hence, their altitudes are equal (P. VL, C.) ; that is, 
the points B and (7, of the line BGj are equally distant 
from DEj or DE prolonged : hence, BG and DE are 
jiarallel (B. I., P. XXX., C.) ; lohich was to be pra^edL 



PROPOSITION XVIL THEOREM. 

In any triangle, the straight line which bisects the angle ai 
the vertex, divides the base into two segments proportional 
to the adjacent sides. 

Let AD bisect tlie vertical angle A of the triangle 
BAG : then will the segments BD and DC be p^opo^ 
tional to the adjacent sides BA and GA. 

From (7, draw CE parallel to DA, and i>roduce it 



BOOK IV. 



118 



vntil it meet! JSA prolonged, at M Then, because (7J? 
and DA are parallel, the angles BAD and AEG aie 
equal (B. I., P. XX., C. 3) ; the 
angles DAG and AGE are 
aiso equal (B. L, P. XX., C. 2). 
Bat, BAD and DAG are 
cqnal, by hypothesis ; consequent- 
ly, AEG and AGE are equal: 
henco, the triangle AGE is 
isosceles, AE being equal to 
AG. > 

In the triangle BEGy the line AD is parallel to the 
base EG \ hence (P. XV.), 

BA : AE \\ BD \ DG ; 




or, substituting AG for its equal AEy 

BA I AG I. BD I DG I 

which was to be proved. 



PROPOSITION XVUL THEOREM. 



Triangha which are mutuaUy equiangular^ are similar. 

Let the triangles ABG and DEE have the angle A 
equal to the angle 2>, the angle B to the angle E^ and 
the angle G to the angle F : then will they be dmilar. 

For, place the triangle 
DEE upon the triangle 
ABGy so that the angle 
E shall coincide with the 
angle B then will the 

point E fidl at some ^ H C IT 

pdnt Mj of BG; the point D at some point Q^ of BAi 

8 





H 
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the side BF will take the position GII^ and BOH leill 
be equal to EDF. 

Since the angle BHQ 
is equal to BCA^ GH 
will be parallel to AG 
(a L, p. XIX., C. 2) ; 
mud consequently, we shall 
Jiave (P. XV.), 





BA 



BG : : BG : BH \ 



or, since BG is equal to JEZ>, and BH to JSuFJ 

BA \ ED \\ BC \ EF. 

In like manner, it may be shown that 



and also. 



BC : EF : : CA . FD \ 
CA I FD II AB : BE ; 



hence, the sides about the equal angles, taken in the same 
order, are proportional ; and consequently, the triangles are 
similar (D. 1) ; which loas to be proved. 

Cor. If two triangles have two angles in one, cqjaal to 
two anglea in the other, each to each, they will be d^niiS]' 
(B. L, P- XXV., C. 2). 



PROPOSITION XIX. THEOREM. 

Triangles which have their corresponding sides prop&rtios^fu^ 

are similar. 

In the triangles ABC and BEF^ let the correspondii^ 
sides be proportional ; that is, let 
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AB : DE : : BG : EF : CA FD ; 

then will the triangles be similar. 

For, on BA lay off BG equal to ED ; on BG lay 

off BH equal to EF^ 

and draw OH. Then, 

because BQ is equal to 

DE^ and BH to JEF, 

we have, / . 

B ff c 

BA I BO :: BG I BH \ 

hence, OH is parallel Xo AG (P. XVI.) ; and consequently, 
the triangles BAG and BOH are equiangular, and there- 
fore similar : hence, 

BG : BH : : GA : HO. 

But, by hypothesis, 

BG : EF : : GA : FD ; 

hence (B. H, P. IV., C), we have, 

BH : JEF : : HO : i?2>. 

But, BH is equal to EF ; hence, J7G is equal to FD4 
The triangles BHO and JET^ have, therefore, their sides 
equal, each to each, and consequently, they are equal in aS 
their parts. Now, it has just been shown that BHO and 
BGA are similar: hence, EFD and BGA are also simi- 
lar ; which toas to be proved. 

Scholium. In order that polygons may be similar, they 
must fulfill two conditions : they must be mutuaJUy eqxtian^ 
ffulavy and the corresponding sides must he proportional. In 
the case of triangles, either of these conditions involves the 
other, which is not true of any other species of polygons. 
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PROPOSITION XX. THEOBEII. 

Triangiies which have an angle in each equai^ and the l» 
duditig sides proportional^ are similar. 

In the triangles ABC and DEF, let the angle B be 
equal to the angle JS ; and suppose that 

BA I ED : : BC : JEF; 

then will the triangles be similar. 

For, place the angle E 
«pon its equal B ; F 
will fall at some point of 
. BG, sa B^i 2> wiU fall 
at some point of BAj as B 
& ; BE will take the position GB!y and the triangle 
DEE will coincide with OBH^ and consequently, will be 
equal to it. 

But, from the assumed proportion, and because BO if 
equal to ED^ and BH to EF we have, 

BA . BO .. BG \ BH\ 

hence, OH is parallel to AG \ and consequently, BAO 
and BGH are mutually equiangular, and tlicrefore similar. But, 
EDF is equal to BGH : hence it is also similar to BAG] which 
was to he proved. 





PBOPosrnoN xxi. theorem. 

Triangles which have their sides parallel^ each to each^ of, 
perpendicular^ each to each, are similar, 

1^. Let the triangles ABG and DEE have the side 
AB parallel to DE, BG to EF, and CA to FD : 
then will they be similar. 
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For, fliiice the side AB is parallel to DJEy and BC 
to jEZ^ the angle B is equal to the angle JS (B. L, P.' 
XXrV.) ; in like manner, 
the angle G is equal to 
the angle Fy and the an- 
gle A to the angle D ; 
the triangles are, therefore, 
mutually equiangular, and ^ 
consequently, are similar (P. XVULL) ; which was to be 
proved. 





DEF have the side 
EFy and CA to 




2®. Let the triangles ABC and 
AB perpendicular to DE^ BG to 
FD : then will ' they be similar. 

For, prolong the sides of the tri- 
angle DEF till they meet the sides 
of the triangle ABG. The sum of 
the interior angles of the quadrilateral 
BIEO is equal to four right angles 
(B. I., P. XXVI.) ; but, the angles 
EIB and EOB are each right 

angles, by hypothesis ; hence, the sum of the angles lEO 
IBG is equal to two right angles ; the sum of the angles 
lEG and DEF is equal to two right angles, because thej 
are adjacent ; and since things which are equal to the same 
thing are equal to each other, the sum of the angles lEO 
and IBO IB equal to the sum of the angles IE& and DEF; 
cr, taking away the common part lEG^ we have the angle 
IBG equal to the angle DEF In like manner, the angle 
GCH may be proved equal to the angle EFD^ and the 
angle HAI to the angle EDF \ the triangles ABG and 
DEF are, therefore, mutually equiangular, and consequently 

omilar ; which was to be proved. 

lb 
Cor. 1. In the first case, the parallel sides are horaolo- 
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gons ; in the eecood cose, tbe perpendicular rides are homo- 
logons. 

Cor. 2. The homologous angles are those incladed b^ 
rides respectively parallel or perpendicular to each other. 



When two triangles hare thdr ridca perpen- 
licular, each to each, they may have a diflerent relative 
poedtion &om that shown in the figore. But we can always 
oonstmct a triangle within the triangle ABC, whose rides 
shall he parallel to those of the other triangle, and then tha 
demonstration will be the same as above. 



PEOP08inoir TXTT, theorem. 

Xf a strai^M linn be drawn parallel to (lie base of a triaiigk. 
and straight lines be drawn from the vertex of the triangU 
to points of the base, these lines will divide the base and 
tite parallel proportionally. 

Let ABC be a triangle, BG its base, A its vertei, 
DE parallel to BO, and AF^ AO^ AH^ lines drawn 
from A to points of the base : then will 

DI : BF : I IK : FQ : : -ffl : 6S : : BE 



I MG, 



For, the triangles AID and 
AFB, bemg rimilar (P. ZXI.), we 
have, 

AI : AF : : BI : BF; 

and, the triangles AIK and AFQ, 
being Himilnrj we have, 

AI : AF :; IK 

hence, (B. H., P. IV.), we have. 
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DI : BF XI IK I FO. 

In like maimer, 

IK \ FQ w KL \ QH, 

and, 

KL \ QH %x LE \ HG ; 

hence (B. IL, P. IV.), 

DI . BF .. IK . FQ .X KL x OH x x LE x KG \ 

vihich 1008 to be proved. 

Cor, If BO is divided into equal parts at 2<J Gj and 
Ify then will BE bo divided into equal parts, at /, K^ 
and Z. 

PROPOSITION XXni. THEOREM. 

l(/\ in a righUingled triangle^ a perpendicular be dnxum from 
the vertex of the right angle to the hypothenuee : 

!**• The triangles on each side of the perpendictdar mU be 
similar to the given triangle^ and to each other : 

2**. Each side about the right angle will be a mean propor- 
tioned between the hypothenuse and tlie adjacent segment: 

5®. The perpendicular will be a m^an proportional between 
the two segments of the hypothenuse. 

1**. Let ABO be a right-angled triangle, A the vertex 
of the right angle, BO the hypo- 
thenuse, and AB perpendicular to 
BO X then wiU ABB and ABO 
be similar to ABO^ and conse- 
quently, similar to each other. 

The triangles ABB and ABO 
have the angle B common, and the angles ABB and 
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BAG equal, because both are right angles; they are, there- 
fore, similar (P. XVIII., C). In like manner, it may he 
shown that the triangles AB G and AB G are similar ; 
and since ABB and ABG are both similar to ABG^ 
they are similar to each other ; which was to he pnnKd, 

2^. AB will be a mean pro- 
portional between BG and BB\ 
and AG will be a mean propor- 
tional between GB and GB, 

For, the triangles ABB and 
BAG being similar, their homo- 
logons sides are proportional : hence, 




BG 

In like manner. 



AB 



AB 



BB. 



BG . AG .. AG . BG \ 
which was to be proved. 

8°. AB will be a mean proportional between BB and 
BG. For, the triangles ABB and ABG being similar, 
their homologous sides are proportional ; hence, 

BB : AB : : AB t BG ; 



lohich was to be proved. 



and. 



Gor. 1. From the proportions, 

BG : AB I : AB 
BG : AG : : AG 



: BB, 
: BG, 



we have (B, n., P. L), 



and. 



AB"" = BG X BB, 
AC'' = BG K BG \ 
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whence, by addition, 



AJB!" +AC^ = BG{BD + DG) 5 



wr^ 



2 



AB" + AC = J5C" ; 



&s was shown in Proposition XI. 



Cor. 2. If from any point -4, in a semi-circumferenee 
BACy chords be drawn to the 
3xtremities B and C of the diam- 
eter BCy and a perpendicular AD 
l)e drawn to the diameter : then 
ivUl ABC be a right-angled tri- 
angle, right-angled at A ; and from what was proved above, 
?acA chord wiU be a mea7i proportional between the diameter 
md the adjacent segment / and, the perpendicidar wiU be a 
Tiean proportional between the segments of the diam^er. 
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PROPOSITION XXIV. THEOREM- 



Triangles which have an angle in each equals are to each 
other as the rectangles of the indvding sides. 

Let the triangles GHK and ABC have the angles O 
ind A equal : then will they be to each other as the 
rclangles of the sides about these angles. 

For, lay off AD equal 
.0 GH, AE to GK, and 
Iraw DE ; then will the 
iriangles ADE and GHK 
be equal in all their parts. 
Draw EB. 
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The triangles ADE and ABE have their bases in the 

same line ABy and a common vertex E ; therefore, they 

have the same altitude, and conseqnently, are to each other 
as their bases ; that is, 

ABE : ABE : : AB i AB. 

The triangles ABE and 
ABC^ have their bases in 
the same line AG^^ and a 
common vertex B ; hence, 

ABE : ABG : : AE : AC \ 

multiplying these proportions, term by term, and omitting 
Uie common factor ABE (B. EL, P. VJi.), we have, 

ADE : ABC : : AB x AE : AB x AC; 

substituting for ABEy its equal, GBE^ and for AB x AE, 
its equal, GH x GE^, we have, 

GITK : ABO : : GH x GE : AB x AC; 

which was to be proved. 

Cor, If ABE and ABC are similar, the angles JD 
and B being homologous, BE will be parallel to BCy 
and we shall have, 

AB : AB : : AE : AC ; 

hence (B. H., P. IV.), we have, 

ABE : ABE : : ABE : ABC ; 

that is, ABE is a mean proportional be- 
tween ABE and ^i?C. 




D 
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PBOPOSinON XXV, THEOBEM. 

Similar triangles are to each other as the sqicares of their 

homologoue sides. 

Let the triangles ABC and DEF be umilar, the angle 
A being equal to the angle i>, B to JF, and G to F. 
then will the triangles be to each other as the squares of 
any two homologous sides. • 

Because the angles A and I) .are equal, we have (P. 
XXIV.), 

ABC : DEF :: AB x AC : DE x DF \ 

and, because the triangles 
are similar, we have, 

AB : DE : : AG : BF; 

multiplying the terms of ^-— 
this proportion by the cor- 
responding terms of the proportion, 

AC : BF : : AC : BF, 
we have (B. 11., P. XII.), 





AB X AC : BE X BF w AC' : BF'; 

combining this, with the first proportion (B. 11., P. IV.), 
, we have, 

ABC : BEF : : AG'' : BF\ 

In like manner, it may be shown that the triangles are 

to each other as the squares of AB and BE, or of BO 
and EF I which was to he proved. 
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PEOPOSmON XXVI. THEOREBL 

Similar polygons may be divided into the aa/me number of 
triangles^ similar^ each to eachj and similarly placed. 

Let ABODE and FGHIK be two similar polygooF, 
Uie angle A being equal to tlie angle i^ -B to ©, (7 to 
11^ and BO on : then can they be divided into tiie sajns 
number of similar tijangles, similarly placed. 

For, from A draw 
the dias^onals AG ^ C 

AD^ and from F^ Br /' \ Qr-^-^-^^y^^ 

homologous with A^ 1 / \^ 1 y^ \j 

draw the diagonals A'^^ \/^ E^sT y^^ 

FH^ FI^ to the ver- ^XX^ g'^ 

tices H and I^ hom- 
ologous with G and D. 

Because the polygons are similar, the triangles ABG and 
FQH have the angles B and G equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have the 
angle AGB equal to FUG^ and the sides AG and FH^ 
proportional to BG and GH^ or to Gl) and HI. The 
angle BCD being equal to the angle GHI^ if we take 
from the first the angle AGB^ and from the second the 
equal angle FHG^ we shall have tlue angle AGD equal 
to the angle FHI : hence, the triangles A GD and FHI 
have an angle in each equal, and the including sides propor- , 
tional; they are therefore similar 

In like manner, it may be shown that ADE and FIK 
are similar; which was to he proved. 

Got. 1. The corresponding triangles in the two polygons 
are homologous triangles^ and the corresponding diagonals are 
^^miologous diagonals. 
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Cor, 2. Any two homologous triangles are like parts of 
the polygons to which they belong. 

For, the homologous triangles being similar, we haye. 



. 


ABG: 


FGH : 


: AO^ 


: FH^', 


aud. 


ACD : 


FHI : 


: AO" 


: Fti'; 


whence. 


ABO : 


FGTT : 


: AOD 


: FHI. 


But, 


ABC: 


FGII : ; 


; ABO 


: FGH; 


and, 


ABO : 


FGH : : 


ABE 


: FIJT; 



by composition, 

ABO . FGH : : ACB-hABC-hADB: Fffl+FGH+FIJP; 
that is, ABC : FGff : : ABCBE : )FGHIK. 

Cor, 3. If two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 

PROPOSITION XXVII. THEOREM., / rN. 

The perimeters of similar polygons are to each other as any 
two homologous sides ; and the polygons are to each 
other as the squares of any two homologous sides. 

1°. Let ABCBE and FGHIK be similar polygons: 
then will their perimeters be to each other as any two 
homologous sides. 

For, any two homo- 
logous sides, as AB 
and FG^ are like parts 
of the perimeters to 
which they belong : 
hence (B. H., P. IX.), 
the perimeters of the 

polygons are to each other as AB to FG^ or as any 
other two homologous sides ; which was to be proved. 
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2^. The polygons will bo to each oth^r as the sqnarai 
of any two homologous sides. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVL, C. 1) ; 
then, because the 
homologous triangles 
A^G and FGJff are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other as these triangles; bat these 
triangles, being similar, are to each other as the squares of 
AB and JP^G : hence, the polygons are to each other as 
the squares of A£ and jP6r, or as the squares of any 
other two homologous sides ; lohich was to be proved. 

Cor» 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologous 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor. 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the sides of 
the triangle. But the square of the hypothenuse is equal 
to the sum of the squares of the other sides, and conse- 
quently, tJie polygon on the hypothenuee mil be equal to. 
the sum of the polygons on the other sides. 

PROPOSITION XXVm. THEOEEM. 

]f two chords intersect in a circle^ their sefftnents mil be 

reciprocally proportional. 

Let the chords A£ and CD intersect at : then 
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will their segments be reciprocally proportional ; thai is, one 
segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and J3D. Then 
will the angles ODJ^ and OAG be 
eqnal, because each is Pleasured by half 
of the arc CJB (B. m., P. XVm.). 
The angles OBD and OCA, wiU also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OBJ) and OOA 
sxe similar (P. XVIII., C), and consequently, their homolo- 
gous sides are proportional : hence, 

DO : AO : : OB : OC \ 
which vxxs to he proved. 

Cor, From the above proportion, we have, 

DO X OC = AO X OB \ 

that is, the rectangle of the segments of one chord is equal 
t^ the rectangle of the segments of the other. 



PROPOSmO?^ XXIX. THEOREM. 

If from a point without a cirdej two secants be drawn ter* 
minating in the concave arc, they toiU be redprocaUy 
proportional to their external segments. 

Let OB and OC be two secants terminating in the 
concave arc of the circle BCD : then will 

OB : OC : : OD : OA. 
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For, draw AG and DB. The triangles ODB . mi 
OAQ have the angle common, and the angles OjBjD 
and OCA equal, because each is measured 
by half of the arc AD : hence, they are 
flimilar, and consequently, their homologous 
sides are proportional ; whence. 



OB I OC II OD 

« 
vohiek toas to be provid. 



OA ; 




Cor. From the above proportion, we 

haye, 

OB X OA = OC X OD ; 

that is, the rectangles of e<ich secant and its exteriud seg* 
ment are eqiuil. 



PROPOSITION XXX, THEOREM. 

TjT from a point without a circle, a tangent and a secant 
be drawn, the secant terminating in the concave arc, the 

tangent wiU be a mean proportional between the secant 
and its external segment. 

Let ADC be a circle, OC a secant, and OA a tan- 
gent : then will 

OC I OA i: OA I OD. 



For, draw AD and AC. The tri- 
angles OAD and OAC will have the 
angle common, and the angles OAD 
and A CD equal, because each is mea- 
sured by half of the arc AD (B. III., 
P. XVm., P. XXL) ; the triangles are 
therefore similar, and consequently, their 




.*6^'0:s:nftfp m 



<i<4 



OC 1 O'A : : d^ : OJD i 

\ \ \ ". . j !••:•■« \ J . ■".'.■.,: J ; r « I .. '>;' 

<7or. From tbe'iftbove proportiop^ Ire :li»?ie^v;i ; •-. 

* \ -^ ( • ■ • > t '» . .1 

,.\ ,; . :\\ !'M ■(::• i>f- 

\.--i^ A& - OC X OJQ ', .... ..,. .. ■ 

that is, the squcvre of the tangent is equcU ^ th^'^ect^ni^<^ 



PRACTICAL APPLICATIONS. 



'>•* 



lb divide^a^^^imn sti/aigM like into parts jpropdrtionat to given 



. ' .'■ 



1°. Let .^j^' be a given straight li]le,':aiid!*m it -be r^qtiitia 
to divide it into parts proportional to the lin'^^ J^^'Qy and Rl 
:' Wiiom-^'i oSfe^v e3ttt»iMnity^'- Aj ^ • -^ '' •- '•■ '- ' -"-' • "• 
drW#^:iflWJ4na»Mteiliii^ :4«f, -'• "■ A '<^ '''"' '}-^ ' f • ^ ' 
making any angle with AJS ; '•>' ' ' -'N^ /-•.7 '^•- y 

lay off ^C equal, to P, OZ) ?T~~~* <Oiv / ' 

equal to §, and 2>j& equal ^ 

to a ; draw f JES, and ^ 

from the points C and -D, 

drajvi (?;?' aft*. JDJ? xpar^ej:.^, JS?r.?i ijien^ will;:y4^, ^/i?^, 
and;vFJS^,;beiprQpor$ipn^\$p -^^i St vl^dw^ ::P? Xy.^^:C^:2)^ 
9 
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I ' * I 

^ '-' / / 



2^. Let AH be a giyen straight line^ and let it be required 
to divide it into any number of equal parts, say five. 

From one extremity 

J, draw the indefinite j^„- C ^ p JL H 

iiiie A G ; take AI equal 

to any convenient line, 

and lay off IK^ KL, 

LM^ and MB^ each ' 

equal to AL Draw 

BH^ and from Z, K^ Z, and M^ draw the lines IC^ 

KD^ LE^ and MF^ parallel to BH \ then will AH be 

divided into equal parts at C, 2>, JS; and J* (P. XV., 

C. 2). 

PROBLEM U. 

Jb construct a fourth proportional to three given straight Kn$8. 




Let Aj Bf and (7, be 
the given lines. Draw 
BU and I>I\ makmg 
any convenient angle with 
each other. Lay off BA 
equal to Ay BB equal 
to By and 2>(7 equal 

to C ; draw -4(7, and from j5 draw -BJT parallel to 
J[<7 : then will BX be the fourth proportional required* 

For (P. XV., C), we have. 




BA 



BB 






DC : 2>X; 



^ 






C 



DX. 



Cor. If DC is made eqaal to 2)5, DX will be 
third proportional to DA and DB, or to A and A 
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PEOBLEM in. 

To construct a mean proportional between two given straight 

lines. 

Let A and JB be the given 
lines. On an indefinite line, lay off 
D^ equal to -4, and J5JF eqnal 
to -S ; on DJF as a diameter de- 
scribe the semi-circle DGJF\ and 
draw ^Q perpendicular to DF : 
then will ^O be the mean proportional required. 




OT, 



DE 


• 
• 




: : EQ 


• 
• 


A 


• 
• 


Ea 


: : EG 


• 
• 






PBOBLEM IV, 





EE; 



JS. 



To divide a given straight line into two such parts, that the 
greater part shall be a mean proportional between the whoh 
line and the other part. 

Let AJB be the given line. 

At the extremity JBj draw 
SO perpendicular to AJBj and 
make it equal to half of AS, 
With C as a centre, and OJB 
as a radius, describe the are 
I) BE ; draw A C, and produce 

it till it terminates in the concave arc at E ; with A as 
centre and AD as radius, describe the arc DE : then 
will AE be the greater part required. 
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For, AB being perpendicular to 
gent to the arc DBE : hence 
(P. XXX.), 

AE I AB I : AB I AJDi 
and, by divimon (B. H, P. VL), ^ 



CB at JS, ifl ian- 




AE—AB I AB II AB-^AD : AD. 

But, 1>E is equal to twice CB^ or to AB : henoe^ 
AE - AB is equal to AJ)^ or to AF\ and AB — jlD 
is equal to AB — -4jF; or to FB : hence, by snbstitatioD, 

AF \ AB \ I FB I AF; 



and, by inversion (B. IE., P. V.), 

AB : AF : : AF : -FB. 

^ SflipUmi., ^y^Lpn a straight- lii^e- .ia.di,yi(i^ sq^1|b9^ ft© 
^eater . 6Gigiiji(^i?pi;^ i^ > meap. ^roBortjon^l-r bqt^een J^ ifhofe 
line and the less segment, it is said, to ,|;^6i.(^Yi<^e^ f^ f^^^*"^ 
and mean ratio. 

Since AB and DE are eqnal,. ; titer, linb iLF iHdiyiddl in 
^treme and mean ratio at .jQ-; fo^\we^.hA¥^iz£ro9^rrtI^.^ first 
^the.j^oye proportions, by .j»ib^tuticsi, :-:;. :!•■•.. ..; '>a 



"^^{ae 



A 



DE.:'.;. DJ^ : Ap. ; ,, . .v,. 

;■■"•■•.■■ T '■■»■■ > '• ">»»*•*:. » 'Ai\'.* 



A j;-. 



>i . 



< J 



' • »' ■' 1 1 ^' ■ 


■■. / 


' .■■■•••lift- 1 »f ''•■* 


1 ■ 


' . • 


■ ; * \ !■■ fi" !• -o ;''■■ .■■■ 


i-; • ■ ■■;>■■' 


■ ' r." 


'.; •::/ -^d '^Ik liiv»- 
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PROBLEM V. 

Through a given pointy in a given angle, to draw a straight 
line so that the segments between the point and the sides of 
the angle shall be equal. 

Let JSOD be the given angle, and A the given point. 

Through -4, draw AJE parallel to 
DC ; lay off JEJF equal to CJEJ, and 
draw FAD: then will AJF and AD 
be the segments required. 

For (P. XV.), we have, 

FA : AD : : FE : EO ; 
but, FE is equal to EC ; hence, FA is equal to AD, 

PROBLEM VI. 

To construct a triangle equal to a given polygon. 

Let ABCDE be the given polygon. 

Draw CA ; produce jE4, and 
draw BG parallel to GA ; draw 
the line GG. Then the triangles 
BAG and GAG have the com- 
mon base AG^ and because their 
vertices B and G^ lie in the 

same line BG parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
GCDE is equal to the polygon ABGDE. 
• Again, draw GE ; produce AE and draw DF parallel 
to CE ; draw also GF ; then will the triangles FGE 
and DGE be equal: hence, the triangle GGF is equal 
to the polygon GGDE^ and consequently, to the given 
polygon. In like manner, a triangle may be constructed 
equal to any other given polygon. 




1S4 



OEOMETBT. 



FBOBLEH TU. 



To construct a square equal to a given triangle. 

Let ABC be the given triangle, AD its altitude, and 
BG its base. 

Construct a mean pro- 
portional between AD 
and half of DO (Prob. 
EL). Let XT be that 
mean proportional, and on 
it, as a side, construct a 

square : then will this be the square required. For, from 
the construction, 







Xr" = iDC X ^ID = area ADC. 

SoTioUum. By means of Problems VL and VIL, a square 
may be constructed equal to any given polygon. 



PROBLEM VnL 



On a given straight Ime, to construct a polygon similar to a 

given polygon. 



Let FO be the given line, and 
polygon. Draw AO and AD, 

At F^ construct 
the angle OFH equal 
to DAO^ and at G 
the angle FQS equal 
to ADO ; then will 
FQH be similar to 

ADO (P. xvm., C.) 



AD ODE the givoi 
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In like manner, construct the triangle FHI similar to AODy 
and' FIK similar to ADE\ then will the polygon FGJEUK 
be similar to the polygon ABODE (P. XXVL, C. 3). 




PROBLEM IX. 

To construct a square eqical to the sum of two given 
squares : also a sqicare equal to the difference of two 
given squares, 

1®. Let A and J3 be the sides of the given squares, 
and let A be the greater. 

Construct a right angle 
CBE \ make BE equal 
to -4, and DC equal to 
B ; draw CE^ and on it 
construct a square : this square will be equal to the sum 
of the given squares (P. XI.). 

2°. Construct a right angle CDE. 

Lay off DC equal to B ; with G 
as a centre, and CE^ equal to A^ as 
a radius, describe an arc cutting BE at 
E ; draw GE^ and on BE construct 
a square : this square will be equal to 
the difference of the given squares (P. XL, C. 1). 

Scholium. A polygon may be constructed similar to either 
of two given polygons, and equal to their sum or difference. 

For, let A and B be homologous sides of the given polygons 
Find a square equal to the sum or difference of the squares 
on A and J5; and let X be a side of that square. On X as 
a side, homologous to A or B, construct a polygon similar 
to the given polygons, and it will be equal to their sum or 
difference (P. XXVIL, C. 2). 
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2^. The polygons will be to each oth^r as the sqnarai 
of any two homologous siJes. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVI., C. 1) ; 
then, because the 
homologous triangles 
ABC and FQS are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other as these triangles ; bnt these 
triangles, being similar, are to each other as the squares of 
AB and FG : hence, the polygons are to each other ai 
the squares of AB and FQ^ or as the squares of any 
other two homologous sides ; which was to be proved. 

Gor. 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologoiu 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor, 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the sides of 
the triangle. But the square of the hypothenuse is equal 
to the sum of the squares of the other sides, and conse- 
quently, ths polygon on the hypothenuse toiU be equal to 
the sum of the polygons on the other sides. 

PROPOSITION XXVni. THEOREM. 

J^ two chords intersect in a circle^ their segments vnU be 

reciprocally proportional. 

Let the chords AB and CD intersect at : then 
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will their segments be reciprocally proportional ; that is, one 
segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and £D. Then 
will the angles 0DJ3 and OAC be 
equal, because each is measured by half 
of the arc CJB (B. m., P. XVm.). 
The angles OBJ) and OCA, will also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OJBD and OGA 
are similar (P. XVIII., C), and consequently, their homolo- 
gons sides are proportional : hence, 

DO : AO : : OD : 00 ; 
which was to be proved. 

Cor, Prom the above proportion, we have, 

DO X 00 = AO X OD ; 

that is, the rectangle of the eegmenta of one chord is equal 
tp the rectangle of ths segments of the other. 



PROPOSinO?^' XXIX. THEOREM. 

i^ J¥om a point without a circle^ two secants be drawn ter* 
minating in the concave arc, they toiU be reciprocally 
proportional to their external segments. 

Let OD and OG be two secants terminating in the 
COBcave arc of the circle BCD : then will 

OB \ 00 w OD \ OA. 
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For, draw AG and BB. The triangles OBB , and 
OAQ^ have the angle common, and the angles OBB 
and OCA equal, because each is measured 
by half of the arc AB : hence, they are 
similar, and consequently, their homologous 
sides are proportional ; whence. 



OB I 00 I I OB 
vohich teas to be provid. 



OA ; 




Cor, From the above proportion, we 

hare* 

OB X OA = 00 X OB i 

that is, the rectangles of each secant and its external seff* 
ment are equal. 



PROPOSITION XXX. THEOREM. 

If from a point without a circle^ a tangent and a secant 
be drawny the secant terminating in the concave arc^ the 
tangent will be a mean proportional between the secant 
and its external segment. 

Let ABC be a circle, OC a secant, and OA a tan- 
gent : then will 



OC 



OA 



• » 



OA 



OB. 



For, draw AB and AC. The tri- 
angles OAB and OAC will have the 
angle common, and the angles OAB 
and ACB equal, because each is mea- 
sured by half of the arc AB (B. III., 
P. XVm., P. XXI.) ; the triangles are 
therefore similar, and consequently, their 




.••/ft vf-^; --Ij';'" ■■•'';,• '•! ■: ^'i';.;'! /r-'- '.Iff 'i 'jUrr':'-:, {.• 

OC : OA : : OA : OD i 

\ \ \ '. . I '. ■•;. ■ t \ ; , ., ,: I ; ,\ I. ',!' 

Cor. From tbe :iibove proportiopj Ive haTe^/: ; 

V ^^^ ^0* = OG^OJ>\ .,, ,., ... / 

;, » , - _ , 

that is, the squwre of the tangent, is equal io the teetan^it 
^^thi ^^^(ihV cthd its iextehttd eegmer^ 
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PRACTICAL APPLICATIONS. 



/•,;PROBLEM li, .■.•■■•)■ .:-«.i .•■■.:•■:: ::»: 
> 'A /, ■. _ ' -r;:. •.: ;A^^ '■ J- .■■"'.. 

To divide a s/iv 6f stfaigM like into parts propdrfionat to given 
y §i^aig[M Mn.es : dlsp into ^qml ^dftsi' 

1°. Let-4-&^be a given straight liAe, :a!id:^rel it? -be reqifil*id 
to diyide it into parts proportional to th^ lin'^sT P;"l?, and HI 

making any angle with AB ; '' ' ' 
lay off AG equal^o P, Op Jt~ 

equal to §, and J)S equal ^^ 

1o JR ; draw j JEH. $nd 
from the points (7 and Dy 
dnuiR Cyr. W*. I>JK \par^eji::tjO, MB i tten^ will:^/v ^/^, 
and ;vK%tj^T^e i prgpor^ipnaji 4Jp ;?«; Cl %nd, .. ^ (P XY .> . C, 2), -. 

9 
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f ' I I 

■^ '-' / / 



2°. Let AH be a given straight line, and let it be required 
to diyide it into any number of equal parts, say fiye. 

Prom one extremity 

J, draw the indefinite j^,^. C P P Jl H 

iido A Q ; take AI equal 

to any convenient line, 

and lay off IK^ KL, 

LM^ and MB^ each ' 

equal to AI, Draw 

BH^ and fi'om ij jffj X, and Jf, draw the lines IC^ 

KB, XJS; and MF, parallel to BH \ then will AH be 

divided into equal parts at C, B, JS, and F (P. XV., 

C. 2). 

« 

PROBLEM U. 

To construct a fourth proportional to three given straight lines^ 




Let Ay Bj and (7, be 
the given lines. Draw 
BF and BF, makmg 
any convenient angle with 
each other. Lay off BA 
equal to Aj BB equal 
to j5, and BO equal 

to C 5 draw -4(7, and from B draw -BJT parallel to 
AC : then will BJ^ be the fourth proportional required. 

For (P. XV., C), we have. 




BA 



BB 






DC : DJT; 



B 






C 



DX. 



Cor. If DC is made equal to DB^ DX will be 
third proportional to DA and DB, or to ^ and J?. 
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PEOBLEM in. 

To construct a mean proportional between two given straight 

lines. 

Let A and JB be the given 
lines. On an indefinite line, lay off 
jDJ? equal to Aj and JEZ^ equal 
to J9 ; on DJF as a diameter de- 
scribe the semi-circle DGJF\ and 
draw ^G perpendicular to DF : 
then will JEIQ be the mean proportional required. 




OT, 







EQ 


: : EG 




A 


• 


EG 


: : EG 








PROBLEM IV. 





EF\ 



B. 



To divide a given straight line into two such parts, that the 
greater part shall he a mean proportional detween the wJioh 
line and the other part. 

Let AB be the given line. 

At the extremity B, draw 
BG perpendicular to -4-2?, and 
make it equal to half of AB. 
With (7 as a centre, and CB 
as a radius, describe the are 
DBE ; draw A (7, and produce 

it till it terminates in the concave arc at E ; with A as 
centre and AT) as radius, describe the arc BF i then 
will AF be the greater part required. 




i 



132 



GEOMETRY. 



For, AB being perpendicular to 
gent to the arc DBE : hence 
(P. XXX.), 



AM 



AB 






AB 



AD; 



and, by division (B. IL, P. VL), jj^ 



OB at By is tan- 




AJS^AB : AB :: AB-'AB : AB. 

But, JJJE is equal to twice GB^ or to AB : hence, 
AJS — AB is equal to ABj or to AJF; and AB — AB 
is equal to -4J5 — AI\ or to -KB : hence, by substitntion, 

AF : AB I \ FB \ AF \ 



and, by inversion (B. IE., P. V.), 

AB \ AF II AF : FB. 

line and the less segment, it is sa^^^jtp ,J;|;^,.|^Yi^edL in g^f^f^^ 
^and mean ratio. 

Since AB and DE are equal, /i&t^ linfe .4;F iSldividtf. ia 
^treme and mean ratio at 7j©^j> fop Vwe-zihaf^xIroBioth^ first 
%€L. elbove proportions, bj^niwbafctotic^ i-;jvj;i;,'A.ri>f Ol 






(J. 
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PROBLEM V. 

Through a given point, in a given angle, to draw a straight 
line so that the segments between the point and the sides of 
the angle shall he equal. 

Let BCD be the given angle, and A the given point. 

Through A, draw AE parallel to 
DC \ lay off EF equal to CE, and 
draw FAD : then will AF and AD 
be the segments required. 

For (P. XV.), we have, 

FA : AD : : FE : EC ; 
but, FE is equal to EG ; hence, FA is equal to AD. 

PROBLEM VL 

To eoJistruet a triangle equal to a given polygon. 

Let AD ODE be the given polygon. 

Draw CA ; produce EA^ and q 

draw DG parallel to GA ; draw 
the line GG. Then the triangles 
DAG and GAG have the com- 
mon base AGj and because their 
vertices D and G^ lie in the 

same line DG parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
GGDE is equal to the polygon ADGDE 
t Again, draw GE ; produce AE and draw DF parallel 
to GE ; draw also GF ; then will the triangles FGE 
and DGE be equal: hence, the triangle GGF is equal 
to the polygon GGDE, and consequently, to the given 
polygon, Li like manner, a triangle may be conetructed 
equal to any other given polygon. 
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PROBLEM Vn. 



To construct a square equal to a given triangle. 

Let ABO be the given triangle, AD its altitude, and 
BG its base. 

Construct a mean pro- 
portional between AD 
and half of BC (Prob. 
EL). Let XT be that 
mean proportional, and on 
it, as a side, construct a 

square : then will this be the square required. For, from 
the construction, 

XT = ^BG X J^ = area ABC. 

Scholium, By means of Problems VI. and VIL, a square 
may be constructed equal to any given polygon. 





PROBLEM YUL 



On a given straight line, to construct a polygon similar to a 

given polygon. 



Let FG be the given line, and 
polygon. Draw AG and AD. 

At jp; construct 
the angle ©jRBT equal 
to BAGj and at G 
the angle FGH equal 
to ABG ; then will 
FGH be similar to 

ABG (P. xvm., C.) 



ABGDE the givou 
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In like manner, construct the triangle FHI similar to AGD^ 
and' FIK similar to ABE\ then will the polygon FOHIK 
be similar to the polygon ABODE (P. XXVL, C. 3). 




PROBLEM IX. 

To construct a square equal to the svan, of two given 
squares : also a square equal to the difference of two 
given squares, 

1®. Let A and B be the sides of the given squares, 
and let A be the greater. 

Construct a right angle 
CDE \ make DE equal 
to A^ and DC equal to 
B ; draw CE^ and on it 
construct a square : this square will be equal to the sum 
of the given squares (P. XI.). 

2°. Construct a right angle CDE. 

Lay off BG equal to B ; with G 
as a centre, and GE^ equal to A^ as 
a radius, describe an arc cutting DE at 
E ; draw GE^ and on DE construct 
a square : this square will be equal to 
the difference of the given squares (P. XI., C. 1). 

Scholium. A polygon may be constructed similar to either 
of two given polygons, and equal to their sum or difference. 

For, let A and B be homologous sides of the given polygons 
Eind a square equal to the sum or difference of the squares 
on A and B\ and let X be a side of that square. On X as 
a side, homologous to A or By construct a polygon similar 
to the given polygons, and it will be equal to their sum or 
difference (P. XXVIL, C. 2). 
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1. A Regulab Polygon is H fiolygon whixdi; !k."Soth 

eqmlatefal and equiangtdar. • .: ., V'.-\ • ;Ii.i!f i'\<V} 



" l" » - t J T 



<■ .. 



PROPOSITION' L ; /TJS^O^^^n . 



• I ' 



: -■ ■: '-ji-oO 



f », 



»:'^/;^' •.'.!] lo 



Regular polygons of ^'' «tfme nwmWr ■ tj/^; sichs ^^mrd ^ aifhUar, 



t ■•• ; 



Let AJB CpEF and ahodef be rfig'iflar « polygoiui of • Uw 
same uuinber iof sides: then Tviil they be sunilar.' . r :;t c\ 

For, the cfetrespoiidin^ ' • 
angles in each are ^uaJ, : 
because any tingle in 
eitiher polygon is equal 
to twice, as many right 
angles as the polygpn 
has sides, less four right 

» 111 ' ./ I . . . » , . I * i . , « ,. .... |. , 

angles, . divided by the number of angles (B. I„ P. XXVI., 
C. 4); and : further; the corresponding siides ar$ proportional, 
because all the sides of either polygon are equal (t). 1): hence, 
the polygons are similar (B. IV., D. 1).; whi^R- was,,tp te proved. 
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PROPOSITION n. THEOREM. 

Tlie circumference of a circle may he circumscribed about any 
regular polygon ; a circle may also be inscribed in it, 

1**. Let AB CF be a regular polygon : then can the. 
circumference of a circle be circumscribed about it. 

For, through three consecutive ver- 
tices -4, jB, (7, describe the circum- 
ference of a circle (B. DI., Problem 
Xin., S.). Its centre will lie 
on PO, drawn perpendicular to JBC^ 
at its middle point P; draw OA 
and OD. 

Let the quadrilateral OP CD be 
turned about the line OP, until PC 

falls on PjB ; then, because the angle C is equal to JB, 
the side CD will take the direction JBA ; and because CD 
is equal to DA^ the vertex 2>, wiU fall upon the vertex 
A ; and consequently, the line OD will coincide with OAy 
and is, therefore, equal to it : hence, the circumference which 
passes through A^ JB^ and (7, will pass through D, Jsx 
like manner, it may be shown that it will pass through all 
of the other vertices : hence, it is circumscribed about the 
polygon ; vohich was to be proved, 

2®. A circle may be inscribed in the polygon. 

For, the sides AB^ BC^ i%c., being equal chords o 
the circumscribed circle, are equidistant from the centre 
hence, if a circle be described from as a centre, with 
OP as a radius, it will be tangent to aU of -the sides or 
the polygon, and consequently, will be inscribed in it; which 
VDOB to be proved. 
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Scholium. If the circumference of s circle be divided 
into equal arcs, the chords of these arcs will be sides of a 
regular inscribed polygon. 

For, the sides are equal, because they are chords of equal 
arcs, and the angles are equal, because they are measured by 
halves of equal arcs. 

If the vertices -4, jB, C, &c., 
of a regular inscribed polygon be 
joined with the centre 0, the tri- 
angles thus formed will be equal, 
because their sides are equal, each 
to each : hence, all of the angles 
about the point are equal to 
viach other. 




DEFINITIONS. 

1. The Centbb of a Rbgulab Polygon, is the common 
centre of the circumscribed and inscribed circles. 

2. The Anglb at thb Centre, is the angle formed by 
drawing lines from the centre to the extremities of either 
side. 

The angle at the centre is equal to four right angles 
divided by the number of sides of the polygon. 

3. The Apothem, is the shortest distance from the centre 
to either side. 

The apothegm is equal to the radius of the inscribed 
circle. 



\ \ 
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PEOPOsrnoN m. pboblem. 

/ 

To inscribe a square in a given circle. 

Let AJBGD be the given cir- 
cle. Draw any two diameters AO 
and J5j9 perpendicular to each 
other ; tliey will divide the circum- 
ference into four equal arcs (B. HE., 
P. XVn., S.). Draw the chords 
AB, JBG, CDj and DA : then 
will the figure ABCD be the 
square required (P. IE., S.). 

Scholium. The radius is to the side of the inscribed 
square as 1 is to y^ 





pROPOsmoN rv. theorem. 

jJjT a regular Jiexagon he inscribed in a circle^ any side wiU 
be equal to the radium of th^ circle. 

Let ABB be a circle, and ABGBEH a regular in- 
scribed hexagon : then will any side, as AB^ be equal to 
the radius of the circle. 

Draw the radii OA and OB, 
Then will the angle AOB be 
equal to one-sixth of four right 
angles, or to two-thirds of one 
right angle, because it is an an- 
gle at the centre (P. IE., D. 2). 
The sum of the two angles OAB 
and OBA is, consequently, equal 

to four-thirds of a right angle (B. I., P. XXV., C. 1) ; but, 
the angles OAB and OBA are equal, because the opposite 
sides OB and OA are equal : hence, each is equal to 




140 



GEOMETRY. 



two-thirds of a right angle. The three angles of the triangle 

A OB are therefore, equal, and consequently, the triangle is 

equilateral : hence, AB is equal to OA ; which toas to he 
proved. 



PROPOSITION V. PROBLEM. 

To inscribe a regular hexagon in a given circle* 

Let ABE be a circle, and its centre. 
^ Beginning at any point of 
the circumference, as A^ ap- 
ply the radius OA six times 
as a chord ; then will 
ABCDEF be the hexagon 
required (P. IV.). 

(7or. 1. If the alternate 
vertices of the regular hexagon 
be joined by the straight lines 
A C, CE, and EA, the inscribed 
triangle ACE will be equilateral (P. XL, S.). 

* 
Cor. 2. If we draw the radii OA and 0(7, the figure 

AOOB will be a rhombus, because its sides are equal? 

hence (B. JV., P. XIV., C*), we have, 

AW + BG'' + OA^ + OG'' = AC^ + OB^ ; 

or, taking away from the first member the quantity OA^ 
and from the second its equal OB^j and reducing, we have 




r2 



SOA"" = AG'; 



whence (B. H, P H.), 



F2 



AG' : OA' : : 3 : 1; 
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or (B. n., P. Xn,, C. 2), 

AO : OA : : V? :• 1; 

that is, the side of an inscribed equilateral triangle is to the 
raditcSj as the square root of B is to 1. . 



PROPOSITION VI. THEOREM. 

J^ the radius of a circle be divided in extreme and mean 
ratiOj the greater segment wUl be equal to one side of a, 
regular inscribed decagon. 

Let ACQ be a circle, OA its radius, and AB^ equal to 
OM^ the greater segment of OA when divided in extreme 
and mean ratio : then will AB be equal to the side of a 
regular inscribed decagon. 

Draw OB and J? Jf. We 
have, by hypothesis, 

AO X OM : : OM : AM\ 

or, since AB is equal to 
OJf, we have, 

Jt» > J!^>1 i' AB : AM; 



/. ■ . . . I 




and BAM have the . aideflf. . . ' ^ , .. 

about their conmion angle 

BjAJffj ' pfojitoTtkmalv they ': are, ^tberefo i similar (B. IV., 

P; 'KX.); > Bsat, ;ih^ ttiaa^ '.OjlJ^v.is igos4ele^<^ 'liwic^, BAM 

iS'tEklto Milcel«s;Tafid> oonsa^nitlyf 'tteHbide^JBibf !)»• «qaal to 

AB, But, AB is equal to OM^ by hypothesis : hence, 

BM is equal to OM^ and consequently, the angles MOB 
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and MBO are equal The angle AMB bdng an exterior 
angle of the triangle OMB^ is equal to the sum of tlie 
angles MOB and* MBO^ or 
to twice the angle MOB ; 
and because AMB is equal to 
OAB, and also to OBA^ the 
sum of the angles OAB and 
OBA is equal to four times 
the angle A OB : hence, A OB 
is equal to one-fifth of two 
right angles, or to one-tenth of 
four right angles ; and conse- 
quently, the arc AB is equal 
to one-tenth of the circumfer- 
ence : hence, the chord AB is equal to the side of a 
regular inscribed decagon ; which was to be proved. 

Cor. 1. If AB be applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor, 2. K the vertices -4, C, JS^ 6?, and 2J of the 
alternate angles of the decagon be joined by straight lines, 
the resulting figure will be a regular inscribed pentagon. 




Scholium 1. K the arcs subtended by the udes of any 
regular inscribed polygon be bisected, and chords of the semi- 
arcs be drawn, the resulting figure will be a regular inscribed 
polygon of double the number of sides. 

Scholium 2. The area of any regular inscribed polygon 
is less than that of a regular inscribed polygon of double 
tlie number of sides, because a part is less than the whole 
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PROPOSITION VII. PROBLEM. 

To circumscribe, about a circle, a polygon which shall be 
similar to a given regular inscribed polygon. 

Let TlfQ be a circle, its centre, and ABCBEF 
a regular inscribed polygon. 

At the middle points 
7J -37J P, &c., of the arcs 
subtended by the sides of 
the inscribed polygon, draw 
tangents to the circle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

P. The side HQ be- 
ing parallel to BA^ and 

EJ to BG^ the angle M is equal to the angle B, In 
like manner, it may be shown that any other angle of the 
circumscribed polygon is equal to the corresponding angle of 
the inscribed polygon : hence, the circumscribed polygon ia 
eguiangvlar. 

2°. Draw the straight lines Off, OT, OH, ON, and OL 
Then, because the lines BT and HN are tangent to the 
circle, OH will bisect the angle NHT, and also the angle 
NOT (B. Ill, Prob. XIV., S.); consequently, it will pass 
through the miijdle point B of the arc NBT, In like 
manner, it may be shown that the straight line drawn 
from the centre to the vertex of any other angle of the 
circumscribed polygon, will pass through the corresponding 
vertex of the inscribed polygon. 

The triangles OHO and OHI have the angles OHO 



/ 
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and OJII equal, from what has just been shown ; the an- 
gles GOn and IIOI equal, because they are measured by 
the equal arcs AB and 

BG, and the side OH H T W ^ '^'^ ''^ 

{X>mnion ; they are, there- 
fore, equal in all their 
parts : hence, GH is 
ec|ual to HL In like 
manner, it may be shown 
that III is equal to IK^ 
IK to JTX, and so on : 
hence, the circumscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and eqnilatei^ SSi\reg^kJ(/r ; /d^, 
since it has the same number of sides as the inso^ii^ ,po).y- 
gon, it is similar to it. 




I- '•• . 



"-}\\ •^■\ \- K' J 



''. ?, '\v.\ i*;!] 



Cor, 1. If straight lines be drawn from the. qentre' of.ji 
regular circumscribed polygon to its vertices, ai;i9. tne conse^; 
iitive points in which they intersect the circuiniference tje 
joined by chords, the resulting figure will 'be a regxitar 
inscribed polygon similar to the given polygon. 

C(yr, 2. The sum of the line^ ^jT ,an<J : , JKV^ . is ^gnal 
to the sum of HT and TG^ '^ to _^^G'^^ that, is^^^to .ojpj, 
of the sides of the circumscribe<J Rolygoix., : . .- .., ^r v ,;^.-,, 

Cor. 3. If at the vertices A. JB. if/ , ' &c.l or th^ iiW 

■ * • '. ' I '\ K . ■ ■ • ■ f» ». rf*^ f *, ' /%*' ' 1 

scribed polygon, tangents be drawn to "^ the (Circle 'and* 'pro- 
longed till they meet the mdes of the circum'scnbea pplyigoh^ 
tl;e resulting figure will be a cifcumscriDed' polygon of double 
the number of sides. 

' <?6r. 4. . Tl le ' i area of iajijf i regular t oVclimfieD^befli J polj^n 
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IS greater than that of a regular cu'cumscribed polygon of 
doable the number of sides, because the whole is greater 
than any of its parts. 

Scholium, By means of a circumscribed and inscribed 
square, we may construct, in succession, regular circumscribed 
and inscribed polygons of 8, 16, 32, <&c., sides. By means 
of the regular hexagon, we may, in like manner, construct 
regular polygons of 12, 24, 48, &c., sides. By means of the 
decagon, we may construct regular polygons of 20, 40, 80, 
&C., sides. ' 



PROPOSITION Vm. THEOREM. 



The area of a regular polygon is eqtial to half the product 

qf its perimeter and apothem. 

Let QHIK be a regular polygon, its centre, and 
OT its apothem, or the radius of the inscribed circle : 
then will the area of the polygon be equal to half the 
product of the perimeter and the apothem. 

For, draw lines from the centre 
to the vertices of the polygon. 
These lines will divide the polygon 
into triangles whose bases will be 
the sides of the polygon, and 
whose altitudes will be equal to 
the apothem. Now, the area of 
any triangle, as OHG^ is equal to 
half the product of the side SQ 
and the apothem : hence, the area 

of the polygon is equal to half the product oH fhe perimeter 
and the apothem ; vihich toasi^ to &d p/roved^ 

la 




146 



GEOMETRY. 



PROPOSITION IX. THEOREM. 



The perimeters of similar regular polygons are to each 
'other (w ths radii of their circumscribed or inscribed , 
circles ; and their areas are to each other as the square^ 
of those radii. 

1®. Let AJ3G and KIiM be similar regular polygona, 
liCt OA and QK be the radii of their circumscribed, OD 
and QR be the radii of their inscribed circles : then will 
the perimeters of the polygons be to each other as OA is 
1.0 QK^ or as OB is to QR. 

For, the lines 

)A and QK are A.^-'^^ JB 

'lomologous lines 
of the polygons 
f,o which they be- 
long, as are also 
^fjie lines OD and 
Q,R : hence, the 
perimeter of ABC 

m to the perimeter of KLM^ as OA is to QK^ or as 
^OB is to QR (B. IV., P. XXVn., C. 1) ; vihich was to be 
ftroved. 

2°. The areas of the polygons will be to each other as 
OA^ is to QW^, or as OB^ is to QR\ 

For, OA being homologous ^vith QK, and OB with 
QR, we have, the area of ABC is to the area of JJZJf 
as OA" is to QK\ or a« OD" is to §5* (B. IV., P 
XXVjJ., C. 1) ; which was to be proved. 
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PKOPOSmON' X. THEOREM. 

l\oo regular polygona of the same mimber of sides can ie 
constructed^ the one circumscribed about a circle and^the 
other inscribed in itj which shaU differ from each othet 
by less than any given surface. 



Let ABCE be a circle, its centre, and Q the side, of 
a square equal to or less than the given surface; then can 
two similar regular polygons be constructed, the one circum- 
scribed about, and the other inscribed witliin the given circle, 
which shall differ from each other by less than the square 
of §, and consequently, by less than the given sur&ce. 

Inscribe a square in the 
given circle (P. HI.), and by 
means of it, inscribe, in succes- 
sion, 'regular polygons of 8, 16, 
32, Ac, sides (P. VII., S.), un- 
til one is found whose side is 
less than Q ; let AB be the 
dde of such a polygon. 

Construct a similar circum- 
scribed polygon abode : then 

will these polygons^ differ from each other by less than the 
square of Q, 

For, from a and 5, draw the lines aO and bO\ they 
win pass through the points A and B. Draw also OK 
to the point of contact K\ it will bisect AB at I and 
be perpendicular to it. Prolong AO to E, 

Let P denote the circumscribed, and p the inscribed 
polygon ; then, because they are regular and similar, we 
shall have (P. IX.), 
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J> : p It Off* or OJ* : OT', 
hence, by division (B, IL, P. YL), we have, 



P-p 



o£ '. U^ -oT 



or, 
P : 



P-p 






OJ? 



Mnldplying the terms of the 
second couplet by 4 (B. IL, P. 
Vn), we have, 



P : P-/) : : 403' : 




whence (B. IV., P. VIIL, C), 
P : P-l> : : JJE^ : AS". 



But P is less than the square of AE (P. VIL, 0. 4); 
hence, P — /> is less than the square of -4P, and coDse* 
iiuently, less than the square of Q, or than the given siu^ 
lace ; which was to be proved. 

Cor, 1. When the number of sides of the inscribed poly- 
gon is increased, the area of the polygon will be increased, 
and the area of the corresponding circumscribed polygon will 
be diminished (P. VII., c. 4) ; and ej^h will constantly 
approach the circle, which is the limit of both. 

Cor. 2. When the number of sides of either polygon 
reaches its limit, which is infinity^ each polygon will reach 
its limit, which is the circle: hence, under that supposition, 
the difference between the two polygons will be less than 
any assignable quantity, and may be denoted by zero^* and 
cither of the polygons will be represented by the circle. 

♦ Univ. Algebra, Arts. 72, 73. Bourdon, Art. 71. 
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Scholium 1. The circle may be regarded as the limit 
of the inscribed and circumscribed polygons ; that is, it is 
B: figure towards which the polygons may be made to ap- 
proach nearer than any appreciable quantity, but beyond 
which they cannot be made to pass. 

Scholium 2. The circle may, therefore, be regarded as a 
regular polygon of an infinite number of sides; and because 
of the principle, that whatever is true of a whole class, ifi 
true of every individual of that clasSj we may affirm that 
whatever is true of a regular polygon^ having an infinite 
number of sides, is true also of the circle. 

Scholium 3. When the circle is regarded as a regular poly- 
gon, of 'an infinite number of sides, the circumference is to be 
regarded as its perimeter^ and the radius as its apothem, 

PROPOSITION XI. PROBLEM. 

Tlie area of a regular inscribed polygon^ and that of a 
similar circumscribed polygon being given^ to find the 
areas of the regular inscribed and circumscribed polygons 
having double the number of sides. 

Let AJB be the side of the given inscribed, and EF 
that of the given circumscribed polygon. Let C be their 
common centre, AMB a portion of the circumference of 
the circle, and M the middle point of the arc AMB. 

Draw the chord AM^ and 
at A and B draw the tangents 
AP and BQ\ then will AM 
be the side of the inscribed 
polygon, and PQ the side of 
the circumscribed polygon of 
double the number of sides (P. 
Vn.). Draw CE, CP, CM, 
and CF. 
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Denote the area of the given inscribed polygon hj p, 
the area of the given circumscribed polygon by P, and the 
areas of the inscribed and circnmscribed polygons having 
doable the number of sides, respectively by p' and P'. 



1^ The triangles CAD, CAM, 
and CEM, arc like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But CAM 
is a mean proportional between 
CAD and CEM (B. IV., P. 
XXrV., C.) ; consequently />' 
is a mean proportional between 
p and P\ hence. 



Q F 




/>' = V> X P. 



(1.) 



2°. Because the triangles CPM and CPE have the 
common altitude CM, they are to each other as their 
bases : hence, 

CPM : CPE : : PM : PE ; 

and because CP bisects the angle ACM, we have (B. IV., 

P. xvn.), 

PM : PE II CM \ CE M CD X CA\ 

hence (B. IL, P. IV.), 

CPM : CPE II CD : GA or CM. 

But, the triangles CAD and CAM have the common 
altitude AD ; they are therefore, to each other as thdr 
bases : hence, 

CAD : CAM : : CD : CM; 
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or, because CAD and CAM are to each other as the 
polygons to which they belong, 

p : p' : : CD : CM \ 
hence (B. n., P. IV.), we have, 

CPM : CPE : : p : p\ 
and, by composition, 

CPM : CPM+ CPE or CME : : p : p+p' ; 
hence (B. H., P. VII.), 

2 CPM or C3fPA : CME : : 2p : p + p\ 

Dnt, CMPA and CJ/^ are like pails of P' and l\ 
hence, 



or^ 



i> = B^ (2.) 

Scholium. By means of Equation ( 1 ), we can find p\ 
and then, by means of Equation (2), we can find P'. 



PEOPOSiTioN xn. proble:si. 

To find the approximate area of a circle whose radius is 1. 

The area of an inscribed square is equal to twice the square 
described on the radius (P. III., S.), which square is the unit 
of measure, and is denoted by 1. The area of the circumscribed 

» 

square is 4. Making p equal to 2, and P equal to 4, we have, 
from Equations (1) and (2) of Proposition XL, 

p' = VS = 2.8284271 . . . inscribed octagon; 

1 fi 
P' = — = 3.3137085 • . . circumscribed octagon. 

2 + V8 
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Making p equal to 2.8284271, aud JP equal to 3.31d708A, 
we bave, from the same equations, 

/>' = 3.0614674 . . . inscribed polygon of 16 sides. 

P' = 3.1825979 . • . circumscribed polygon of 16 sidea 

By a continued application of these equations, we find 
the areas indicated below^ 



NfHKEft or an»B. 


iBSCaUBED POLTCKKia. 




4 


2.0000000 


4.0000000 


8 


2.8284271 


8.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


8.1365485 


3.1441184 


128 


3.1403311 


3.1422236 


256 


3.1412772 


. 3.1417504 


612 


3.1416138 


. 3.1416321 


1024 


3.1416729 


3.1416025 


2048 


3.1416877 


3.1415951 


4096 


3.1415914 


3.1415933 


8192 


3.1415923 


3.1415928 


16384 


3.1416925 


3.1415927 



Now, the figures which express the areas of the two last 
polygons are the same for six decimal places; hence, those areas 
differ from each other by less than one-millionth of the measuring 
unit. But the circle differs from either of the polygons by less 
than they differ from each other. Hence, 1* taken 3.141592 times, 
eflq)resses the area of a circle whose radius is 1, to less than one- 
millionth of the measuring unit ; and by increasing the number 
of sides of the polygons, we should obtain an area still nearer the 
true one. Denote the number of times which the square of the 
radius is taken, by at, we have, 

'ir xr = 3.141592; 
that is, the area of a circle whose radius is 1, is 3.141592, in 
which the unit of measure is th$ square on, the radius. 

Soh. For ordinary accuracy, * is taken equal to 3.1416. 
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PROPOSITION Xni. THEOREAL 

The circumferences of circles are to each other as their radiiy 
and the areas are to each other as ihe squares of their 
radii. 

Let G and bo the centres of two circles whob 
radii are CA and OB : then will the circumferences be 
to each other as their radii, and the areas will be to each 
other as the squares of their radii. 




For, let similar regular polygoiis MNPST and MFGKL 
be inscribed in the circles : then will the perimeters of these 
polygons be to each other as their apothems, and the areas 
will be to each other as the squares of their apothems, wha^ 
ever may be the number of their sides (P. IX.). 

If the number of sides be made infinite (P. X. S. 2.), thq 
polygons will coincide with the circles, the perimeters with 
the circumferences, and the apothems with the radii : hence, * 
the circumferences of the circles are to each other as their 
radii, and the areas are to each other as the squares of the 
radii ; which was to he 'proved. 

Cor, 1. Diameters of circles are proportional to their 
radii: hence, the circumferences of circles are proportional 
to their diameters, and the areas are proportional to the 
squares of ths diameters. 
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Cot. 2. Similar arcs, as AB and DE^ are like parts 
of the circomferences to which 
they belong, and similar sectors, 
as ACB and DOE^ are like 
ports of the circles to which 
they belong : hence, similar 
arcs are to each other as their 
radiiy and similar sectors are 
to each other as the squares of their radii. 

Scholium, The term infinite^ used in the proposition, is to 
be understood in its technicaL sense. When it is proposed to 
make the number of sides of the polygons infinite^ by the 
method indicated in the scholium of Proposition X., it is sinv- 
ply meant to express the condition of things, when the in- 
scribed polygons reach their limits; in which case, the dif- 
ference between the area of either circle and its inscribed 
polygon, is less than any appreciable quantity. We have seen 
(P. XII.), that when the number of sides is 16384, the areardiflfer 
by less than the millionth part of the measuring nnit. By increas- 
ing the number of sides, we approximate still nearer. 

PROPOSITION XrV, THEOKEM. 

Th^ area of a circle is eqtuzl to IwHf the product of iis 

circumference and radiits. 



y 



Let be the centre of a circle, OG its radius, and 
AGDE its circumference : then will 
the area of the circle be equal to half 
the product of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon AGDE, Then will the area of 
thi/3 polygon be equal to half the pro- 
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duct of its perimeter and apothem, whatever may be the 
number of its sides (P/ VJJI.). 

K the number of sides be madd infinite, the polygon will 

coincide with the circle, the perimeter with the circumference, 

and the apothem with the radius : hence, the area of the 

4rcle is equal to half the product of its circumference and 

adius ; which was to he proved. 

Cor, 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor. 2. The area of a sector is to the area of the ckcle, 
as the arc of the sector to the circumference. 

PKOPOSITION XV. PROBLEJtf, 

To find an expression for the area of any circle in terms 

of its radius. 

Let C be the centre of a circle, and CA its radius. 
Denote its area by area CA, its radius 
by iB, and the area of a circle whose 
radius is 1, by * X T (P. XIL, S.). 

Then, because the areas of circles 
are to each other as the squares of their 
radii (P. XIIL), we have, 

areaCA : cr X 1' : : i2' : 1; 
whence, area CA = itlP. 

That is, the area of any circle is 3.1416 times the square 
of the radiics. 

PROPOSITION XVI. PROBLEM. 

To find an expression for the circumference of a cirdej m 

terms of its radiusy or diameter. 

Let C be the centre of a circle, and CA its radiua 
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Denote its oircninference by cire. CA^ its radius hj JRj and 
its diameter by 2>. From the last Proposition, we have^ 

area CA = «'jB* ; 
and, from Proposition XIV,, we have, 

area CA = icirc. GA x B ; A 
henoe, icirc. CA x B = ^JR* ; 

whence, by reduction, 

circ. CA = 2«'iJ, or, eire. CA = cD. 

I 

That is, the circumference of any circle is eqiud to 3.1416 
times its diameter* 

Scholium 1. The abstract number r, equal to 3.1416, de- 
notes the number of times that the diameter of a circle is 
contained in the circumference, and also the number of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV.). Now, it has been proved by 
the methods of Higher Mathematics, that the value of fi' is 
incommensurable with 1 ; hence, it is impossible to express, 
by means of numbers, the exact length of a circumference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
is impossible to sqicare the circle / that is, to construct a 
square whose area shall be exactly equal to that of the cirde. 

Scholium 2. Besides the approximate value of *, 3.1416, 
usually employed, the fractions ^ and |f| are also used to 
express the ratio of the diameter to the circumference. 



\ 



BOOK VI. 

PLANES AND POLYEDBAL ANGLES. 

DEFHOnOKS. 

!• A Straight line is perpendiculab to a plane, when 

it is perpendicular to eyery straight line of the plane which 
passes through its foot; that is, through the point in which 
it meets the plane. 

In this case, the plane is also perpendicular to the line. 

2. A straight line is paballel to a plane, when it can- 
not meet the plane, how far soever both may be produced- 

In this case, the plane is also parallel to the line. 

3. Two Planes abe paballel, when they cannot meet, 
how far soever both may be produced. 

4. A DiEDRAL ANGLE is the amouut of divergence of two 
planes. 

The line in which the planes meet, is called the edge of 
the angle^ and the planes themselves are called fdcea of the 
angh. 

The measure of a diedral angle is the same as that of a 
plane angle formed by two straight lines, one in each face, 
and both perpendicular to the edge at the same point. A 
diedral angle may be acute, oUuse^ or a right angle. In the 
latter case, the faces are perpendicular to each other. 
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5. A PoLTBDBAL ANGLB is the uuioiuit of diveigeiice of 
several planes meeting at a common point. 

This point is called the vertex of the angle; the lines in 
which the planes meet are called edges of the angle^ and 
the portions of the planes lying between the edges are 
called faces of the angle. Thns, S 
is tlie vertex of the polyedral angle, 
whose edges are SA^ /S^i?, SC^ 
SDy and whose faces are ASB^ 
BSC, CSB, BSA. // V— >C 

A polyedral angle which has but 
three faces, is called a triedral 
angle. 




POSTULATE. 



A straiglit line may be drawn perpendicular to a plane from 
any point of the plane, or from any point without the plane. 






f'/ 



PBOPOSITION I. THEOBEM. 



J If a straighz li 

1^ 



If a straight line has two of its points in a plane, it foill 

lie ijoholly in thai plane. 

For, by definition, a plane is a surface such, that if any 
two of its points be joined by a straight line, that line will 
lie wholly in the surface (B. I., D. 8). 

Cor. Through any point of a plane, an infinite number 
of straight lines may be drawn which will lie in the plane. 
For, if a straiglit line be drawn from the given point to any 
other point of the plane, that line will lie wholly in the plane. 

Scholium. If any two points of a plane be joined by a 
straight line, the plane may be turned about that line as an 
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axis, so as to take an infinite number of positions. Hence, 
we infer that an infinite number of planes may be passed 
through a given straight line. 

PROPOSITION n. THEOREM. 

Through three points^ not in the same straight line^ ofie 

plane can be passed^ and only one. 

Let -4, By and C be the three points : then can or 
plan'e be passed through them, and only one. 

Join two of the points, as A and 
B, by the line AB. Through AB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point C ; in this position it will 
pass through the three points -4, J5, 
and G, IS now, the plane be turned 

about AB^ in either direction, it will no longer contain the 
point : hence, one plane can always be passed through 
three points, and only one ; which was to be proved. 

Cor, 1. Three points, not in a straight line, determine the 
position of a plane, because only one plane can be passed 
through them. 

Cor. 2. A straight line and a point without that hne, 
determine the position of a plane, because only one plane 
can be passed through them. 

Cor. 3. Two straight lines which intersect, determine the 
position of a j^lane. For, let AB and AC intersect at 
A : then will either line, as AB^ and one point of the 
other, as (7, determine the position of a plane. 

Cor. 4. Two parallel straight lines determine the position of a 
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plane. For, leji A£ and CD be paniUeL By defimtioo 
(B. L, D.'ie) two parallel linea alwaya lie in the some plant. 
Bnt either line, as AS, and any point 

of the other, as J^, determine the poai- . 

tioa of a plane : hence, two paraUels 

determine the portion of a plane. F 



PEOPOSinON HL THKOEEM. 
The intereeclion of two planet i» a atraig/tt line. 

Let AS and CD be two planes : then will their inte» 
section be a straight line. 

For, let ^ and F be any two 
points common to the planes; draw 
the strmght line SF. This line faav- 
ing two points in the plane AS, 
- will lie wholly in that plane ; and 
having two points in the plane CD, 

wiU lie wholly in that plane : hence, every point of £!F is 
common to both planes. Farthermore, the planes can have 
no oommon point lying without SI'', otherwise there wonld 
be two planes passing through a strught line and a pdiit 
lying without it, which is impossible (P. II., C. 2) ; henoe, 
the intersection of the two planes is a straight line ; wA*dl 
wtu to be proved. 

PROPOSmOlT IV. THEOB£M. 

J^ a straight line is perpendicular to two straight linea at 
the^ poifU of interseation, it is perpendicular to the plant 
of those lines. 

Let MN' be the plane of the two lines SS, CC, and 
let AP be perpendicular to these lines at P t then viD 
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AP be perpendicular to every straight line of the plane which 
passes through P, and consequently, to the plane itself. 

For, through - P, draw in 
the plane MN^ any line PQ ; 
through any point of this line, 
as §, draw the line BC^ so 
that BQ shall be equal to QG 
(B. IV., Prob. V.) ; draw AB, 
AQ^ and AC. 

The base BCy of the triangle BPG^ being bisected at 
q, we have (B. IV., P. XIV.), 




>2 



2 



PC' + PBT = 2PQ' -h ^Q0\ 



■*■ 



In like manner, we have, from the triangle ABC^ 



AG' + AB' = 2AQ' + 2QC\ 

Subtracting the first of these equations from the second, 
member from member, we have. 



AG"" - PC" + AB" - PB' = 2AQ' - 2P^. 

But, from Proposition XL, C. 1, Book IV., we have, 

AG^ - PO" = AP\ and AW - PW = AP" ; 
hence, by substitution. 



whence. 



2AP* =^2AQ* - 2Pq^\ 



AP' = Aq^ - pq" ; or, AP' + pq" = ^e • 

The triangle APQ is, therefore, right-angled at P (B. IV,, 
P. Xm., S.), and consequently, -4P is perpendicular tc 
PQ : hence, AP is perpendicular to every line of the 
plane MN passing through P, and consequently, to the 
plane itself ; ijoMch was to he proved. 

11 
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Car. 1. Only one perpendicular can be drawn to a plane 
from a point without the plane. 
For, suppose two perpendiculars, 
as AP and AQ^ could be 
drawn from the point A to the 
plane MN. Draw PQ ; then 
the triangle APQ would have 
two right angles, APQ and 
AQP] which is fanpossible (B. L, P. XXV., C. 3). 

Cor. 2. Only one perpendicular can be drawn to a plane 
from a point of that plane. For, suppose that two perpen- 
diculars could be drawn to the plane JJfTVJ from the point 
P. Pass a plane through the perpendiculars, and let PQ 
be its intersection vAih 3flf; then we should have two per- 
pendiculars drawn to the same straight line from a point of 
that line ; which is impossible (B. I., P. XIV., C). 



PROPOSITION V. THEOREM. 

^ from a point without a plane^ a perpendicular be drawn 
to the planej and oblique lines be drawn to different 
points of the plane : 

1°. The perpendicular will be shorter than any oblique line : 

2°. Oblique lines which meet ths plane at equal distances 
from the foot of the perpendicular^ will be equal: 

8.** Of two oblique lines which meet the plane at unequal 
distances from the foot of the perpendicular^ the one which 
meets it at ths greater distance will be the longer. 

Let -4 be a point without the plane M^ ; let AF 
be perpendicular to the plane ; let A. (7, AD, be any two 
oblique lines meeting the plane at equal distances from the 
foot of the perpendicular ; and let A G and AJS be any 
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TWO oblique lines meeting the plane at unequal distances from 
lie foot of the perpendicular : 

1°. AJP will be shorter 
ban any oblique line AO. 

For, draw PC; then will 
4.P be less than AC (B. 
'., P. XV.) ; which was to 
>e proved. 

2°. AC and AD will be equal. 

For, draw PD ; then the right-angled triangles APC^ 
4.PDy will have the side AP common, and the sides PC, 
FDj equal : hence, the triangles are equal in all their parts, 
nd consequently, A C and AD will be equal ; which was 
o be proved. 

3^. AJE will be greater than AC. 

For, draw P^, and take PD equal to PC ; draw 
iD : then will AJE be greater than AD (B. I., P. XV.) ; 
lut AD and A C are equal : hence, AD is greater than 
4.C ; which wc^ to be proved. 

Cor. The equal oblique lines ADy AC^ AD, meet the 
Jane Mlf in the circumference of a circle, whose centre is 
?, and whose radius is PD : hence, to draw a perpendi- 
ular to a given plane Mlfy from a point -4, without that 
•lane, find three points D, (7, i>, of the plane equally dis- 
ant from -4, and then find the centre P, of the circle 
i^hose circumference passes through these points : then will 
IP be the perpendicular required. 

Scholium. The angle ADP is called the inclination of 
he oblique line AD to the plane MN". The equal oblique 
DCS ADy ACy ADy are all equally inclined to the plane 
}fN'. The inclination of AE is less than the inclination of 
ny shorter line AD. 
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PROPOSITIOX VI. THEOREM. 

If from the foot of a perpendlcuJar to a plane, a straight Km 
Ir. drawn at rifjht a)tf/Ies to any straight line of that plam, 
and the point of intersection he joined with any point of the 
2)crj)endicidar, the last line will he perpendicular to the Uu 
of the platic. 

Let AP be perpendicular to the plane JCVJ -P its foot, 
BC the given line, and A any point of the perpendicular; 
draw PD at right angles to JBC^ and join the point B 
with A : then will AD be perpendicular to SC. 

For, lay off DB equal to 
DC, and draw PB, PO, AB, 
and AC, Because PD is per- 
pendicular to BC, and DB 
equal to DC, we have, PB 
equal to PC (B. I., P. XV.) ; 
and because AP is perpendicu- 
lar to the plane Mlf, and PB 

equal to PC, we have AB equal to AC (P. V.). The 
tine AD has, therefore, two of its points A and 2>, each 
equally distant from B and C : hence, it is perpendicular 
to BC (B. I., P. XVI., S.) ; which was to be proved. 

Cor. 1. The line BC is perpendicular to the plane of 
the triangle APD ; because it is perpendicular to AD and 
PD, at D (P. rV.). 

Cor. 2. The shortest distance between AP and BG '^ 
measured on PD, perpendicular to both. For, draw JBS 
between any other points of the lines : then will BJS be 
greater than PB, and PB will be greater than PD : 
lience, PD is less than BM 
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Scholium. The lines AP and JBC^ though not in the 
same plane, are considered perpendicular to each other. In 
general, any two straight lines not in the same plane, are 
considered as making an angle with each other, which angle 
is equal to that formed by drawing through a given point, 
two lines respectively parallel to the given lines. 




PROPOSITION Vn. THEOREM. 

J^ one of two parallels is perpendicular to a plane^ the other 
one is also perpendicular to the same plane. 

Let AP and ED be two parallels, and let AP be 
perpendicular to the plane MN : then will ED be also 
perpendicular to the plane MN. 

For, pass a plane through the 
parallels ; its intersection with 
MN wiU be PD ; draw AD, 
and in the plane MN draw 
SG perpendicular to PD at 
D. Now, DD is perpendicular 
to the plane APDE (P. VI., C.) ; 

the angle JBDE is consequently a right angle ; but the an- 
gle EDP is a right angle, because ED is parallel to AP 
(B. L, P. XX., C. 1) : hence, ED is perpendicular to BD 
and PD, at their point of intersection, and consequently, to 
their plane MN (P. IV.) ; which was to he proved. 

Cor. 1. If the lines AP and ED are perpendicular to 
the plane MN, they are parallel to e&,ch other. For, if 
not, draw through D a line parallel to PA ; it will be 
perpendicular to the plane JOT, from what has just been 
proved ; we shall, therefore, have two perpendiculars to the 
the plane MK, at the same point ; which is impossible (P. 
IV7 C. 2). 
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Cor. 2. If two straight lines, A and B^ are ^parallel to a 
third line (7, they are parallel to each other. For, pass a 
plane perpendicular to C; it wiU be perpendicular to both 
A and B\ hence, A and B are parallel. 



PROPOSITION VIII. THEOREM. 

If a straight line %s parallel to a line of a plane, it is parallel 

to that plane. 

Let the line AB be parallel to the line CD of tha 
plane MJST ; then will AB be parallel to the plane MN, 

For, through AB and CJ) 
pass a plane (P. U., C. 4) ; CJ) 
.will be its intersection with 
the plane MN", Now, since AB 
lies in this plane, if it can meet 
the plane MN"^ it will be at 
some point of CD ; but this is 

impossible, because AB and CD are parallel : hence, AB 
cannot meet . the plane MNj and consequently, it is paraUd 
to it ; which was to be proved. 





PROPOSITION IX. THEOREM, 

If two planes are perpendicular to the same straight line, 

they are parallel to each other. 

Let the planes MN" and JPQ 
be perpendicular to the line ABy 
at the points A and B : then 
will they be parallel to each 
other. 

For, if they are not parallel, 
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they will meet ; and let O be a point common to both. 
From draw the lines OA and OB : then, since OA 
lies in the plane MN^ it will be perpendicular to BA at 
A (D. 1). For a like reason, OB will be perpendicular 
to AB at J5 : hence, the triangle OAB will have two 
right angles, which is impossible ; consequently, the planes 
cannot meet, and are therefore parallel ; which was to be 
proved. 

PBOPOSmON X. THEOKEM. 

Tjf a plane intersect- two pardUd planes^ the lines of inter* 

section will he parallel. 

Let the plane EH intersect the parallel planes MN and 
P§, in the lines EF and GH \ then will EF and QH 
be parallel. 

For, if they are not parallel, 
they wUl meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the lines meet, 
the planes MN and P§, in 
which they lie, will also meet ; 
but this is impossible, because 
these planes are parallel : hence, 
the lines EF and QH cannot meet ; they are, therefore, 
parallel ; which was to be proved, 

PKOPOSITION XI. THEOREM. 

-5^ a straight Ihie is perpendicular to one of two parallel 
planeSj it is also perpendicular to the other. 

Let MN and BQ be two parallel planes, and let the 
lino AB be perpendicular to BQ then will it also be 
perpendicular to MN, 
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Q 



B 



For, through AB pass any plane ; its mtersections with 
MN and PQ will be parallel (P. X.) ; but, its intersection 
with FQ is perpendicular to AB at B (D. 1) ; hence, 
its intersection with 3fK is 
also perpendicular to AB at A 
(B. L, P. XX., C. 1) : hence, 
AB is perpendicular to every 
Une of the plane MN through 
A^ and is, therefore, perpendicu- 
lar to that plane ; which was to 
be proved. 



[1^ 



N 



M 



PROPOSITION Xn. THEOREM. 

Parallel straight lines included bettceeyi parallel planes, are eqiuxl 

Let £JG and JFJI be any two parallel lines included 
between the parallel planes MIf and PQ : then will they 
be equal 

Through the parallels conceive 
a plane to be passed ; it will 
intersect the plane JOT in the 
Ime JSFy and PQ in the line 
GJB' ; and these lines will be 
parallel (Prop. X.). The figure 
EFHQ is, therefore, a parallelo- 
gram : hence, GE and HF 
are equal (B. I., P. XXV 111.) ; which was to be proved. 

Cor. 1. The distance between two parallel planes is mea- 
sured on a perpendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor. 2. If a straight line GH is parallel to any plane JfJV, 
then can a plane be passed through GIT parallel to MIf: 
hence, if a straight line is parallel to a plane, all of its points 
are equally distant from that plane. 
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PEOPosrrioN xni. theorem 

If 1niH> angles^ not situated in the same plane^ have their 
sides parallel and lying in the same direction^ the angles 
will be equal and their planes parallel. 

Let CAJEJ and DBF be two angles lying in the planes 
MN and P§, and let the sides AC and AE be re- 
spectively parallel to BD and BF^ and lying in the same 
direction : then will the angles CAE and DBF be equal, 
and the planes MN and PQ will be parallel. 

Take any two points oi AG and AE^ as C and E^ and 
make BD equal to AG^ and 
BF to AE\ draw GE, DF, 
ABy GD, and EF. 

1°. The angles GAE and 
DBF will be equal. 

For, AE and BF being 
parallel and equal, the figure 
ABFE is a parallelogram (B, 
L, P. XXX.) ; hence, EF is 
parallel and equal to AB. For 
a like reason, GD is parallel and equal to AB : hence, 
GD and EF are parallel and equal to each other, and 
consequently, GE and DF are also parallel and equal to 
each other. The triangles GAE and DBF have, therefore, 
their corresponding sides equal, and consequently, the corres- 
ponding angles GAE and DBF are equal ; which teas to 
be proved. 

2°, The planes of the angles MN and FQ are parallel. 

For, if not, pass a plane through A parallel to P$, 

and suppose it to cut the lines GD and EF in G mikI 

JK Then will the lines GD and JIF be equal res] t(t- 
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ivcly to AB (P. XII,), and consequently, GD will be 
equal to CDy and MF to jEF; which is impossible : hence, 
the planes MN" and JPQ must be parallel ; lohich toas to 
be proved. 

Cor. K two parallel planes MN" and PQy are met by 
two other planes AD and AFy the angles CAJ5^ and 
DBFy formed by their intersections, will be equaL 



PROPOSITION Xrv. THEOBEM. 

If three straight linesy not situated in tJie same planCy are 

equal and paraUdy the triangles formed by joining the 

extremities of these lines wiU be eqicalj and their planes 
parallel. 

Let ABy CDy and JEF be equal parallel lines not in 
the same plane : then will the triangles A CE and BBf 
be equal, and their planes parallel. 

For, AB being equrri and 
parallel to EFy the figure ABFE 
is a parallelogram, and conse- 
quently, AE is equal and par- 
allel to BF, For a like reason, 
AC is equal and parallel to 
BD : hence, the included angles 
CAE and DBF are equal and 
their planes parallel (P. Xm.). 
Now, the triangles CAE and 
DBF have two sides and their 

mcluded angles equal, each to each : hence, they are equal 
in all their parts. The triangles are, therefore, equal and 
their planes parallel ; which was to be proved. 
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PROPOSITION XV. THEOREM. 

ly itoo straight lines are cut by three parallel planes^ they 

iciU be divided proportionally. 

Let the lines AJ3 and CD be cut by the parallel 
ylanes MNy PQy and MS^ in the points -4, Ey B^ and 
<7, F, D; then 

AF X EB w CF \ FD. 

For, draw the line ADy and 
suppose it to pierce the plane 
FQ in G\ draw ACy BDy 
EOy and QF. 

The plane ABD intersects 
the parallel planes R8 and PQ 
in the lines BD and EG ; 
consequently, these lines are par- 
allel (P/X.) : hence (B. IV., 
P. XV.), 

AE I EB :i AG : GD. 

The plane A CD intersects the parallel planes MN and 
FQy in the parallel lines A C and GF : hence, 

AG : GD i: CF : FD. 
Combining these proportions (B. IE., P. IV.), we have, 

AE I EB II CF I FD \ 

which was to be proved. 

Cor. 1. If two straight lines are cut by any number of 
parallel planes, they will be divided proportionally. 

Cor. 2. If any number of straight lines are cut by three 
parallel planes, they will be divided pxopoTtioii^S^^. 
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PROPOSITION XVI. THEOREM. 

If a straight line is perpendicular to a plane, every plane passed 
through the line will alw be perpendicular to that plane. 

Let AP be perpendicular to the plane 3fNy and lei 
Bl^ be a plane passed through AF : then will J?i^ be 
perpendicular to MN", 

In the plane MJV, draw P2> 
perpendicular to J3C^ the intersec- 
tion of BF and MJST. Since AP 
is perpendicular to MJVy it is per- 
pendicular to BC and JDF (D. 1 ) ; 
and since AP and DF^ in the 
planes JBJF and MNy are perpendicular to the intersection 
of these planes at the same point, the angle which they 
form is equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, JBF is perpendicu- 
lar to MJNT ; which was to be proved. 

Cor, If three lines AP, BF, and 2>P, are perpen- 
dicular to each other at a common point P, each line will 
be perpendicular to the plane of the other two, and the 
three planes will be perpendicular to each other. 

PROPOSITION XVn. THEOREIM. 

two planes are perpendicular to 'each other, a straight line 
draton in one of them, perpendicular to their intersectio^n, 
will be perpendicular to the other. 

Let the planes BF and JOT be perpendicular to each 
other, and let the line APy drawn in the plane BI^l he 
perpendicular to the intersection BC ; then will AP h^ 
perpendicular to the plane MN, 
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For, in the plane MN", draw PJ) perpendicular to JBG 

Bt P. Then because the planes BF and ilfiV are perpen- 

dioalar to each other, the angle API) 

will be a right angle : hence, AP is 

perpendicular to the two lines PD 

and II C, !it their intersection, and 

consequentlj, is perpendicular to their 

plane MN"; which vtas to be proved. / 

M 

Car. If the plane £1'' is perpendicular to the plane 
JtfN', and if at a point P of their intersection, we erect 
a perpendicular to the plane MN", that perpendicular will 
be in the plane S:F. For, if not, draw in the plane BPl 
PA perpendicular to PC, the common intersection ; AP 
will be perpendicular lo the piano JtfJVi by the theorem ; 
therefore, at the same point P, there are two perpendiculars 
to the plane MN" ; which is imposfflble (P. TV., C. 2). 
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^ ttoo planes cut each other, and are perpendicular to a 
third platie, their intersection is also perpendicular to 
that plane. 

Let the planes Ji^, SH, be perpendicular to MN : 
then will their intersection AP be perpendicular to MN. 

For, at the point P, erect a per- 
pendicnlar to the plane Ml^ \ that 
perpendicular must be in the plane 
BF, and also in the plane DS 
(P. XVH., C.) ; therefore, it is their 
common intersection AP: which was 
to be proved. 
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PROPOSITION XIX. THEOBEM. 

The 8um of any two of the plane angles formed by the 
edges of a triedral angle^ is greater than the third. 

Let SA^ SJBy and SC^ be the edges of a triedral 
angle : then will the sum of any two of the plane angles 
formed by them, as ASG and CSJ3y be greater than the 
third ASB. 

If the plane angle ASJB is equal to, or less than, either 
of the other two, the truth of the proposition is evident. Let 
ns suppose, then, that ASJi is greater than either. 

Li the plane ASB^ construct 
the angle BSD equal to BSG ; 
draw AB in that plane, at plea- 
sure ; lay off SC equal to /SZ>, 
and draw AG and GB, The 
triangles BSD and BSG have 
the side SG equal to SD^ by 
construction, the side SB com- 
mon, and the included angles BSD and BSG equal, by 
construction ; the triangles are therefore equal m all their 
parts : hence, BD is equal to BG. But, from Propoation 
YJLl., Book L, we have, 

J?(7 + GA>BD Jc- DA. 

Taking away the equal parts BG and jBJ9, we have, 

GA> DA\ 

hence (B. L, P. IX.), we have, 

angle ASG > angle ASD \ 




and, adding the equal angles BSG and BSDj 
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angle A8C 4 angle GSB > angle A8D ■\- angle D&B ; 
or, angle A8G f angle QSB > angle A8B ; 

which toaa to be proved. 

PROPOSITION XX. THEOREM. 

The sum of the plane angles formed by the edges of any 
polyedral angky is less than four right angles. 

Let 8 be the vertex of any polyedral angle whose edge« 
are 8A, 8B, 8G, 8Dy and 8B ; then will the sum of 
the angles about 8 be less than four right angles. 

For, pass a plane cutting the edges 
in the points -4, By (7, J9, and j5J 
and the faces in the lines ABy BCy 
GDy BEy and EA. From any point 
within the polygon thus formed, as 0, 
draw the straight lines OAy OBy 0(7, 
ODy and OE. 

We then have two sets of triangles, 
one set having a common vertex 8y the 

other having a common vertex 0, and both having com- 
mon bases ABy BCy CDy BEy EA. Now, in the set 
which has the connnon vertex 8y the sum of all the angles 
is equal to the sum of all the plane angles formed by the 
edges of the polyedral angle whose vertex is /S, together 
with the sum of all' the angles at the bases : viz., SAB^ 
8BAy 8BCy &c. ; and the entire sum is equal to twice 
as many right angles as there are triangles. In the set 
whose conmion vertex is 0, the sum of all the angles is 
equal to the four right angles about 0, together with the 
Ulterior angles of the polygon, and this sum is equal to 
twice as many right angles as there are tri^iii^^^. ^\s\.^^ 
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the niimber of triangles, in each set, is the same, it follows 
that those sums are equal. But in the triedral angle whose 
vertex is 7?, we have (P. XIX.), 

AJ]S + SBO > ABG ; 

and the like may be shown at each 

of the otlier vertices, (7, ^, ^, A : 

hence, the sum of the angles at the 

basos, in the triangles whose common 

vertex is S, is greater than the sum 

of the angles at the bases, in the set 

whose common vertex is : therefore, 

the sum of the vertical angles about /S, is less than the 

sum of the angles about : that is, less than four right 

angles ; which was to be proved. 

Scholium. The above demonstration is made on the sup- 
position that the polyedral angle is convex, that is, that the 
diedral angles of the consecutive faces are each less than two 
right angles. 

PROPOSITION XXI. THEOREM. 

If the plane angles formed by tlie edges of two triedral 
ayigles are equals ectch to each^ t/ie planes of the equoi 
angles are eguaUy inclined to eo/ch other. 

Let S and T be the vertices of two triedral angles, 
and let the angle ASG be equal to BTF, A8B to DTE, 
and BSG to ETF \ then will the planes of the equal 
angles be equally inclined to each other. 

For, take any point of SBy as jB, and from it draw 
in the two faces ASB and CSB^ the lines BA and -B(7, 
respectively perpendicular to SB : then will the angle ABG 

meaHure the incUnation of these faces. Lay oft' TE eqoal 

/ 



. / 
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to 8Sj and from B draw in the faces DTE and ITE, 
the lines ED and EEy respectively perpendicular to 21E • 
then will the angle DEE 
measure the inclination of these 
&ces. Draw AC and DE. 
Tlie right-angled triangles 
8J3A and TED, have the 
side SB equal to TE, and 
the angle ASB equal to 

DTE I hence, AJB is equal to DE, and AS to M?. 
In like manner, it may be shown that DC is equal to EFj 
and CS to ET. The triangles u4/S(7 and DTE, have 
the angle -4/S(7 equal to DTE, by hypothesis, the side AS' 
equal to DT, and the side C/S to ET, from what has 
just been shown ; hence, the triangles are equal in all their 
parts, and consequently, AC is equal to DE. Now, the 
triangles ADC and DEE have their sides equal, each to 
each, and consequently, the corresponding angles are also 
equal; that is, the angle ADC is equal to DEE: hencCi 
the inclination of the planes ASD and CSD, is equal to 
the inclination of the planes DTE and ETE. In like 
manner, it may be shown that the planes of the other equal 
angles are equally inclined ; which was to he proved. 

Scholium. If the planes of the equal plane angles are 
like placed, the triedral angles are equal in all respects, for 
they may be placed so as to coincide. If the planes of the 
equal angles are not si&dlarly placed, the triedral angles are 
gqttal by symmetry. In this case, they may be placed BO 
that two of the homologous faces shall coincide, the triedral 
Migles lying on opposite sides of the plane, which is then 
called a plane of symmetry. In this position, for every point 
on one side of the plane of synmietry, there is a correspondY 
ing point on the other side. 
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1. A PoLTEDBOM 18 a Tolume bonnded by polygoim 

The bounding polygons are called facet of the polyedron; 
the lines in which the. faces meet, are called edges of Um 
polyedron ; the points in which the edges meet, are called'^ 
veriices of the polyedron. ' 'd*^ 

2. A Pbism is a polyedron in which two of . . '^ "* 
the faces are polygons equal in^all their pfurte, (^"^ 
aad-imTiM tliwriomolo^trB ■sidcB-par-aHeJ. The / / / 
,other. faces ^pE^llclQsramft (B. 1., E. XSX^.^. ,, 

The equal polygons are called SoaeA of the ^ /^ / 
prism; one the upper, and the other the 
ioaer base ; the parallelograms taken together '^ 

make up the lateral or convex ausface of the prism ; 
lines in which the lateral faces meet, are called taterat ^gtt^ 
of the prism, ^ 




8, The AxTUTjua of a prism is the pnpendioolar di>- 
tance between the planes of its bases. 

4. A Hight Piusm is one whose lateral ■ •' 

edges are perpendioolar to the planes of the 



Id this case, any lateral i 
Uie altitude. 



is equal 



» 'CD' 



/' 
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5. An Obliqub Pbism is one whose lateral edges are 
oblique to the planes bf the bases. 

In this case, any lateral edge is gi eater than the altitude. 



6. Prisms are named from the number ^ of sides of their 
bases ; a trianguUir prism is one whose bases are triangles ; 
M pentangular prism is one whose bases are pentagons, i&c. 

7. A Paballelopipedok is a prism whose bases are 
parallelograms. 

A Bight Parallelcpip^don is one whose lat- 
eiral edges are perpendicular to the planes 
of the bases. 

A Rectangular Farallelopipedon is one 
* whose faces are all rectangles. 

A Ctiie is a rectangular parallelopipedon, 
whose faces are squares. 

8. A Pyramid is a polyedron bounded 
by a polygon called the bascj and by tri- 
angles meeting at a common pointy called the 
vertex of the pyramid. 

The triangles taken together make up the 
lateral or convex surface ot the pyramid ; 
the lines in which the lateral faces meet, are 
called the lateral edges of the pyramid. 

^ 9. Pyramids are named from the number of sides of 
their bases ; a triangular pyramid is one whose base is a 
triangle ; a quadrangular pyramid is one whose base is a 
quadrilateral, and so on. 

10. The Altitude of a pyramid is the perpendicular 
distance from the yertex to the plane of its. base. 
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11. A Bight Pybamid is one whose base ii a regnlv 
polygon, and in which the perpendicular drawn from the 
vertex to the plane of the base, passes through the centre 
of the base. 

This perpendicular is called the axis of the pyramid. 

12 The SLAin: Height of a right pyramid, is the per- 
pendicular distance from the vertex to any side of the base. 

13. A Tbuncated Pyramid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

When the cutting plane is parallel to 
the base, the truncated pyramid is called 
a FBUSTUH OF A PYSAMiD, and the inter- 
section of the cutting plane with the pyramid, is called tbe 
ujpper base of the frustum ; the base of the pyramid is eal- 
led the lower base of the frustum. 

14. The Altttudb of a frustum of a pyramid, is the per- 
pendicular distance between the planes of its bases. 

15. The Slant Height of a frustum of a right pyramid, 
is that portion of the slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16. SiMiLAE PoLYEDEONS are those which are bounded by 
the same number of similar polygons, similarly placed* 

Parts which are similarly placed, whether faces, edges, or 
angles, are called homologous, 

17. A Diagonal of a polyedron, is a straight line Join- 
ing the vortices of two polyedral angles not in the same 
face. 
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18. The YoLUHB OF a Foltbdbon is its numerical value 
expressed in terms of some other polyedron as a unit. 

The unit generally employed is a cube constructed on the 
linear unit as an edge. 



PEOPOsrnoN l theoeem. 



The convex surface qf a right prism is eqtial to the perinh 
eter of eithev base mtdtiplied by the altitude. 

Let ABCDJE-K be a right prism: then is its convex 
sur&ce equal to, 

# 

(,AB + BG + Cn + I>E+ EA) x AF, 

For, the convex surface is equal to 
the siun of all the rectangles A G^ BH^ 
CIj BKj EFy which compose it. Now, 
the altitude of each of the rectangles 
AF^ BGy CH^ &c., is equal to the 
altitude of the prism, and the area of 
each rectangle is equal to its base mul- 
tipHed by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex surface of the prism, is equal to, 

(AB + BC+ CD + I)F+ FA) x AF ; 

tliat is, to the perimeter of the base multiplied by the alti- 
tnde ; which teas to be proved. 




Cor. If two right prisms have the same altitude, their 
convex sur&ces are to each other as the perimeters of their 
bases. A 
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PROPOSITION U. THEOREH. 

In any prism, the sections made hy parallel planes are polygont 

equal in all their parts. 

Let the prism AS be interBectcd by the parallel pUoes 
Hrp, SV: then are the BectioM NOPQR, STYXY, 
equal polygona 

For, the mdes NO, ST, are parallel, 
being the intersections of parallel planes 
with a third plane ABGF; these udes, 
NO, 8T^ are included between the par- 
allels NS, OT: hence, NO is eqoal to 
ST {B. L, P. XXVin., C. 2). For hke 
reasons, the sides OF, PQy QR, Ac, 
of NOPQIt, are equal to tlie sides 
TV, VX, Ac, of STVXY, each to 
each ; and eince the equal sides are par* 
allel, each to each, it follows that the 
angles NOP, OPQ, &c., of the first section, are eqnal to 
the angles STT] TYX, &c., of the second section, each lo 
each (B, VI., P. Xm.) : hence, the two sections NOPQR, 
STVXY, are equal in all their parts; which was to 6e proved. 

Cor. The bases of a prism, and eTcry section of a prism, 
parallel to the bases, are equal in all their parts. 




PBOPOSinON UL 
y a pyramid be cut by u plane paraBel to the base • 
V. The edges and ths altitude vsiU be divided proportiotuilly : 
2". The section will be a polygon similar to the base. 

Let the pyramid S -ABODE, whose altitude is 80, 
be cut by the plane abode, parallel to the base ABODS. 
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1®. The edges and altitude will be divided proportionally. 

Foi, conceive a plane to be passed through the vertex 5, 
parallel to the plane of the base ; then 
will the edges and the altitude be cut 
by three parallel planes, and consequently 
they wiU be divided proportionally (B. VI., 
P. XV., C. 2) ; which was to he proved. 




2°. The section ahcde^ wiU be similar 
to the base ABCDE. For, ah is par- 
allel to J-B, and Ic to BO (B. VL, 
P. X.) : hence, the angle abc is equal to 
the angle ABC. In like manner, it may 
be shown that each angle of the polygon abode is equal 
to the corresponding angle of the base : hence, the two 
polygons are mutually equiangular. 

Again, because ab is parallel to ABy we have, 

ah : AB : : sb : iSB ; 
and, because be is parallel to -S(7, we have, 

be : BC : : 8b : SB ; 
hence (B. II., P. IV.), we have, 

ab : AB : : be : BC. 

In like manner, it may be shown that all the sides of 
ahcde are proportional to the corresponding sides of the 
polygon ABCDE : hence, the section abode is similar to 
the base ABCDE (B. IV., D. 1) ; which was to be proved. 

Cor. 1. If two pyramids 8 -ABCDE, and 8-XTZ, 
having a common vertex 8, and their bases in the same 
plane, be cut by a plane abc, parallel to the plane of 
their bases, the sections will be to each other as the bases. 



lU 
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For, the polygons ahcd and ABCD, htaag tdoular, are 
to oaoh other as the equarea of their homologous radea oi 
and AB (B. IV, P. XXVH) ; but, 

W : AS" :: S^ : &A ~ 

hence (B. II., P. IV".), we have, 

Bcde : ABODE : : So : S0\ 

In Uke manner, we have, 

aya : XYZ : : So' : SO' ; 

hence, 

abcde : ABODE 

Cor. 2. If the bases are equal, any sections at equal dis- 
tances from the bases will be equal. 

Cor. 3. The area of any section parallel to the base, it 
proportional to the square of its distance from the vertex. 




PKOPOsinoN rv. theoeeji. 

TAe convex surface of a right pyramid is equal to Via 
perimeter of its base multiplied by half the slant height. 

Let 8 be the vertex, ABODE the 

base, and 8F, perpendicular to EA, the 

slant height of a right pyramid : then will 
the convex surface be equal to, 

{AB + BG + CD + DE+ EA) x iSM 

Draw SO perpendicular to the plane of the 
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From the definition of a right pyramid, tbe point is 
the centre of the base (D. 11) : bence, tbe lateral edges, 
&4, 5S, Aa, are all equal (B. VI., P. V.) ; but tbe sides 
of the base are all equal, being sides of a regular polygon : 
hence, the lateral faces are all equal, and consequently their 
altitndes are all equal, each being equal to the slant height 
of the pyramid. 

Now, the area of any lateral face, as jS'^.-l, is equal to % 
its base EA, multiplied by half ita altitude BF : hence, 
the sum of the areas of the lateral faces, or the convex soi- 
lace of the pyramid, is equal to, 

{AB + BC ^ CD + DE + EA) x iSE ; 

which was to be proved. 



ScholiuTn. The convex ewrface of a frustum of a right 
pyramid . is equal to half the sum of the perimeters of its 
upper and lower bases, multiplied by the slant height. 

Let ABCBE-e be a frustum of a right S 

pyramid, whose vertex is S ; tlien ^\^l\\ the 
section abcde be amilar to the base^^C-Z>^ 
and their homologous sides will be parallel, 
(P. ni.). Any lateral face of the frustum, 
as AEea, is a trapezoid, whose altitude is 
equal to ij^ tbe slant height of the frustum ; 
hence, its area is equal to i {EA -\- ea) x Ff 
(B. IV., P. Vn.). But the area of the con- ^ 

vex surface of the frustum is equal to the sum of the areas 
of its lateral feces ; it ia, therefore, equal to the half sum 
of the perimeters of its npper and lower bases, multiplied 
by the slant height 
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PROPOSITION V. THEOREM. 



[ 



If the three faces which include a triedral angle of a prism 
are equal in all their parts to the three faces which include 
a triedral angle of a second prisrn, each to each, and ar$ 
like placed, the two prisms are equal in all their parts. 

JLiet J5 and b be the vertices of two triedral angles, 
Included by faces respectively equal to each other, and simi- 
larly placed: then will the prism ABCDE-K be equal to 
the prism ahcde-Jc^ in all of its parts. 

For, place the base 
abcde upon the equal K 

base ABODE, so that 
they shall coincide ; then 
because the triedral an- 
gles whose vertices are 
b and' B, are equal, 
the parallelogram bh will 
coincide with BH, and 
the parallelogram bf with 
BF I hence, the two 

sides fg and gh, of one upper base, will coincide with the 
homologous sides of the other upper base ; and because the 
upper bases are equal in all their parts, they must coincide 
throughout; consequently, each of the lateral faces of one 
prism will coincide with the corresponding lateral face of the 
other prism : the prisms, therefore, coincide throughout, and 
are therefore equal in all their parts; which was to be proved. 

Cor. If two right prisms have their bases equal in all their 
parts, and have also equal altitudes, the prisms themselves wiU 
be equal in all their parts. For, the faces which include any 
triedral angle of the one, will be equal in all their parts, to 
the faces which include the corresponding triedral angle of 
the other, each to each, and they will be similarly placed. 
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PEOPOSinON TL TEEOBEM. 

In any parallelqpipedony the opposite faces are equal in all their 
partSy each to each, and their planes are parallel. 

Let ABCD-H be a parallelopipedon : then will its 
opposite &}es be equal and their planes will be parallel* 

For, the bases, ABCB and EFGH 
are equal, and their planes parallel by 
definition (D. 7). The opposite faces 
AEHD and BFGG^ have the sides AE 
and BF parallel, because they are oppo- 
site sides of the parallelogram BE ; 
and the sides EII and FG parallel, 
because they are opposite sides of the parallelogram EG \ 
and consequently, the angles AEH and BFG are equal 
(B. VI., P. Xm.). But the side AE is equal to BF^ and 
the side EH to FG ; hence, the faces AEHD and 
BFGG are equal ; and because AE is parallel to BF^ 
and EH to FG^ the planes of the faces are parallel 
(B. VI., P. Xni.). In like manner, it may be shown that 
the parallelograms ABFE and DGGH^ are equal and their 
planes parallel : hence, the opposite faces are equal, each to 
each, and their planes are parallel ; which was to be proved. 

Cor. 1. Any two opposite feces of a parallelopipedon 
may be taken as bases. 

Cor. 2. In a rectangular parallelo- 
pipedon, the square of either of the 
diagonals is equal to the sum of the 
squares of the three edges which meet 
at the same vertex. 

For, let FB be either of the diagonals, and draw FS 
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Then, in the right-angled triangle FIH)^ we have^ 



Bat DH is equal to FB^ and F& 
18 equal to FJl plus AH^ or JY7 ^ : 

kence. 




i?!D' = i^J5' + FA'^ + J^C^ 



Cor. 3. A parallelopipedon may be constructed on thret 
straight lines ABy AD^ and AE^ intersecting in a common 
point Ay and not lying in the same plane. For, pass through 
the extremity of each line, a plane parallel to the plane of 
.the other two; then will these planes, together with the 
planes of the given lines, be the faces of a parallelopipedon. 



PROPOSITION Vn. THEOKEM. 

J^ a plane he passed through the diagonally opposite edges 
of a parallelopipedon^ it wiU divide the parallelopipedon 
into two equal triangular prisms. 

Let ABCD-H be a parallelopipedon, and let a plane 
be passed through the edges BF and DH \ then will the 
prisms ABB-H- and BGD-H be equal 
in volume. 

For, through the vertices F and B 
let , planes be passed perpendicular to 
FB^ the former cutting the other lateral 
edges in the points e, A, g^ and the 
latter cutting those edges produced, in 
the points a, t?, and c. The sections 
Fehg and Bade will be parallelograms, 
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because their opposite sides are parallel, each to each (B. VL| 
P. X.) ; they will also be equal (P. U.) : hence, the poly- 
edron Badc-g is a right prism (D. 2, 4), as are also the 
poljedrons Bad-h and Bcd-h. 

Place the triangle Feh upon JBadf, so that F shall 
coincide with B^ e with a, and h with d ; then, 
because eF^ hH^ are perpendicular to the plane Feh^ and 
aA^ dD^ to the plane Bad^ the line eF will take the 
direction aAy and the line hH the direction dD. The 
lines AF and ae are equal, because each is equal to BF 
(B. I., P. XXVm.). If we take away from the Ime aF 
the part ae, there will remain the part eF ; and if from 
the same line, we take away the part AF^ there will re- 
main the part Aa : hence, eF and aA are equal (A. 3) ; 
for a like reason hH is equal to dD : hence, the point 
E "v\dll coincide with A^ and the point H with 2>, and 
consequently, the polyedrons Feh-H and Bad-D will 
coincide throughout, and are therefore equal. 

If from the polyedron Bad-H^ we take away the 
part Bad-JD^ there will remain the prism BAD-H ; 
and if from the same polyedron we take away the part 
Feh-H^ there will remain the prism Bad-h : hence, 
these prisms are equal in volume. In like manner, it may 
be shown that the prisms BCD-H and Bcd-h are equal 
in volume. 

The prisms Bad-h^ and Bcd-h^ have equal bases, be- 
cause these bases are halves of equal parallelograms (B, L, 
P. XXVm., C. 1) ; they have also equal altitudes ; they are 
therefore equal (P. V., C.) : hence, the prisms BAD-H and 
BCD-H are equal (A. 1) ; which was to he proved. 

Cor. Any triangular prism ABD-H^ is equal to half of 
the parallelopipedon AO^ which has the same triedral angle 
A^ and the same edges AB^ ADy and AF^ 
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oposinoN vnL theorem. 



If two paraUelopipedona have a common lower baae^ and 
their upper bases between the same parallels^ they ar$ 
equal in volume. 

Let the parallelopipedons AG and AL have the com- 
mon lower base ABGD^ and their upper bafles EFOH 
and IKLM^ between the same parallels EK and HL : 
then will they be equal in volume. 

For, the linos EF and 
IK are equal, because each 
is equal to AB ; hence, 
the sum of EF and FI^ 
or EI^ is equal to the 
sum of FI and IK^ or 
FK. In the triangular 
prisms AEI-M and 

BFK-L^ we have the line AE equal and parallel to 
BF^ and EI equal to FK ; hence, the fiu)e AEI . is 
equal to BFK. In the faces EIMH and FKLQ, we have, 
HE=.OF, EI=FK and HEI=:GFK : hence, the two faces 
are equal (Bk. I. P. xxviii. C. 3) : the faces AEHD and BFQC 
are also equal (P. VI.) : hence, the prisms are equal (P. 
V.) 

If from the polyedron ABKE-H^ we take away the 
prism BFK-L^ there will remain the paraUelopipedon AG\ 
and if from the same polyedron we take away the prism 
AEI-M^ there will remain the paraUelopipedon AT. : hence, 
these parallelopipedons are equal in volume (A. 8) ; whidi 
was to be proved. 
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PEOPOSmON IX. THEOBEM. 

T^ two paraUdopipedona have a common lower bate and the 
sums altitude, th^y wt2 he egual in volume. 

Let the parallelopipedonB AG and AZ have the com- 
mon lower base ABCD and the same ^titude : then will 
they be eqoal in volume. 



altitude, th^ upper bases 




Because they have the s 
will lie in the same plane. 
Let the tddes IM and KL 
be prolonged, and also the 
ddes i^ and Q3 ; these 
prolongations will form a 
paraUelogram Q, which 
will be etjnal to the com- 
mon base of the ^ven par- 
allelopipedons, because its 
udes are respectively parallel 
and equal to the correspond- 
ing aidea of that base. 

Now, if a third parallelopipedon be constructed, having 
for its lower base the parallelogram ABCD^ and for its 
upper base NOPQ, this third parallelopipedon will bo equal 
tn volume to the parallelopipedon A6, since they have the 
aame lower base, and lli^ir upper bases between the same 
parallels, QG, NF (P. Vm.). For a like reason, tiis 
third parallelopipedon will also be equal in volume to the 
parallelopipedon AL : hence, the two parallelopipedons AG 
AZ, are equal in volume ; which kos to be proved. 

Cor, Any oblique parallelopipedon may be changed into a 
right parallelopipedon having the same base and the same 
altitade; and they will be equal in volume. 
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PROPOSITION X. PROBLEM. 



To construct a rectangular paraUelopipedon which shaU be 
equal in volume to a right paraUelopipedon whose base 
is any parallelogram. 

Let ABCD-M be a right paraUelopipedon, haying for 
its base the parallelogram ABCD, 

Through the edges AI and BK pass 
the planes AQ and J5P, respectively 
perpendicular to the plane AK^ the for- 
mer meeting the face DL in OQ^ and 
the latter meeting that face produced in 
NPx then will the polyedron AP be a 
rectangular paraUelopipedon equal to the 
given paraUelopipedon. It wiU be a rect- 
angular paraUelopipedon, because aU of its 
fkces are rectangles, and it wiU be equal to the given 
paraUelopipedon, because the two may be regarded as having 
the conunon base AK (P. VI., C. 1), and an equal altitude 
AO (P. IX.). 




Cor. 1. Since any oblique paraUelopipedon may be changed 
into a right paraUelopipedon, having the same base and alti- 
tude, (P. IX., Cor.) ; it foUows, that any oblique paraUelopipedon 
may be changed into a rectangular paraUelopipedon, having 
an equal base, an equal altitude, and an equal volume, 

Cor. 2. An obUque paraUelopipedon is equal in volume lo 
a rectangular paraUelopipedon, having an equal base and an 
equal altitude. 

(7or. 3. Any two paraUelopipedons are equal in volome 
when they have equal bases and equal altitudes. . 
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PROPOSITION XI. THEOKEM. 

I\oo rectanffvlar paraMdopipedons Jiaving a common Uywer 
basBj are to each, other as their altitudes. 

Let the parallelopipedons AG and AJj have the com 
mon lower base AJ8CD: then will they be to each other* 
as their altitudes A^ and AI, 

1^. Let the altitudes be commensurable, and suppose, for 
example, that AJS is to AIj as 15 is to 8. 

Conceive A^ to be divided into 15 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to A BCD. These planes will 
divide the parallelopipedon AG into 15 parallelopipedons, 
which have equal bases (P. U. C.) and equal altitudes ; 
hence, they are equal (P. X., Cor. 3). 

Now, AG contains 15, and A-L 8 
of these equal parallelopipedons ; hence, 
^6^ is to Alfj as 15 is to 8, or as 
^Z7 is to AI. In like manner, it may 
be shown that AG is to AL^ as AE 
k to AI^ when the altitudes are to each 
other as any other whole nnmbers. 

2^. Let the altitudes be incommensur- 
able. 

Now, ]S AG ia not to AL^ as AE is to AIj let vs 
sappose that, 

AG I AL I I AE : AO^ 

in which AO is greater than AI. 

Divide AE into equal parts, such that each shall be 
less than 01 \ there will be at least one point of division 

18 
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m, between O and I. Let P denote the paraUeloppe- 
don, whose base is ABCD^ and altitude Am ; since the 
altitudes AE^ Am, are to each other as two whole num- 
berSi we have, 



AG : P : : AE : 
But| by hypothesis, we have, 

AG : AZ : : AE 
therefore (B. H., P. IV., C), 
AL I P i: AO 



Am. 



A0\ 



Am. 




But AO is greater than Am ; hence, if 
the proportion is true, AL must be greater than P. On 
the contrary, it is less ; consequently, the fourth term of 
the proportion cannot be greater than AI. In like miEamer, 
it may be shown that the fourth term cannot be less thaa 
AI ; it is, therefore, equal to AL In this case, therefore^ 
AG is to ALj as AE is to AL 

Hence, in * all cases, the given parallelopipedcms are te 
each other as their altitudes; tohich wcu to be proved. 

8ch. Ajij two rectangular parallelopipedons whose bases an 
equal in all their parts, are to each other as their altitudes. 



PROPOSITION Xn. THEOKEM. 

Two rectangular parallelopipedons having equal altitudes^ an 
f to each other as their btzses. 

Let the rectangular parallelopipedons AG and AUET hsfB 
the same altitude AE : then will they be to each odier tf 
their bases. 



BOOK VII 



195 



For, place them as shown in the figure, and produce the 
plane of the face iVZ, until 
it intersects the plane of the 
face HC^ in PQ\ we shall 
thus form a third rectangular 
parallelopipedon A Q, 

The parallelopipedons AG 
and AQ have a common 
base AS"; they are there- 
fore to each other as their 
altitudes AJB and AO 
(P. XL) : hence, we have 
the proportion, 




vol, AG :' vol. AQ 



AJB 



AO. 



The parallelopipedons AQ and A^ have the common base 
A L ; they are therefore to each other as their altitudes 
AD and AM: hence. 



vol. AQ : vol. AK 






AD : AM. 



Multiplying these proportions, term by term (B. 11., P. XIL), 
and omitting the common factor, voLAQ^ we have, 

vol. AG : V0I.AK : : AB x AD : AO x AM. 

But AB X AD is equal to the area of the base AJB CD: 
and AO X AM is equal to the area of the base AMN'O 
hence, two rectangular parallelopipedons haying equal alti 
tndes, are to each other aa their bases ; tohich tons to he 
proved. 
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Any tiBO rectangular paraUelopipedona art to each other at 
the products of their bases and altitudes ; that is,, as tin 
products of their three dimensions. 



Let AZ and AG he 
any two rectangular paral- 
lelopipedoDS : then will they 
V>o to each otlfbr as tlie 
products of their three di- 
mensioDs. 

For, place them as in the 
figure, and produce the faces 
necessary to complete the 
rectangular parallelopipedon jj' 

AK. The parallelopipedons 
AZ and A^" have a com- 
mon base Alf ; hence (P. XL), 



\^ 



'\ 



vol. AZ 



vol. . 



The parallelopipedons AK and 
alutude AM ; hence (P. XIL), 



: AE. 
have 



B oommon 



va.AK : vol. AG 



AMNO : ABGD. 



Multiplying these proportions, term b; term, and omitting 
the common &ctor, -ocA. AK, we have, 



vd.AZ : vol. AG 



AMNO X AX : ABCJ> x AS; 
AO, and ASCJ> to 



or, fdnce AMlfO ia equal to AM 
AB X AD, 

oolAZ : V0I.AG : : AMxAOxAJC : ABxAJ>KA£i 

uAich VMS to be proved. 
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Cor. 1. If we make the three edges AM^ AO^ and 

AX^ each equal to the linear unit, the parallelopipedon AZ 

-will be a cube constructed on that unit, as an edge ; and 

consequently, it will be the unit of volume. Under this 
supposition, the last proportion becomes, 

1 : vol AG : : 1 : AJ3 x AD x AB ; 

■ ^irh.eiice 

vol. AG = AB X AD x AK 

Hence, the volume of any rectangular paraIlelopi2>edon is 
equal to the prodicct of its three dimensions / that is, the 
number of times which it contains the unit of volume, L? 
equal to the number of linear units in its length, by the 
number of linear units in its breadth, by the number of 
linear units in its height. 

Cor. 2. The volume of a rectanguUxr paraUelqpipedon is 
equal to ths product of its base and altitude / that is, the 
niunber of times which it contains the unit of volume, is 
equal to the number of superficial units in its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any parallelopipedon is equal to 
the product of its base and altitude (P. X., C. 2). 

PROPOSITION XIV. THEOREM. 

The volume of any prism is equal to the product of its 

base and altitude. 

Let ABGDE-K be any prism : then is its volume 
, equal to the product of its base and altitude. 

For, through any lateral edge, as AF^ and the other lateral 
edges not in the same faces, pass the planes AH^ Aly dividing 
the prism into triangular prisms. These prisms will all have 
a common altitude equal to that of the given prism. 
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Now, the voldme of any one of the triaogalor jvigou, u 
ABCS, IB equal to half that of a parallelopipedon ooo- 
Btructed on the edges BA, SC, BG 
(P. Vn^ C.) ; but the volume of this par- 
allelopipedon is equal to tho product of its 
base and altitude (P. XIII., C. 3) ; and 
because the base of the prism is half 
that of the parallelopipedon, the volume 
of the prism is also equal to the pro- 
duct of its base and altitude : hence, 
the Buiu of the triangular prisma, which 
make ap the given prism, is equal to the sum of thor 
basea, which make up the base of the given prism, into 
their common altitude ; which was Co be proved. 

Cor. Any two prisma are to each other as the products 
of their bases and altitudes. Prisms having equal bases are 
to each otber as their altitudes. Prisms having equal alti- 
tudes are to eaeh other as their bases. 




PEOPOSinON XV. THBOBEM. 



7\oo triangvJar pyramids having equal bases and equal 6 
tudea, are equal i 



Let S-ABC, and S-ahc, be two pyramids having thar 
equal bases ABC and abo iu the same plane, and let AT 
be their common altitude : then will they be equal in vol- 
ume. 

For, if they are not equal in volume, suppose one of 
them, as 8- ABC, to be the greater, and let their diffir- 
ence'be equal to a prism whose base is ABC, and who« 
altitude is Aa. 
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Divide the altitude AT into equaX parts Ax, to/, Ac, 
. eadi of which is Jess than Aa, and let k denote one of 
tfaeso parts ; throogh the points of dividon pass planes par- 
aUei to the plane of the bases ; the sections of the two 
pyramids, by each of these planes, will be eqnal, namely, 
I>£^ to d^, GfSJ to firAt, <fco. (P. HI., C. 2). 





On the triangles ABC, DBF, &c., as lower bases, oon- 
struct esterior prisma whose lateral edges shall be parallel 
to AS, and whose altitudes shall be equal to ki and on the 
triangles def, gki, &e., ' taken as npper bases, constmet inte- 
rior prisms, whose lateral ed^es shall be parallel to 8a, and 
whose altitudes shall be equal to £. It is evident that the 
sum of the exterior prisma is greater than the pyramiil 
S-ABC, and also that the sum of the interior prisms is less 
than the pyramid S~abc : hence, the diGTerence between the 
sum of the exterior and the sum of the interior prisms, is 
greater than the difierence between the two pyramids. 

Now, beginning at the bases, the second exterior 
prism EFI>-G, is eqnal to the first interior prism efd-a. 
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because they have the same altitude k, and their bases 
JEFDy efd^ are equal : for a like reason, (Jie third exterior 
prism HIO-K^ and the second interior prism hig-d^ are 
equal, and so on to the last in each set : hence, each of the 
exteridr prisms, excepting the first BOA-D^ has an equal 
corresponding interior prism; the prism BGA-D, is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior prisms. But the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference was 
supposed to be equal to a prism whose base is BCA^ and 
whose altitude is equal to Aa^ greater than h ; conse- 
quently, the prism BCA-D is greater than a prism having 
the same base and a greater altitude, which is impossible . 
hence, the supposed inequality between the two pyramids 
cannot exist ; they are, therefore, equal in volume ; which 
was to be proved. 



PROPOSITION XVI. THEOREM. 

Any triangular prism may he divided into three trianguUxt 
pyramids^ equal to each other in volume. 



Let ABC-D be a triangular 
prism : then can it be divided into 
three equal triangular pyramids. 

For, through the edge AC^ 
pass the plane AGJB\ and through 
the edge EF pass the plane 
, EFG. The pyramids AOE-F and 
ECB-F, have their bases AGE 
and EGD equal, because they are 
halves of the same parallelogram 
AGDE\ and they have a common 
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altitude, because their bases are in the same plane AD^ and 
their vertices at the same point F\ hence, they are equal 
in volume (P. XV.). The pyramids ABG-F and DEF-G^ 
have their bases ABC and DEF^ equal because they are 
the bases of the given prism, and their altitudes are equal 
because each is equal to the altitude of the prism ; they 
are, therefore, equal in volume : hence, the three pyramids 
into which the prism is divided, are all equal in volume ; 
which was to he proved. 

Cor. 1. A triangular pyramid is one-third of a prism, 
having an equal base and an equal altitude. 

Cor. 2. The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PROPOSITION XVn. I'HEOEEM. 

The volume of any pyramid is equal to one-third of the 

product of its base and altitude. 

Let S-AJBOjDEj be any pyramid: then is its volume 
equal to one-third of the product of its base and altitude. 

For, through any lateral edge, as SE^ 
pass the planes SEB^ SEG^ dividing the 
pyramid into triangular pyramids. The alti- 
tudes of these pyramids will be equal to 
each other, because each is equal to that 
of the given pyramid. Now, the volume 
of each triangular pyramid is equal to one- 
third of the product of its base and alti- 
tude (P. XVI., C. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 

• 

equal to one-third of the product of the sum of their ba'^os 
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by their common altitude. But the sum of the triangular 
pyramids is equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid: 
hence, the volume of the given pyramid is equal to one- 
third of the product of its base and altitude ; which uhu to 
be proved. 

Cor, 1. The volume of a pyramid is equal to one-third 
of the volume of a prism having an equal base and an eqaal 
altitude. 

Cor. 2. Any two pyramids are to each other as tht 
products of their bases and altitudes. Pyramids having equal 
bases are to each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

Scholium. The volume of a polyedron may be foimd by 
dividing it into triangular, pyramids, and computing their 
volumes separately. The sum of these volumes will be equal 
to the volume of the polyedron. 



PROPOSITION XVm. THEOEEM. 

T?ie volume of a frustum of any triangxjUar pyramid is 
equcd to the sum of the volumes of three pyramide 
whose common altitude is that of the frustum^ and whose 
bases are the lower ^ase of t/ie frustum^ the upper base 
of the frustum^ and a mean proportion^ between the tvco 
bases. 

Let FGH-h be a fiustum of any triangular pyramid: 
«hen will its volume be equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base FOHy the upper base fgf^ and 
a mean proportional between their bases. 
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For, through the edge FH^ pass the plane FHg^ and 
through the edge fg^ pass the plane fgH^ dividing the 
frustum into three pyramids. The pyra- 
mid g-FGH^ has for its base the lower 
base FGH of the frustum, and its al- 
titude is equal to that of the frustum, 
l#ecause its vertex g^ is in the plane of 
he upper base. The pyramid H-fgh^ 
has for its base the upper base fgh of 
the frustum, and its altitude is equal to 
that of the frustum, because its vertex 
lies in the plane of the lower base. 

The remaining pyramid may be regarded as having the 
triangle FfM for its base, and the point g for its vertex. 
From g^ draw gK parallel to fF^ and draw also KIT and 
Kf. Then will the pyramids K-FfH and g-FfH^ be equal; 
for they have a common base, and their altitudes are equal, 
because their vertices K and g are in a line parallel to 
the base (B. VI., P. XH., C. 2). 

Now, the pyramid K-FflT may be regarded as having 
FKH for its base and f for its vertex. ■ From K^ draw 
KL parallel to GS^ it will be parallel to gh : then will 
the triangle FKL be equal to fgh^ for the side FK is 
equal to fg^ the angle F to the angle /, and the angle K 
to the angle g. But, FKH is a mean proportional between 
FKL and FQH (B. IV., P. XXIV., C), or between fgh 
and FGH. The pyramid f-FKH^ has, therefore, for its 
base a mean proportional between the upper and lower bases 
of the frustum, and its altitude is equal to that of the frus- 
tum ; but the pyramid f-FKH is equal in volume to the 
pyramid g-FfHi hence, the volume of the given frustum is 
equal to that of three pyramids whose common altitude is 
equal to that of the frustum, and whose bases are the upper 
base, the lower base, and a mean proportional between 
them ; which was to he proved. 
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Ciyr. The volume of the fntstum of any pyramid is 
equal to the sum of the volumes of three pyramids tohose 
commoyi altitude is that of the frustum^ and whose basses 
are the lower ba^e of the frustum^ the upper base of thi^ 
frustum^ and a mean proportional between them. 

For, let ABCDE-e be a frustum of 
any pyramid. Through any lateral edge, as 
eE^ pass the planes eEBb^ eECc^ divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
fmstiun, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
up a mean proportional between the upper and lower base 
of the given frustum : hence, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is the lower base of 
of the frustum ; the sum of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
fl-ustura, and whose base is the upper base of the frustum; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude is that of the frustum, and whose base 
is a mean proportional between the two bases. . 

A" 

PROPOSITION XIX. THEOREM. 

Similar triangular prisms are to each other as the cubes -of 

their homologous edges. 

Let CBD'Py cbd-py be two similar triangular prisms, 
and let B (7, bc^ be any two homologous edges : then will 

the prism CBD-P be to the prism cbd-pj as BC^ to b? 



BOOK VII. 



305 



and b are equal, and 
similar (U. 16) : heoos, 




For, the homologong angles 
the tkcea which bound them 
these triedral angles may be 
applied, one to the other, so 
that the angle cbd will coin- 
cade irith C'BI>y the edge ba 
with BA. In this case, the 
prism ^d-p will take the 
position Scd-p. From A 
draw Aff perpendicular to 

the common base of the prisms : then will the plaqe BAH 
be perpendicnlar to the plane of the common base (B, YI., 
P. XVI.). From «, in the plane BAS, draw ah 
perpendicular to BH : then will ah also be perpendicular 
to the base BDC (B. VL, P. XYH.) ; and AJEC, ah, will 
be the altitudes of the two prisms. 

Since the bases CBB, cM, are similar, we have (B. IV., 
P. XXV.), 

base CBJ> : base cbd : : GB* • c?. 

Now, because of the ^mllar triangles ABM, aBhy and of 
the ramilar parallelograma AC^ oc, we have, 

AS : ah : : CB : cb ; 

hence, multiplying these proportions term hy term, we have, 

base CBD x AS ; base cbd x ah : : CP : eft*. 



Bat, base CBD x AH is equal to the volume of the prism 
CJ)B-A, and base ci>d X ah is equal to the volume of 
the prism <Ad-p ; hence, 

prism CJOB-P : prism ebd-p : : CH : cP ; 

whieh uas to be proved. 
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Ciyr. 1. Any ttoo similar prisms are to eo/ch oAer as 

ihe cubes of their homologous edges. 

For, since the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each be 
divided into the same number of similar triangles, similarly 
placed (B. IV., P. XXVI.) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces omilar and like placed ; consequently, the tri- 
angular piisms are similar (D. 16). But these triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal prisms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologous 
lines. 



PROPOSITION XX. THEOREM. 

Similar pyramids are to ea>ch other as the cubes of thrif 

homologous edges. 

Let 8-ABGDE^ and S-abcde^ be two dmilar pyrar 
mids, so placed that their homologous angles at the vertex 
shall coincide, and let A£ and ab be 
any two homologous edges : then will the 
pyramids be to each other as the cubes 
of AJB and ab. 

For, the fiice SABj being similar to 
Sab^ the edge AJB is parallel to the 
edge aby and the fece SBG being simi- 
lar to SbCy the edge JBO is parallel to 
be ; hence, the planes of the bases are 
parallel (B. VI., P. XTTT.). 
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Draw SO perpendicular to the base ABGDE ; it will 
also be perpendicular to the base abode. Let it pierce that 
plane at the point o : then will SO 
be to Soj as SA is to Sa (P. IH), S 

or as AS is to (zb ; hence, 

iSO : iSo : : AB : ab. 

But the bases being similar polygons, we 
have (B. IV., P. XXVIL), A^ 

bdse ABODE : base abode :: AW : oft*. 




Multiplying these proportions, term by term, we have, 

base ABODE X \S0 : base abode X \So :: AB^ : ab\ 

But, base ABODE x {SO is equal to the volume of the 
pyramid S- ABODE, and base abode X \So is equal to 
the volume of the pyramid S-abode ; hence, 

pyramid S-AB ODE : pyramid S-dbode :: AB^ • oJ*; 
which toas to be proved. 



Oor. Similar pyramids are to each other as the cubes of 
their altitudes, or as the cubes of any other homologous 
Inies. 
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/ f"^-/ ^ GENERAL FORMULAS. 

/' / It we denote the volume of any prism by "FJ its base 
by B^ and its altitude by J25 we shall have (P. XlV.), 

V = B X H (1.) 

» 

If we denote the volume of any pyramid by F", ite 
base by i?, and its altitude by H^ .we have (P. XVJI.), 

V- \B X R (2.) 

If we denote the volume of the frustum of any pyramid 
by "Fi its lower base by B^ its upper base by J, and 
its altitude by H^ we shall have (P. XVIU., C), 



F = i(^ + J + VB X h) X IT * * (8.) 
REGULAR POLYEDRONS. 

A Eegulae PoLYEPEOiT is one whose faces are all equal 
regular polygons, and whose polyedral angles are equal, 
each to each. 

There are five regular polyedrons, namely : 

^^ * 

1. The Tetraedeon, or regular pyramid — a polyedron 

bounded by four equal equilateral triangles. 

2. The Hexaedbon, or cube — a polyedron bounded by 
six equal squares. 

3. The OcTAEDBON — a polyedron bounded by eight equal 
equilateral triangles. 

4, The DoDEGAEDBOK — a polyedron bounded by twelve 
equal and regular pentagons. 



/ 
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6. The IcosAEDEON — a polyedron bounded by twenty 
equal equilateral triangles. 

In the Tetraedron, the triangles are grouped about the 
prfyedral angles in sets of three, in the Octaedron they are 
grouped in sets of four, and in the Icosaedron they are 
grouped in sets of five. Now, a greater number of equi- 
lateral triangles cannot be grouped so as to form a salient 
poJyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges would be equal to, or greater 
than, four right angles, which is impossible (B. VI., P. XX). 

In the Hexaedron, the squares are grouped about the 
polyedral angles in sets of three. Now, a greater number 
of squares cannot be grouped so as to form a salient polye- 
dral angle ; for the same reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
idbouit the polyedral angles in sets of three, and for the same 
reason as before, they cannot be grouped in any greater 
Bomber, so as to form a salient polyedral angle. 

Furthermore, no other regular polygons can be grouped 
00 as to form a salient polyedral kagle ; therefore, 

Onl}/ Jive regular polyedrons can be formed* 

14 



BOOK VIII. 



THV OYLINDSB, THS COHB, AHD THB BFHKKB, 



DKFINITIOire. 




1. A Ctukdsb is a volume whloli may be generated by 
a rectangle revolving about one of its radea as sa axU. 

Thus, if the rectangle A-BCD be turned about the ade 
A£, as an axis, it will generate the cylinder FQGQ-P. 

The fixed line AB is called the aais 
. qf the cylinder ; the curved sur&oe generated 
by the mde CD, opposite the axis, is called 
the conuex Biirface of the cylinder; tlie equal 
drclea FOCQ, and EBDP^ generated by 
the remaining sides BO and AD, are called 
hcaee (ff the cylinder ; and the perpendicular 
distance betiveen the planes of the bases, is 
called the altitude of the cylinder. 

The line DC, which generates the convex sni&ce, is, in 
any position, cnlled an element of the surface ; the elemaiH 
are all peipendicular to the planes of the bases, and any 
one of them is equal to the altitude of the cylinder. 

Any line of the generating rectangle ABCD, as IK, 
vhich is perpendicular to the axis, will generate a drde 
whose plane is perpendicular to the axis, and vhioh Ja cqua 
t« either base : hence, any section of a cylinder by a plan 
perpendicular to the axis, is a circle equal to either base 
Any section, FGDE, made by a plane through the axis 
is a rectangle double the generating rectangle. 
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2. Similar Ctlixdeks are those which may be generated 
by Bunilar rectangles revolving about homologous sides. 

The axes of similar cylinders are proportional to the miK 
of their bases (B. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cylinders. 



3, A pnsm is add to be inscnbed 
in a cylinder, when its bases are in- 
scribed m the bases of the cylinder. 
Ill tins case, the cylinder is said to 
be cironmscribed about the prism. 

The lateral edges of the inaoribed 
piism are elements of the snr&ce of 
the circumscribing cylinder. 



4. A prism is said to be cireum^ 
eeribed about a cylinder, when its 

bases are circumscribed about the bases of the cylinder. 
In this cane, the cylinder is sdd to be inscribed in the 
pritm. 

The straight lines which join the 
corresponding points of contact in the 
upper and lower bases, are common to 
tbe sor&ce of the cylinder and to the 
lateral ikces of the prism, and they 
are the only lines which are common. 
The lateral faces of the prism are said 
to be tangent to the cylinder along 
these lines, which are then called tie- 
ments of contact, ^. 

5, A Conk is a volume which may be generated by a 
righuangled triangle revolving about one of the rides adjik 
cent to the right angle, as an axis. 
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Tiins, if the triangle SAM, rigiit-aiigled at A, be tnm«3 
about tbe dde 8A, as an axis, it will generate the com 
S-CDBK 

The fixed line SA, is called tfte 
axis of the cone ; the curved suriace 
gcnei'ated hy the hypothenuse SB^ is 
called the convex surface of the cone ; 
the circle- generated by the side AS, 
Is called the base of the cone ; and 
the point S, is called the vertex of 
the cone ; tliQ distance from the vertez 
to any poinf in the circumference of the 

base, is called the slant height of the cone ; and the per- 
pendicular distance from the vertex to the plane of the baie, 
is called the altitude of the cone. 

The line SB, which generates the convex snr&oe, is, in 
any position, called an element of the svjface ; the Memento 
are all equal, and any one is equal to the slant height ; tbe 
axis is equal to tbe altitude. 

Any line of the generating triangle 8 AS, aa QE, 
which is perpendicular to the axis, generates a circle irhwe 
plane is perpendicular to tbe axis : hence, any section of a 
cone by a plane perpendicular to the axis, is a circle. Any 
section SBC^ made by a plane through the axis, is >an 
isosoelea triangle, double the generating triangle. 



6. A Tbukcated Cone is that portion of a cone inolnded 
between the base and any plane which cuts the cone. 

Wben the cutting plane is parallel to the plane of the 
base, tbe truncated cone is called a Fbustox or a Conk, and 
the intersection of the cutting plane with the cone Is called 
the upper base of the frustum ; the base of the cone a 
I'-nlled the lower base of the trnstnm. 
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If the trapezoid HOAB^ right-an- 
;led A and 6?, be revolved about 
16r, as an axis, it will' generate a frus-^ 
um of a cone, whose bases are MGDB 
nd FKH^ whose altitude is AGr^ and 
irhose slant height is BH, 



7. SiMiLAB Cones are those which may be generated 
»7 similar right-angled triangles revolving about homologous 
ides. 

The axes of edmilar cones are proportional to the radii 
►f their bases (B. IV., D. 1) ; they are also proportional to 
ny other homologous Unes of the cones. 



8. A pyramid is said to be in- 
\CTihed in a cone, when its base is 
ascribed in the base of the cone, and 
rhen its vertex coincides with that of 
he cone. 

The lateral edges of ^ the inscribed 
>yramid are elements of the surfe.ce of 
he circumscribing cone. 



9. A pyramid is said to be circumscribed about a cone^ 
rhen its base is circumscribed about the base of the cone, 
.nd when its vertex coincides with that of the cone. 

In this case, the cone is said to be inscribed in the 
Pl/ramid. 

The lateral faces of the circumscribing pyramid are tan- 
;ent to the surface of the inscribed cone, along lines which 
re called elements of contact. 




10. A frustum of a pyramid is inscribed in a frustum 
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of a cone, when its bases are inscribed in the. bases of the 
fiTistum of the cone. 

The lateral edges of the inscribed ^ frostom of a pyramid 
are elements of the surface of the circumscribing frustum of 
a cone. 

11. A frustum of a pyramid is circumscribed about a 
frustum of a cone, when its bases are circumscribed abont' 
those of the frustum of the cone. 

Its lateral faces are tangent to the sur&ce of the frustmn 
of the cone, along lines which are called elements of contact, 

12. A Sphere is a volume bounded by a sur&ce, everj 
point of which is equally distant from a point within called 
the centre. 

A sphere may be generated by a semicircle revolving 
about its diameter as an axis. 

Id. A Radius of a sphere is a straight Une drawn from 
the centre to any point of the surface. A Diametbb is any 
straight line drawn through the centre and limited at both 
extremities by the surface. 

All the radii of a sphere are equal : the diameters are 
also equal, and each is double the radius. 

i 

14. A Spuerical Sector is a volume which, may be gi-ii- 
eratod by a sector of a circle revolvin<:i^ about tlie diameter J 

nassinir ihroii^li either extreniitv of tlie arc. 

I. . . . ^ 

The surface generated by the arc is called the base of ; 
the sector. 



15. A plane is Tangent to a Spbebe when it touches 
it in a single point. 

16. A Zone is a portion of the surface of a fsphere 
included between two parallel planes. The bounding lines 



r 

I 
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oi the sections are called bases of the zone, and the diatance 
between tho planes ia called the altitude of the zone. 

If one of the planes ia tangent to the Bphere, the zone 
baa but one base. 

11. A Sphsbioal Seombht ia a portion of a sphere in- 
cluded between two parallel planes. The sections made by 
the planes are called bases of the segment, and the distance 
between them is called the altitude of the segment. 

If one of the planes is tangent to the sphere, the seg- 
ment has but one base. 

The CmsDBB, the Cons, and the Sfhzbe, are sometimee 
called Thb Thbek Botjitb Bodhs. 



PBOPOSITION L THEOKBM. 



T^ convex aur/aee of a cylinder is equai to the circianr 
ference qf its base multiplied by the aititude. 

Let ABD be the base of a cylinder whose altitude is 
S : then will its convex surface be equal to the drciun- 
ference of its base multiplied by the altitude. 

For, inscribe within the cylinder a 
prism whose base is a regular polygon. 
The convex sur^e of this prism will 
be equal to the perimeter of its base 
multiplied by its altitude (B. VII., P. L), 
whatever may bo the number of rides 
of its base. But, when the number of 
ndes is infinite (B. V., P. X., 0. 1), the 
convex sur&ce of the prism coinades with 
that of the cylinder, the perimeter of 
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the base of tho prism ooinoides with tho ciroamfcreDce ot 
the base of the cylinder, and the altitndo of the prism ii 
the same as that of the cylinder : hence, the convex sur&o* 
of the cylinder is equal to the circumference of its bue 
multiplied by the altitude ; which was to be proved. 

Cot. The convex suriaces of cylinders having eqaal altK 
tndes are to each other as the circumferences of their bams. 



FSOPOsrnoN n. theoeem. 

7A« volume of a cylinder is equal to the product qf itt 
base and altitude. 

Let ABJ) be the base of a cylinder whose altitude is 
S ; then will its volume be equal to the product of its 
base and altitnda 

For, inscribe Wthin it a prism whose 
base is a regular polygon. The volume 
of this prism is equal to the product 
of its base and altitude (B. YIL, P. 
JU.V.), whatever may be the number of 
odes of its base. But, when the num- 
ber of ■ udes is infinite, the prism coin- 
aides with the cylinder, the base of the 
prism with the base of the cylinder, and 
the altitude of the prism is the same 
as that of the cylinder : hence, the volume of the cylinder 
is equal to the product of its base and altitnde ; which hhh 
to be proved. 

Cor. 1. Cylinders are to each other as the prodncts of 
their bases and altitudes ; cylinders having equal bases an 
to each other as their altitudes ; cylinders having equal altih 
tndes are to each other as their bases. 



XI 
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Cot. 2. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. 

' For, the bases are as the squares of their radii (B. Y^ 
P. Xin.), and the cylinders being wmUar, these radii are to 
each other as their altitudes (D. 2) : henoe, the bases are 
as the squares of the altitudes ; therefore, the bases multiplied 
by the altitudes, or the cylinders themselves, are as the 
eabes of the altitudes. 



PHOPOSmON HL THEOREM. 

The convex gurjace of a cone is equal to the circumferettoe 
of its base multiplied by half tJie elant height. 

Let S-ACD be a cone trhose base is AGI>, and whose 
fdant height is SA : then will its convex sar&ce be equal 
to the circumference of its base multiplied by half the slant 
height. 

For, inscribe within it a right pyramid. 
The convex surface of thb pyramid is 
equal to the perimeter of its base mul- 
tiplied' by half the slant height (B. VII., 
P. IV.), whatever may be the number 
ot sides of its base. But when the num- 
ber of sides of the base is infinite, the 
convex snr&ce coinddes with that of the 
cone, the perimeter of the base of the pyramid coinddes with 
the drcumferenee of the base of the cone, and the slant height 
of the pyramid is equal to the slant height of the cone ; 
hence, the convex surface of the cone is equal to the oir- 
cnmference of its base multiplied by half the slant height ; 
which wai to be proved. 
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The convex ettrjace of a friatum of a cone is equal to 
half the sum of the circumferences of it» two baeea 
multijdied by the slant height. 

Let JUA-D be a frustum of a cone, STA and EQD 
its two bases, and BJB its slant height : then is its convex 
Burfitce equal to half the sum of the ciroumierencea of tti 
two bases multiplied by its slant height. 

For, inscribe within it the frustum 
of a right pyramid. The convex sur-' 
&ce of this frustnm is equal to half 
the sum of the perimeters of its bases, 
multiplied by the slant height (B. YII., 
P. IV., C), whatever may be the 
number of its lateral faces. But when 
the number of these &ces is infinite, 

the convex surface of the frustum of the pyraimd coinddet 
with that of the cone, the perimeters of its bases coindde 
with the circnmferenoes of the bases of the frustum of the 
cone, and its slant height is equal to that of the cone: 
hence, the convex snrSice of the frustum of a cone is equal 
to half the sum of the circumferences of its bases multiplied 
by the slant h^ght ; which was to be proved. 

Scholium. From the extremities A and D\ and fiom 
the middle point ^ of a line AI>, let the lines AO, DC, 
and IK, be drawn perpendicular to the axis OQ: then will 
IK be equal to half the sum of -40 and DC. For, 
draw Dd and It, perpendicular \io AO : then, because Ai 
is equal to W, we shall have Ai equal to id (B. IV., P. 
XV.)i and consequently to &; that is, AO exceeds IK 
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as much as IJST exceeds DC: hence, l^ is equal to the 
half sum of AO and DO. 

Now, if the line AD be revolved about 0(7, as an 
axis, it will generate the surface of a frustum of a cone 
whose slant height is AD ; the point I will generate a 
circumference which is equal to half the sum of the cu'cuni- - 
iirences generated by A and I?: hen^^ if a, straight line 
fe revolved about another straight liriib^' it ihiU generate a 
surface whose measure is equal to the product of the gene- 
rating line and the circumference generated by its middle 
point 

This proposition holds true when the line AD meets 
0(7, and also when AD is parallel to 00. 



\ 



PROPOSITION V. THEOREM. 



The volume of a cone is equal to its hose multiplied by 

one-third of its altitude. 

Let AJBDJE be the base of a cone whose vertex is 5, 
and whose altitude is So : then will its volume be equal to 
the base multiplied by one-third of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid 
is equal to its base multiplied by one- 
third of its altitude (B. VH., P. XVn.), 
whatever may be the number of its 
lateral feces. But, when the number 
of lateral faces is infinite, the pyramid 
coincides with the cone, the base of 
the pyramid coincides with that of the 

cone, and their altitudes are equal : hence, the volume of a 
cone is equal to the base multiplied by one-third of the 
altitude ; which was to he proved. 
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Cor. 1. A cone is equal to one-third of a cylinder hav:- 
ing an equal base and an equal altitude. 

Cor, 2. Cones are to each other as the products of 
their bases and altitudes. Cones having equal bases are to 
each other as their altitudes. Cones having equal altitudes 
are to each other as their bases. 



PROPOSITION VI. THEOBEM. 

« 

Tihe mlume of a frustum of a cone is equal to the sum 
of the volumes of three cones, having for a common 
altitude the altitude of the frustum, and for hoses ths 
lower base of the frustum, the upper base of the frus 
tum, and a *mean proportional between the bases. 

Let SIA be the lower base of a frustum of a conOi^ 
JEGD its upper base, and 00 its altitude: then will its 
volume be equal to the sum of three cones whose common 
altitude is 00, and whose bases are the lower base, the 
upper base, and a mean proportional between them. 

For, inscribe a frustum of a right 
pyramid in the given 'frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pyramids whose common altitude is 
that of the frustum, and whose bases 
are the lower base, tlie upper base, 
and a mean proportional between the 
two (B. Vn., P. XVm.), whatever 

may be the number of lateral faces. But when the numbei 
of faces is infinite, the frustum of the pyramid coincides 
with the frustum of the cone, its bases with the bases of 
tihe cone, the three pyramids. become cones, and their altitudes 
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are equal to that of the frustum ; hence, the yolnme of the 
frustum of a cone is equal to the sum of the volumes of 
three cones whose common altitude is that of the frustum, 
and whose bases are the lower base of the frustum, the 
apper base of the frustum, and a mean proportional between 
them ; which teas to be proved. 



PROPOsmoN vn. theorem. 

Any section of a sphere made ty a plane^ is a circle. 

Let C be the centre of a sphere, CA one of its 
radii, and AMJB any section made by a plane : then will 
this section be a circle. 

For, draw a radius CO perpen- _-C^^ 

dicular to the cutting plane, and let /^— i-^CX 

ip pierce the plane of the section at 7% ^ — Urj^IIZ I^^ 
O. Draw radii of the sphere to any f ^\E^^ \ 
two points Mj 'M\ of the curve which \ / 

bounds the section, and join these \ / 

points with : then, because the radii \^ ^ 

C3f, CM' are equal, the points 

Jf, Jf', will be equaUy distant from (B. VI., P. V., C.) ; 

hence, the section is a circle ; which was to be proved. 

Cor, 1, When the cutting plane passes through the centre 
of the sphere, the radius of the section is equal to that of 
the sphere ;^ when the cutting plane does not pass through 
the centre of the sphere, the radius of the section will be 
less than that of the sphere. 

A section whose plane passes through the centre of the 
sphere, is called a great circle of the sphere. A section 
whose plane does not pass tlirough the centre of the sphere, 
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is called a smaU circle of the sphere. All great oirdes of 
the same, or of equal spheres, are equal 

Cor. 2. Any great circle divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherwise^ there would be 
some points of the surface unequally distant from the centre, 
which is impossible. 

Cor. 3. The centre of a sphere, and the centre of any 
small circle of that sphere, are in a straight line perp^ 
dicular to the plane of the. circle. 

Cor. 4. The square of the radius of any small drde is 
equal to the square of the radius of the sphere diminishes 
by the square of the distance from the centre of the sphere 
to the plane of the circle (B. IV., P. XL, 0. 1) : hence, 
circles which are equally distant from the centre, are equal; 
and of two circles which are unequally distant from the 
centre, that one is the less whoso plane is at the greater 
distance from the centre. c 

Cor. 5. The circumference of a great circle may alwaya 
be made to pass through any two points pn the bxjo&cq of 
a sphere. For, a plane can always be passed throngh these 
points and tl^e centre of the sphere (B. VI., P. IL), and its 
section will be a great circle. If the' two points are the 
extremities of a diameter, an infinite number of planes can 
be ]>assed through them and the centre of the sphere (B. VI., 
r*. I., S.) ; in this case, an infinite number of' great drdes 
can be made to pass through the two points. 

Cor. 6. The bases of a zone are the circumferences of 
circles (D. 16), and the bases of a segment of a sphere sre 
circles. 
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PB0P081TI0N vm. TJTEOREU. 

Any plane perpendicular to a radius of a sphere at its outer 
extremity, ^s tangent to the sphere at that point. 

Let C be the centre of a sphere, CA any radios, and 
FA G a. plane perpendicnlar to CA at A : then will the 
I^ane FAG be tangent to the sphere at A. 

For, from any other point of the 
plane, as M, draw the line MC : 
then because CA ia a perpendicular 
to the {dane, and CM an oblique 
line, CM will be greater than CA 
(B. VL, P. V.) : hence, the point M 
lies without the sphere. The plane 
FAG, therefore, tonches the sphere 

at A, and consequently is tangent to it at that point , 
Khieh vsas to be proved. 

Scholium. It may be shown, by a course of reasoning 
analogous to that employed in Book HI., Propositions XI,, 
Xn., XHL, and XIV,, that two spheres may have any one 
of alz positions with respect to each other, viz, : 

1°. When the distance between their centres is greater than 
the sum of their radii, the^ are external, one to the other: 

2°. When the distntice is equal to the sum of their 
radii, they are tangent, externally : 

S". When this distance is less than the sum, and greater 
tlian the difference of their radii, they intersect each other : 

i". When this distance is eqnal to the difference of their 
radii, they are tangent intenudly : 

B". When this distance is less than the difference of their 
radii, one is wholly within the other .• 

6'. When this distance is equal to zero, they have a 
eommon centre, or, are concentric 
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DEFINITIONS. 

1°. If a semi-circumference be divided into equal arcs, the 
chords of these arcs form half of the perimeter of a regular 
uiseribed polygon ; this half perimeter is ' called a regular 
semi-perimeter. The figure bounded by the regular semi- 
perimeter and the diameter of the semi-circumference is called 
a regular semi-polt/gon. The diameter itself is called the 
axis of the semi-polygon. 

2°. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the 
axis, the intercepted portion of ^the axis is 
called the projection of that side. 

The broken line ABCDGP is a regu- 
lar semi-perimeter ; the figure bounded by 
it and the diameter AP^ is a regular 
semi-polygon, AP is its axis, JZZT is the 
projection of the side BC^ and the axis, 
AP^ is the projection of the entire semi-perimeter. 

PROPOSITION IX. LEMMA. 

jy^ a regular semi-polygon he revolved about its axis, the 

surface generated hy the semi-perimeter toiU be eqtud to 

the axis multiplied by the circumference of the inscribed 
circle. 

Let ABGDEF be a regular semi-polygon, AJF its axis, 
and ON its apothem : then will the surface generated by 
the regular semi-perimeter be equal to AF x dre. ON. 

From the extremities of any side, as DM^ draw JDl 
and MH perpendicular to AF ; draw also NM perpen- 
dicular to AF^ and EK perpendicular to DL Now, the 
surfiice generated by ED is equal to DE x €ire.'NM 
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(P. IV., S.). But, because the triangles EDK and ONM 
are similar (B. IV^ P. XXI.), we have, 

DE : EK ox JB: w ON \ NM : : circON : circ.NM\ 

whence, 

DE X circ. JSTM ^ IS x circ.ON ; 

that is, the surface generated by any side 
is equal to the projection of that side 
multiplied by the circumference of the in- 
scribed circle : hence, the surface gene- 
rated by the entire semi-perimeter is equal 
to the sum of the projections of its sides, 
or the axis, multiplied by the circumfer- 
ence of the inscribed circle ; which was to he proved. 

Cor. The surface generated by any portion of the periift- 
eter, as CDE^ is equal to its projection PS^ multiplied 
by the circumference of the inscribed circle. • 

PROPOSITION X. THEOREM. 

7%€ surface of a sphere is equal to its diameter multiplied 
hy the circumference of a great circle. 

Let ABODE be a semi-circumference, 
O its centre, and AE its diameter : then 
will the surface, of the sphere generated 
by revolving the semi-circumference about 
AE^ be equal to AE x circ, OE. 

For, the semi-circumference may be re- 
garded as a regular semi-perimeter with an 
infinite number of sides, whose axis is AE^ 
and the radius^ of whose inscribed circle 
is OE : hence (P. IX.), the surface generated by it is equal 

to AE X Of re. 0E\ which toas to be proved. 

15 
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Cor. 1. The circumference of a great cirde is equal to 
%^0E (B. v., P. XVI.) : hence, the area of the surftoe 
of the sphere is equal to 20E X 2ieOE^ or to A:^Ol^ 
that is, the area of the surface of a sphere is equal to four 
great circles. 

Cor. 2. The surface generated by any ^^^s 

aro of the semicircle, as BC^ will be a 4rf^:~-« 

zone, whose altitude is equal to the pro- jy 

jection of that arc on the diameter. But, /T 

the arc ^(7 is a portion of a semi- I 

perimeter having an infinite number of V 

sides, and the radius of whose inscribed ^^ 

circle is equal to that of the sphere : ^=^5:::^^^ 

hence (P. IX., C), the surface of a zone 

is equal to its altitude multiplied by the circumference of a 

great circle of the sphere. 

Cor. 8. Zones, on the same sphere, or on equal spheres, 
are to each other as their altitudes. v 

PROPOSITION XI. LEMMA. 

If a triangle and a rectangle having the same base and 
equal altitudes^ he revolved about the common base^ the 
volume generated by the triangle toiU be onerthird of tfuU 
generated by the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, having 
the same base BC^ and an equal altitude AD^ and let 
them both be revolved about BC\ then will the volume 
generated by ABC be one-third of that generated by 
EFBC. 

For, the cone generated by the right-angled triangle 
ADB^ is equal to one-third of the cylinder generated by 
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the rectangle ADBF (P. V., C. 1), and the cone generated 
by the triangle ADO, is equal to one-third of the cylinder 
generated by the rectangle ADOE, 

When AD falls within the triangle, the 
sum of the cones generated by ADB and . 
ADC, is equal to the volume generated by 
the triangle ABG; and the sum of the 
cylinders generated by ADBFsmd. ADGE, 
is equal to the volume generated by the 
rectangle EFBO. 

When AD falls without the triangle, the difference of the cones 
generated by ADB and ADC, is equal to the volume generated by 
ABC; and the difference of the cylinders 
generated by ADBF and ADCE, is equal 
to the volume generated by EFBC: hence, 
in either case, the volume generated by 
the triangle ABC, is equal to one-third of 
the volume generated by the rectangle 
EFBC I which was to he proved. 

Cor. The volume of the cylinder generated by EFBC, is 
equal to the product of its base and altitude, or to *!( AD X BO: 
hence, the volume generated by the triangle ABC, is equal to 
iirAD'xBa 




/ 



y 



PROPOSITION XII. LEMMA. 



If an isosceles triangle ie revolved alout a straight line 
passing through its vertex, the volume generated will he 
equal to the surface generated hy the hase multiplied hy 
one-third of the altitude. 

Let CAB be an isosceles triangle, C its vertex, AB its 
base, CI its altitude, and let it be revolved about the line CD, 
as an axis: then will the volume generated be equal to surf 
AB'x i CL There may be three cases: 
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1°. Suppose the base, when produced, to meet the axis at 
D) draw AM, IK, and BN, 
perpendicular to CD, and BO 
parallel to DC. Now, the 
volume generated by CAB is 
equal to the difference of the 
volumes generated by CAD and 
CBD\ hence (P. XL, C), 

vol CAB=:i^AM^xCD-i'rBN^XCD=:int{2jP-BN^XCD. 

But, AM^ - RN^ is equal to {AM + BN) {AM - BN), 
(B. IV., P. X.) ; and because AM + BN is equal to 2IK 
(P. IV., S.), and AM - BN to AO, we have, 

vol CAB = itIKxAOxCD. 

But, the right-angled triangles A OB and CDI are similar 
(B. IV., P. XXL); hence, 

AO : AB : : CI : CD; or, AO X CD = AB X CI. 

Substituting, and changing the order of the factors, we have, 

vol CAB = AB X2'it IKX yCI. 

But, AB X 2 * IJ^ = the surface generated hj AB; hence, 

vol CAB = surf. AB X i CI. 



2°. Suppose the axis to coincide with one of the equal sides. 

Draw CI perpendicular toAB and AM, ^ 

and ZS" perpendicular to CB. Then, 

voi. CAB = i -r AM^ xCB = \^ AMx 

AMX CB. 

But, since AMB and CIK are similar, 

AM : AB : : CI : CB; whence AM X CB = AB X CI. 

Also, AM = 2 IK; hence, by substitution, we have, 

vol CAB =zABx2'jrIKxiCI= surf. AB X i CI. 
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3^. Suppose the base to be parallel to the axis. 

Draw AM and BN perpendicular to the axis. The 
volume generated by CAB, is equal j^ j 

to the cylinder generated by the rectan- 
gle ABNMy diminished by the sum of 
the cones generated by the triangles 
CAM and BCJSfi hence, 




vol CAB = if Cr X AB - i^r Cr X AI- iir Cr X IB. 

But the sum of AI and IB is equal to AB: hence, we 
have, by reducing, and changing the order of the factors, 

vol CAB = AB X2if CIX i CL 

But AB X 2 AT 07 is equal to the surface generated by AB ; 
consequently, 

vol CAB = surf. AB X i CI; 

hence, in all cases, the volume generated by CAB is equal 
to surf. AB X i CI; which was to be proved. 



PROPOSITION XIII. LEMMA. 

« 

If a regular semi-polygon be revolved about its axis, the volume 
generated will be equal to the surface generated by the semi- 
perimeter multiplied by one-third of the apothem. 

Let FBDQ be a regular semi-poly- 
gon, FG its axis, 01 its apothem, and 
let the semi-polygon be revolved about 
FG : then will the volume generated 
be equal to surf.FDBQ x iOI. 

For, draw lines from the vertices to 
the centre 0. These lines will divide 
the semi-polygon into isosceles triangles 
whose bases are sides of the semi-polygon, 

I 

and whose altitudes are equal to OZ 
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Now, tho sum of the volumes generated hj these . triiUh 
gles is equal to the volume generated by tho semi-polygon. 
But, the volume generated by any triangle, as OAJB^ is 
equal to surf. AB x ^ 01 (P. XIL) : hence, the volume 
generated by the semi-polygon is equal to surf. FBDG x J 0/j 
which was to he proved. 

Cor. The volume generated by a portion of the seniv 
polygon, OABGy limited by radii 0(7, OAj is equal to 
surf. ABC X iOI. 



PROPOSITION XIV. THEOREM. 

The volume of a sphere is equal to its surface multiplied 

by one-third of its radius. 

Let ACE be a semicircle, AE its 
diameter, its centre, and let the semi- 
circle be revolved about AE i then will 
the volume generated be equal to the 
surface generated by the semi-circumfer- 
ence multiplied by one-third of the radius 
OA, 

For, the semicircle may be regarded 
as a regular .semi-polygon having an infi- 
nite number of sides, whose semi-perimeter 
coincides with the semi-circumference, and whose apothem is 
equal to the radius : hence (P. XIII.), the volume gene- 
rated by the semicircle is equal to the sui*face generated by 
the semi-cu-cumference multiplied by one-third of the radiiw ; 
which was to be proved. 

Cor, 1. Any portion of the semicircle, as OBC^ bounded 
by two radii, will generate a volume equal to the surface 
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generated by the ai'c 130 multiplied by one-third of the 
radius (P. XIII., C). But this portion of the semicircle ia 
a circular sector, the volume which it generates is a spheri- 
cal sector, aud the surface generated by the arc is a zone : 
hence, the volume of a spherical sector is equal to the zone 
which forms its base multiplied by one-third of the radius 

Cor. 2. If we denote the volume of a sphere by F", 
and its radi!is by -R, the area of the surface will be equal 
to 4flri22 (P. X., C. 1), and the volume of the sphere wiU be 
equal to 4c<gR^ x \Ii\ consequently, we have. 

Again, if we denote the diameter of the sphere by J!>, we 
ehall have R equal to i-Z>, and R^ equal to \D^^ and 
consequently, 

hence, the volumes of spheres are to ea^h other as the cubes 
of their radiij or as the cubes of their diameters. 

8c7ioKum. If the figure EBDFy formed 
by drawing lines from the extremities of the ^^ 

arc BD perpendicular to OA, be revolved fjr/^ — '■ 

about CAy as an axis, it will generate a seg- ^/ \ 
ment of a sphere whose volume may be found . /^^^^^^s^ \^ 

by adding to the spherical sector generated by L .^^^ 

CDBy the cone generated by CBE^ and sub- \ ^,.'"'"' 

tracting from their sum the cone generated yy- - 

by CDF, If the arc BD is so taken that the 
points E and F fall on opposite sides of the centre C, the 
latter cone must be added, instead of subtracted: zone BD 
= 2<K CD X EF\ hence, 

segment EBDF= | -n' (3 OS' X EF-\- BE" X OE^dP X OF) 
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PROPOSITION XV. THEOBEM 

TAe surface of a sphere is to the entire surface of tki 
circumscribed cylinder^ includhig its baseSj as 2 is to 3 : 
and the volumes are to each other in the Same ratio. 

Let PMQ be a Bcniicircle, and JPADQ a rectangle, 
whose sides JPA and QD are tangent to the semicircle at 
jP and Qj and whose side AD, is tangent to the semi- 
circle at M. If the semicircle and the rectangle be revolved 
about PQy as an axis, the former will generate a sphere, 
and the latter a circumscribed cylinder, 

1°. The surface of the sphere is to the entire surface of 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great circles (P. X., C. 1), 
the convex surface of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I.) ; 
that is, it is equal to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this the 

two bases, each of which is equal to a great circle, we hav« 
the entire surface of the cylinder equal to six great circles : 
hence, the surface of the sphere is to the entire surface of 
he circumscribed cylinder, as 4 is to 6, or as 2 is to 3 ; 
which was to be proved, 

2°. The volume of the sphere is to the volume of tbt 
cylinder as 2 is to 3. 

For, the volume of the sphere is equal to a ^JR^ (p. XIV., 
C. 2) ; the volume of the cylinder is equal to its baae 
multiplied by its altitude (P. II.) ; that is, it is equal to 
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rip X 2i?, or to f flTjRa : hence, the volume of the sphere 
is to that of the cylinder as 4 is to 6, or as 2 is to 3 ; 
which was to he proved. 

Cor, The surface of a sphere is to the entire surface of 
a circumscribed cylinder, as the volume of the sphere is to 
volume of the* cylinder. 

Scholium, Any polyedron which is circumscribed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases are 
the faces of the polyedron, whose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is equal to its base multiplied by one- 
third of its altitude : hence, the volume of a circumscribed 
polyedron is equal to its surface multiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-third of its radius, it follows 
that the volume of a sphere is to the volume of any cir- 
cnmscribed polyedron, as the surface of the sphere is to the 
surface of the polyedron. 

Polyedrons circumscribed about the same, or about equal 
spheres, are proportional to their surfaces. 

\ 

*^ GENERAL FORMULAS. 

K we denote the convex surface of a cylinder by 8^ its 
volume by FJ the radius of its base by i?, and its alti* 
tude by J7, we have (P. I., 11.), 

8 = 2,^Ex S (1.) 

V = ifB^ X H (2.) 
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If we denote the convex sor&ce of a cone by Sj iti 
volume by F", the radius of its base by -R, its altitude by -flj 
and its slant height by iT, we have (P. HL, V.), 

8 ^ ntRxlT (3.) 

F=|iriPxJ2r (4.) 

If we denote the convex sifrface of a firustum of a couc 
by Sj its volume by F", the radius of its lower base by i2, 
the radius of its upper base by i?, its altitude by jHJ and ita 
slant height by B:\ we have (P. IV., VI.), 

8 ^ n({R + B')x]r (5.) 

F= i<i2' + i2" + iJxiJ') X JET. c . (6.) 

If we denote the surface of a sphere by 8y its volume 
by "P", its radius by i?, and its diameter by 2>, we have 
(P. X., C. 1, XIV., C. 2, XIV., C. 1), 

S = 4'n'i?2 (Y) 

F= i*i23 = l-n'i^' (8.) 

If we denote the radius of a sphere by JJ, the area of 

any zone of the sphere by /S, its altitude by JET, and the 

volume of the corresponding spherical sector by "FJ we 
shall have (P. X., C. 2), 

S = 2^i2 XS (9.) 

F= %'kI^xS (10.) 

If we denote the volume of the corresponding spherical 
segment by F, its altitude by H, the radius of its upper base 
by R', the radius of its lower base by R"y the distance of 
its upper ^ base from the centre by H\ and of its lower base 
from the centre by H", we shall have (P. XIV., S.) : 

V=in^{%R'X H + R'H'z^R'^X H") . . (II.) 
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DEFINITIONS. 

1. A Spherical Angle is an angle included between the 
arcs of two great circles of a sphere meeting at a point. The 
arcs are called sides of the angle, and their point of 
intersection is called the vertex of the angle. 

The measure of a spherical angle is the same as that of 
the diedral angle included between the planes of its sides. 
Spherical angles may be acute, right, or oUuse. 

2. A Spherical Polygon is a portion of the surface of 
a sphere bounded by three or more arcs of great circles. 
The bounding arcs are called sides of the polygon, and the 
points in which the sides meet, are called vertices of the 
polygon. Each side is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons are classified in the same manner as 
plane polygons. 

3. A Spherical Triangle is a spherical polygon of three 
sides. 

Spherical triangles are classified in the same manner as 
plane triangles. 

4. A LuNE is a portion of the surface of a sphere bounded 
by two semi-circumferences of great circles. 

6. A Spherical "Wedge is a portion of a sphere bounded 
by a lune and two semicircles, which intersect in a diameter 
of the sphere. 
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6. A Spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and sectors of circles whose 
common centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and the centre of the sphere is called the vertex of the 
pyramid. 

7. A Pole of a Circle is a point on the sui-face of 
the sphere, equally distant from all the points of the cir 
cumference of the circle. 

8. A Diagonal of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which are 
not consecutive. 



PROPOSITION I. THEOREM. 

Any side of a spherical triangle is less than the sum of 

the other two. 

Let • AJB (7 be a spherical triangle situated on a sphere 
whose centre is : then will any side, as AJB^ be less 
than the sum of the sides AG and HG. 

For, draw the radii OAy OBy and 
0G\ these radii form the edges of a 
triedrial angle whose vertex is 0, and 
the plane angles included between them 
are measured by the arcs AB^ AG^ 
and BG (B. m., P. XVH., Sch.). 
But any plane angle, as AOB^ is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XIX.) : hence, 

the arc AB is less than the sum of the arcs AC an J 
BG\ which was to he proved. 
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Cot, 1. Any side AB^ of a spherical polygon ABCDE^ 
is less than the sum of all the other sides. 

For, draw the diagonals AG and AD^ dividing tl^e 
polygon into triangles. The arc AB is less than the sum 
of AG and BG^ the arc AG is 
less than the sum of AD and DG^ 
and the arc AB is less than the 
sum of DE and EA ; hence, AB 
is less than the sum of BG^ GD^ 
DEy and EA. A 

Cor, 2. The arc of a small circle, on the surface of a 
sphere^ is greater than the arc of a great circle joining its 
two extremities. 

For, divide the arc of the small circle into equal parts, 
and through the two extremities of each part, suppose the 
arc of a great circle to be drawn. The sum of these arcs, 
whatever may be their number, will be greater than the arc 
of the great circ\e joining the given points (C. 1). But when 
this number is infinite, each arc of the great circle will coin- 
cide with the corresponding arc of the small circle, and 
their sum is equal to the entire arc of the small circle, which 
is, consequently, greater than the arc of the great circle. 

Cor. 3. The shortest distance from one point to another 
on the surface of a sphere, is measured on the arc of a 
great circle joining them. 

PROPOSITION n. THEOREM. 

T?ie sum of the sides of a spherical polygon is less thaji 

the circumference of a great circle. 

Let ABGBE be a spherical polygon situated on a 
sphere whose centre is : then will the sum of its sides 
be less than the circumference of a great circle. 
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For, draw tho radii OA, OB, OC, OD, and OS: 
these radii form the edges of a polyedral angle whose vertex 
is at 0, and the angles included between 
them arc measured by the arcs AS, SO, 
CD, DE, and EA. Bnt the snm of 
these angles is less than four right angles 
(B. VT., P. XX.) : * hence, the sum of the 
arcs which measure them ia less than the 
circumference of a great drcle ; which woe 
to be proved. 




PROPOSITION m. THEOEBM. 



If a diameter of a epiiere be (frown perpendicular to Ihs 
plane of any circle of the aphere, ite extremities viiU be 
poles of that circle. 

Let be the centre of a sphere, EN'Q any drde of 
the sphere, and DE a diameter of the sphere perpendionlu 
to the plane of JFWO : then will the extremitieB D and H 
be poles of the circle ElfO. 

The diameter I}£^ bdng 
perpendicular to the plane of 
FNQ, must pass through 
the centre (B. VUL, 
P. Vn., C. 3). If arcs of 
great circles DN, JDF, DQ, 
Jfcc., be drawn from J) to 
different points of the cir- 
ijumference FN'G, and chorda 
of these arcs be drawn, these 
chords will be equal (B, VT., 

r. v.), consequently, the arcs themselves will be eqnaL BU 
thcB9 arcs are the shortest lines that can be dram from the 
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point 2>, to the different points of the drcmnference (P. I., 
C. 2) : hence, the point 2>, is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D. 7). In like manner, it may be shown that 
the point E is also a pole of the circle : hence, both J!>, 
and Ey are poles of the circle FKQ ; which was to he 
proved. 

Cor. 1. Let AMB be a great circle perpendicular to 
DEx then will the angles BGM^ ECMy &c., be right 
angles ; and consequently, the arcs DMy EM^ &c., will 
each be equal to a quadrant (B. IH., P. XVl£., S.) : hence, 
the two poles of a great circle are at equal distances from 
the circumference. 

Cor. 2. The two poles of a small circle are at unequal 
distances from the circumference, the sum of the distances 
being equal to a semi-circumference. 

Cor. 3. If any point, as Jf, in the circumference of a great 
circle, be joined with either pole, by the arc of a great circle, 
such arc will be perpendicular to the circumference AMBy since 
its plane passes through CZ>, which is perpendicular to AMB. 
Conversely : if MN be perpendicular to the arc AMB^ it will pass 
through the poles D and E\ for, the plane of MN being per- 
pendicular to AMB and passing through (7, will contain GBy 
which is perpendicular to the plane AMB (B. VL, P. XVIII.). 

Cor. 4. If the distance of a point Z), from each of the p(5ints 
A and Jf, in the circumference of a great circle, is equal to a 
quadrant, the point 2>, is the pole of the arc AM, 

For, let C be the centre of the sphere, and draw the 
radii OZ), CA, CM, Since the angles ACD^ MOD, are 
right angles, the line CD is perpendicular to the two 
straight lines CA^ CM: it is, therefore, perpendicular to their 
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plane (B. VI., P. IV.) : hence, the pomt 2>, is the pole of 
the arc .1 J/. 

Sc/m/if/tN. Tlie properties of these poles enable us to 
df*Fcriho arcs of a circle on the surface of a sphere, with 
tlio same fncility as on a plane surface. For, by tuminir 
the arc IJF about the point i>, the extremity F will 
describe the small circle I^^G ; and by turning the quad- 
rant- />7vl round the point 2>, its extremity A will 
describe an arc of a great circle. 



PROPOSITION rv. 



THEOREM. 



The aiigle formed hy tioo arcs of great circles^ ia equal to 
that formed hy the tangents to these area at their point 
of i?iter sect 1077 y and is measured by the arc of a great 
circle described from the vertex as a polCy and limited 
by the sides, produced if necessary. 

Let the angle BAO be formed by the two arcs ABy 
AC: then is it equal to the angle FAQ formed by the 
tangents AF, AG, and is measured by the arc DF of 
a great circle, described about ^ as a pole. 

For, the tangent AF, drawn in the 
plane of the arc AB, is perpendicular 
to the radius A ; and the tangent 
AGy drawn in the plane of the arc 

m 

ACy is perpendicular to the same radius 
A : hence, the angle FA G is equal 
to- the angle contained by the planes 
ABDH, AG EH (B. VI., D. 4) ; which 
is that of the arcs AB^ AC. Now, if 
the arcs AD and AE are both quad- 
rants, the lines OB^ OE^ are perpendicular to OA, and 
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the angle D OE is equal to the aogle of the planes ABDJBL^ 
' ACJSH: hence, the arc DE is the measure of the angle 
contained by these planes, or of the angle CAB ; which 
was to be proved. 

Cor, 1. The angles of spherical triangles may be com 
pared by means of the arcs of great circles described from 
their vertices as poles, and included between their sides. ^ 

A spherical angle can always be constructed equal to a 
pven spherical angle. 

Cor, 2. Vertical angles, such as 
ACO and BCN are equal; for 
either of them is the angle formed 
by the two planes AC By OCNi 
When two arcs ACBy OCNj in- 
tersect, the sum of two adjacent 
aagles, as ACO, OCB^ is equal 
to two right angles. 
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PROPOSITION V. THEOREM. 



ly from the vertices of the angles of a spherical triangle^ 
as polesj arcs be described forming a spherical triangle^ 
the vertices of the angles of this second triangle toiU be 
respectively poles of the sides of the first. 

From the vertices 4, J?, (7, 
as poles, let the arcs EF^ FD^ 
KD^ be described, forming the 
triangle I>FE\ then will the 
vertices -D, JEJ and F^ be 
respectively poles of the sides 
BCy AC, AB. 

For, the point A being 

16 
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the pole of the arc EF^ the distance AE^ is a quadrant; 
the point C being the pole of the arc DE^ the distance 
CE^ is likewise a quadrant : hence, the point J& is at a 
quadrant's distance from the points A and Oi hence, it is 
the pole of the arc AO (P. lEL, C. 4). It may be shown, 
in like manner, that D is the pole of the arc JiG^ and 
E that of the arc AB ; which was to be proved. 

Scholium. The triangle ABG^ may be described by 

means of DEF^ as DEE is described by means of ABG. 

Triangles thus related are called polar triangleSy or supple- 
mental triangles. 



PROPOSITION VI. THEOREM. 

Any angle^ in one of two polar triangles^ is measured by a 
semi-circumference^ minus tlie side lying opposite to it in 
the other triangle. 

Let ABGy and EFD^ be any two polar triangles: 
then will any angle in either triangle be measured by a 
semi-circumference, minus the side lying opposite to it in the 
other triangle. 

For, produce the sides AB^ 
AGy if necessary, till they 
meet EFy m G and BT. The 
point A being the pole of 
the arc GBT, the angle A is 
measured by that arc (P. IV.). 
But, since E is the pole of 
AJETy the arc ES" is a quad- 
rant ; and since F is the 

pole of AGj EG is a quadrant: hence, the sum of the 
arcs Eff and GF^ is equ<d to a semi-circumference. Bnt^ 
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the sum of the arcs EH and GF^ is equal to the sum 
of the arcs EF and GH \ hence, the arc OH, which 
measures the angle A^ is equal to a semi-circumferen<ie, 
minus the are EF. In like maimer, it may be shown, that 
-any other angle, in either triangle, is measured by a semi- 
circumference, minus the side lying opposite to it in the 
other triangle ; which was to be proved. 



Scholium, Besides the triangle DEF, 
three others may be formed by the inter- 
section of the arcs DE, EF, DF. But 
the proposition is applicable only to the 
central triangle, which is distinguished 
from the other three by the circumstance, 
that the two vertices, A and D, lie on the 
same side of BO; the two vertices, B 
and E, on the same side of -4(7; and 
the two vertices, and F, on the same side of AB. 






PROPOSITION Vn. THEOREM. 

If from the vertices of any two angles of a spherical tri- 
angle^ as polesy arcs of circles be described passing 
through the vertex of the third angle; and if from the 
second point in which these arcs intersect^ arcs of great 
circles be drawn to the vertices^ used as poles, the parts 
of the triangle thus formed wiU be equal to those of the 
^ven triangle, each to ea>cK 

Let ABC be a spherical triangle situated on a sphere 
whose centre is 0, OED and GFD arcs of circles 
described about B and A as poles, and let DA and 
DB be arcs of great circles : then will the parts of the 
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triangle ABD be equal to those of the given triangle 
ABGy each to each. 

For, by construction, the side AD 
is equal to -4(7, the side DB is 
equal to BC^ and the side AB is 
common : hence, the sides are equal, 
each to each. Draw the radii 0-4, 
OB, OC, and OD. The radii OA, 
OB, and 0(7, will form the edges 
of a triedral angle whose vertex is 
O ; and the radii OA, OB, and 
edges of a second triedral angle whose vertex is also at 0\ 
and the plane angles formed by these edges will be equal, 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VL, P. XXL). But, the 
angles made by these planes are equal to the ^corresponding 
spherical angles ; consequently, the angle BAD is equal to 
BAO, the angle ABD to ABC, and the angle ADB 
to ACB: hence, the parts of the triangle ABD are equal 
to the parts of the triangle A CB, each to each ; which 
1008 to be proved. 



OD, wiU form the 



Scholium 1. The triangles ABG and ABD, are not, 
in general, capable of superposition, but their parts are 
symmetrically disposed with respect to AB, Triangles which 
have all the parts of the one equal to all the -parts of th$ 
other, each to each, hut not capable of superpositi^m, ar$ 
called, symmetrical triangles. 



Scholium 2. If symmetrical triangles are isosceles, they 
can be so placed as to coincide throughout : hence^ they are 
equal in area. 
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PROPOSITION Vni. THEOEEM. 

If two sphericcU triangles^ on the same^ or on equai spheres^ 
have two aides and the included angle of the one equal 
to two sides and the included angle of the other^ each 
to eachy the remaining parts are equals each to each. 

Let the spherical triangles ABO and EFQ^ have the 
side EF equal to AB^ the side EGr equal to AC^ and 
the angle FEQ equal to BAC\ then will the side FO be 
equal to BC^ the angle EFQ to ABC^ and the angle 
EaF to ACB. 

For, the triangle EFQ may 
be placed upon ABC^ or upon 
its symmetrical triangle ADB^ so 
as to coincide with it throughout, 
as may be shown by the same j)/ / \q q^ 
course of reasoning as that em- 
ployed in Book I., Proposition V. : 
hence, the side FQ is equal to 

BC^ the angle EFQ to ABG^ and the angle EQF to 
A OB ; which was to he proved. 





PROPOSITION IX. THEOREM. 

If two spherical triangles on the same^ or on equal sphereB^ 
have two angles and the included side of the one equal 
to two angles and the included side of the other^ each 

p to eachy the remaining parts will he eqical^ each to each 

Let the spherical triangles ABO and EFG^ have the 
angle FEQ equal to BAO^ the angle EFQ equal to 
ABOy and the side EF equal to AB \ theu ^ill tAsA 
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side EG be equal to AC^ the side i^fl^ to £(7, and 
the angle FQE to BOA. 

For, the triangle EFQ may 
be placed npon ABC^ or upon 
its symmetrical triangle ADB^ so 
as to coincide with it throughout, 
as may be shown by the same 
course of reasoning as that em- 
ployed in Book I., Proposition 
VI. : hence, the side EG is equal 

to AC^ the side FG to BG^ and the angle FGE to 
BGA ; which was to he proved, 

Or ;v 1^1 1 

^ ^ *^^ PROPOSITION X THEOREM. 

If two spherical triangles on the same^ or on equai sphereSf 
have their sides equals each to each^ their angles toiU be 
equalj each to each^ the eqtuH angles lying opposite the 
equal sides. 

Let the spherical triangles EFG and ABC have the 
side EF equal to AB^ the side EG equal to -4(7, and 
the side FG equal to BC: then will the angle FEG be 
equal to BAC^ the angle EFG to ABC^ and the angle 
EGF to AOB^ and the equal angles will lie opposite the 
equal sides. 

For, it may be shown by the 
same course of reasoning as that 
employed in B. I., P. X., that the 
triangle EFG is equal in all 
respects, either to the triangle 
ABC^ or to *its symmetrical tri- 
angle ABD : hence, the angle 
FEG^ opposite to the side FG^ is equal to the angle BAC^ 




BOOK IX. ' 247 

opposite to ^C7^ the acgle EFO^ opposite to EQ^ is equal 
to the angle ABC^ opposite to AG \ and the angle EQF^ 
opposite to EF^ is equal to the angle A GB^ opposite to 
AS ; %iQhich was to he proved. 



PROPOSITION XI. THEOREM. 

In any isosceles spherical triangle^ the angles opposite the 
equal sides are equal / and conversely^ if two angles of 
a spherical triangle are equals the triangle is isosceles. 

1^. Let AJBG be a spherical triangle, having the side 
AJB equal to AG: then will the angle G be equal to 
the angle B. 

For, draw the arc of a great circle 
from the Vertex -4, to the middle point 
2>, of the base BG: then in the two 
triangles ABB and ABGy we shall have 
the side AB equal to -4(7, by hypothe- 
sis, the side BB equal to 2>(7, by con- 
struction, and the side AB common ; 
consequently, the triangles have their angles equal, each to 
each (P. X.) : hence, the angle G is equal to the angle 
£ ; which was to be proved. 

2°. Let ABG be a spherical triangle having the angle 
G equal to the angle B : then will the side AB be 
equal to the side -4(7, and consequently the triangle will 
be isosceles. 

Fer, suppose that AB and AG are not equal, but that 
one of them, as AB^ is the greater. On AB lay off the 
arc BO equal to AGy and draw the arc of a great circle 
from to G : then in the triangles AGB and OBCj 
we shall have the side AG equal to Ofi^ by coTiaUuc.tio\jL,. 
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the side BC common, and the included angle AC 3 eqifil 
to the included angle OBG^ by hypothesis : hence, the 
remaining parts of the triangles are equal,- 
each to each, and consequently, the angle 
OCB is equal to the angle 'ABC, But, 
the angle ACB is equal to ABC^ by 
hypothesis, and therefore, the angle OCB 
is equal to ACB^ or a part is equal to 
the whole, which is impossible : hence, the 
supposition that AB and AC are un- 
equal, is absurd ; they are therefore equal, and consequently, 
the triangle AB C is isosceles ; which was to he proved. 

Cor, The triangles ABB and ADG^ having all of 
their parts equal, each to each, the angle ABB is equal 
to ABCy and the angle BAB is equal to DAC ; that 
iSy if an arc of a great circle be drawn from the vertex 
of an isosceles spherical triangle to the middle of its base^ 
it wiU be perpendicular to the base^ and will bisect the verth 
eal angle of the triangle, \ 

\ 

PEOPOSITION- Xn. THEOREM. 

Jn any spherical triangle^ the greater side is opposite Ufa 
greater angle ; and conversely^ the greater angle is appO' 
site the greater side, 

1°. Let ABC be a spherical triangle, in which the angle 
A IS greater than the angle B : then will the side BO 
be greater than the side AC, 
For, draw the arc ABy 
making the angle BAB equal 
to ABB: then will AB be 
equal to BB (P. XL). But, 
the sum of AB and i>(7 is 
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greater than AC (P. I.) ; or, putting for AB its equal 
BD^ we have the sum of BD and DC^ or BC^ greatei^ 
than AC \ which was to he proved. 

2°. In the triangle ABC^ let the side ^C be greater 
than AC \ then will the angle A be greater than the 
angle B. 

For, if the angles A and B were equal, the sides BG 
and AC would be equal ; or if the angle A was less 
than the angle J5, the side BC would be less than AG^ 
either of which conclusions is contrary to tbe hypothesis: hence, 
the angle A is greater than the angle B ; toliicJi was to le proved. 

PROPOSITION Xni. THEOREM. 

If two triangles on the same^ or on equal S2:>heres^ are 
mutually/ , equiangular^ they are also mutually equilateral. 

Let the spherical triangles A and -B, be mutually equi- 
angular : then will they also be mutually equilateral. 

For, let P be the polar triangle of A^ 
and Q the polar triangle of B : then, be- 
cause the triangles A and B are mutually 
equiangular, their polar triangles P and §, 
must be mutually equilateral (P. VI.), and con- 
sequently mutually equiangular (P. X.). But, 
the triangles P and Q being mutually equi- 
angular, their polar triangles A and J?, are 
mutually equilateral (P. VI.) ; which was to be proved. 

Scholium. This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi- 
angular, but not necessarily mutually equilateral. Two. 
spberical triangles on the same or on equal spheres, cannot 
be similar without being equal in all their parts. 
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PROPOSITION XIV. THEOREM. 

The sum of the angles of a spherical triangle is less than 
six right angles^ and greater than two right angles. 

Let ABC be a spherical triangle, and DJEJF its polar 
triangle : then will the sum of the angles -4, J?, and (7, 
be less than six right angles and greater than two. 

For, any angle, as -4, be- 
ing measured by a semi-cir- 
curaference, minus the side 
£JJF (P. VI.), is less than two 
right angles: hence, the sum 
of the three angles is less than 
six right angles. Again, be- 
cause the measure of each angle 
is equal to a semi-circumference 
minus the side lying opposite 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus the 
sum of the sides of the polar triangle DEF. But the 
latter sum is less than a circumference ; consequently, the 
measure of the sum of the angles -4, J5, and (7, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the sum 
of the angles -4, J9, and (7, is less than six right angles, 
and greater than two ; which was to he proved. 

Cor, 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
fore*, do not serve to determine the third. 
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C(yr, 2. A spherical triangle may have two, or even three 
of its angles right angles ; also two, or even three of its 
anofles obtuse. 

Cor, 3. If a triangle, ABO, is In-rectangular, 
that is, has two right angles £ and C, the vertex 
A will be the pole of the other side BO, and 
AB, AO, will be quadrants. 

For, since the arcs AB and AO are perpen- 
dicular to BO, each must pass through its 
pole (P. III., Cor. 3) : hence, their intersection A is that pole, 
and consequently, AB and AO are quadrants. 

If the angle A is also a right angle, the triangle ABC 
is tri-rectangidar ; each of its angles is a right angle, and 
its sides are quadrants. Four tri-rectangular triangles make 
up the surface of a hemisphere, and eight the entire surface 
of a sphere. 

Scholium. The right angle is taken as the unit of mear 
sure of spherical angles, and is denoted by 1. 

The excess of the sum of the angles of a spnerical tri- 
angle over two right angles, is called the spherical excess. 
If we denote the spherical 'excess by E, and the three 
angles expressed in terms of the right angle, as a unit, by 
A^ -B, and (7, we shall have, 

« 

E=A + B+C—2. 

The spTierical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If we denote the spherical excess by jE', the sum of the 
angles by /S, and the number of sides by w, we shall 

have, 

^ = /S — 2(w — 2) = /8 - 2w + 4. 
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PROPOSITION XV. THEOREM. 

Any lune, is to the surface of the sphere, an the arc which 
measures its angle is to the circumference of a great 

circle ; or, as the angle of the lune is to four rigU 
angles. 

Let AMBN be a lune, and MCN the angle of the lune, 
then will the area of the lune be to the surface of the sphere, 
as the arc MN is to the circumference of a great circle 
MNPQ ; or, as the angle MCN is to four right angles 
(B. III., P. XVII., C. 2). 

In the first place, suppose the arc 
JtfiV and the circumference 3I^PQ 
to be commensurable. For example, 
let them be to each other aa 5 is 
to 48. Divide the circumference 
MNPQ into 48 equal parts, be- 
ginning at M ; MN" will contain 
five of these parta. Join each point 

of division with the points A and Jl, by a quadrant: 
there will be formed 96 equal isosceles spherical trianglea 
(P. Vn., S. 2) on the surface of the sphere, of which the 
lune will contEun 10 : hence, in this case, the area of the 
lune ia to the surface of the sphere, as 10 is to 96, or 
as 5 is to 48 ; that ia, as the are MN' ia to the circum- 
ference MNPQ, or as the angle of the June is to foar 
right angles. 

In like manner, the same relation may be shown to 
exist when the arc MN, and the drcumfe^ence MNPQ 
are to each other aa any other whole numbera. 

If the aro MN, and the circumference MNPQ, are not 
commensurable, the same relation may be shown to exist bj 
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a course of reasoning entirely analogous to that- employed 
in Book IV., Proposition III. Hence, in all cases, the area 
of a lune is to the surface of the sphere, as the arc meas- 
uring the angle is to the circumference of a great circle; 
or, as the angle of the lune is to four right angles ; which 
was to he j^roved. 

Car, 1. Lunes, on the same or on equal spheres, are lo 
each other as their angles. 

Cor. 2. If we denote the area of a tri-rectangular triangle 

by Tj the area of a lune by X, and the angle of the 

lune by -4, the right angle being denoted by 1, we shall 

have, 

L : ST : : A : 4i 
whence, 

Z = Tx 2A I 

hence, the area of a lune is equal to the area of a tri- 
rectangular triangle multiplied by twice the angle of the 
Inne. 

Scholium. The spherical wedge, whose angle is MCN, 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lune 
which forms its base, multiplied by one-third of the radius. 



PEOPOSITIOK XVI. THEOEEM. 

Symmetrical triangles are equal in area. 

Let ABC aa^d DEF be symmetrical triangles, the 
side DE being equal to -4JS, the side DF to -4C, and 
tlie side EF to BC \ then will the triangles be equal in 




264 GEOMETRY. 

For, conceive a small circle to be drawn through A^ 3^ 
and (7, and let P be its pole ; draw arcs of great circles 
from P to A, B^ and (7: these 
.arcs will be equal (D. 7). Draw 
the arc of a great circle FQ^ 
making the angle DFQ equal to 
ACP^ and lay off on it, FQ 
equal to CP\ draw arcs of great 
circles QD and QE, 

In the triangles PAC and 
FDQ, we have the ' side FD 

equal to A (7, by hypothesis ; the side FQ equal to P(7, 
by construction, and the angle DFQ equal to ACP^ by 
construction : hence (P. VllL), the side DQ is equal to 
AP, the angle FDQ to PAC, and the angle FQD to 
APC. Now, because the triangles QFD and PAC are 
isosceles and equal in all their parts, they may be placed so 
as to coincide throughout, the base FD fS&lling on -4(7, 
2>§ on (7P, and FQ, on AP\ hence, they are ^ equal in arefc 

If we take from the angle DFE the angle DFQy and 
from the angle ACB the angle ACP^ the remaining 
angles QVE and PCB, will bo equal. In the triangles 

r 

FQE and PCB^ we have the side QF equal to PC, 
by construction, the side FE equal to ^C, by hypothesis, 
and the angle QFE equal to PCB^ from what has just 
been shown : hence, the triangles are equal in- all their 
parts, and being isosceles, they may be placed so as to 
coincide throughout, the side QE falling on PCy and the 
side QF on PB ; these triangles are, therefore, equal in 
area. 

In the triangles QBE and PA By we have the sides 
QD, QEy PA, and PB, all equal, and the angle DQJE 
equal to APB, because they are the sums of equal angles: 
hence, the triangles are equal in all their parts, and 
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because they are isosceles, they may be so placed as to 
coincide throughout, the side QD iMing on Pj5, and the 
side QJS on JPA ; these triangles are, therefore, equal in 
area. 

Hence, the sum of the triangles Q^D and QJ^'JS, is 
equal to the sum of the triangles JPAC and JPJBO, If 
from the former sum we take away the triangle QDJE^ 
there will remain the triangle DFE\ and if from the latter 
sum we take away the triangle PAB^ there will remain 
the triangle ABC : hence, the triangles ABO and DEI 
are equal in area ; which was to he proved. 

Scholium. If the point P fells within the triangle ABC^ 
the point Q will fall within the triangle DEF, In this 
case, the triangle DEF is equal to the sum of the triangles 
QFD^ QFE, and QDE, and the triangle ABC is equal 
to the sum of the equal triangles PAG^ PBCy and PAB i 
the proposition, therefore, still holds good. 

PROPOSITION XVn. THEOREM. 

If the circumferences of two great circles intersect on the 
surface of a hemisphere^ the sum of the opposite triangles 
thus form>ed^ is equal to a lune whose angle is equal to 
that form^ed by the circles. 

Let the circumferences AOB^ CO.Dy 
intersect on the surface of a hemis- 
phere : then will the sum of the oppo- 
site triangles AOG^ BOD^ be equal 
to the lune whose angle is BOD. 

For, produce the arcs OB^ 02>, 
on the other hemisphere, till they meet 
at N. Now, since AOB and OBN 
are semi-circumferences, if we take away the common part 
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OB^ we shall have BN equal to AO. For a like rea- 
son, we have BN equal to (70, and BD equal to AGi 
hence, the two triangles AOC^ BBN^ 
have their sides respectively equal : 
they are therefore symmetrical ; con- 
sequently, they are equal in area 
(P. XVI.). But the sum of the tri- 
angles BDK^ BOB^ is equal to 
the lune OBNBO^ whose angle is 
B OD : hence, the sum of AOC and 
BOB is equal to the lune whose 
angle is B OB ; which was to he proved. 

Scholium, It is evident that the two spherical pyramids, 

« 

which have the triangles AOG^ BOB^ for bases, are 
together equal to the spherical wedge whose angle is BOD, 




PROPOSITION XVni. THEOREM. 

The area of a spherical triangle is equal to its spherical 
excess multiplied by a trirectangtdar triangle. 

Let ABC be a spherical triangle: then will its surfece 

be equal to 

{A + B +0 -i) X T. 

For, produce its sides till they meet 
the great circle BEFG^ drawn at plea- 
sure, without the triangle. By the last 
theorem, the two triangles ABE^ AQH^ 
are together equal to the lune whose 
angle is A ; but the area of this lune 
is equal to 2A y. T (P. XV., C. 2) : 
hence, tlie sum of the triangles ABE and AGBC^ is equal 
to 2J. X 7! In like manner, it may be shown that the 
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sum of the triangles BFG and BID^ is equal to 2B x T^ ^ 
and that the sum of the triangles CIS and CFE^ i» 
equal to 2C X T, 

But the sum of these six ' triangles exceeds the hemis- 
phere, or four times T^ by twice the triangle ABC We 
shall therefore have, 

' 2 X area ABC = 2A x T+ 2B x T+ 2(7 x T - AT; 

or, by reducing and factoring, 

area ABC = {A + B + C - 2) x T ; 
which toas to be proved. 

Scholium 1. The same relation which exists between the 
spherical triangle ABGj and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABC 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABC to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced : 

1°. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided mto triangular pyramids, it . follows that any two 
spherical pyramids are to each other as their bases. 

2*^, Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherical polygons 
intercepted by their faces. 

Scholium 2. A triedral angle whose faces are perpen- 
dicular to each other, is called a right triedral angle ; 
and if the vertex be at the centre of a sphere, its faces will 
intercept a tri-rectangular triangle. The right ti ' iodi 'ii l angle is 
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taken as the unit cf polyedral angles, and the tri-rectangnlar 
spherical triangle is taken as its measure. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
portion of the surfiice intercepted by its &ces will be the 
measure of the polyedral angle, a tri-rectangular triangle of 
the same sphere, being the unit. 



PEOPOsrnoN xix. theorem. 

The area of a spherical polygon is equal to its sph^erieal 
excess mvltiplied by the trirectanyular triangle. 

Let ABCDE be a spherical polygon, the sum of whose 
angles is S^ and the number of whose sides is n : then 
wiU its area be equal to 

(5 _ 2n + 4) X T. 

For, draw the diagonals -4(7, AD^ 
dividing the polygon into spherical tri- 
angles : there will be w — 2 such tri- 
angles. Now, the area of each tri- 
angle is equal to its spherical excess 
into the tri-rectangular triangle : hence, 
the sum of the areas of all the triangles, or the area of the 
polygon, is equal to the* sum of all the angles of the tri- 
angles, or the sum of the angles of the polygon diminished 
by 2(n — 2) into the tri-rectangular triangle ; or, 

area ABODE ^ \S — 2(n - 2)] x 7" ; 
whence, by reduction, 

area ABODE = (5 - 2n -|- 4) x T\ 

vMoh toas to be proved. 
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GENERAL SCHOLIUM. 

Through any point on a hemisphere, two arcs of great 
circles can always be drawn which shall be perpendicular to the 
circumference of the base of the hemisphere, and they will in 
general be unequal Now, it may be proved, by a course <:i 
Tcasoning analogous to that employed in Book I., Proposition 
XV.: 

1°. That the shorter of the two arcs is the shortest arc 
that can be drawn fi*om the given point to the circum- 
ference ; 

2^.' That two oblique arcs drawn from the same point, to 
points of the circumference at equal distances from the foot 
of the perpendicular, are equal : 

3*^. That of two oblique arcs, that is the longer which 
meets the circumference at the greater distJMioe from the foot 
of the perpendicular. 

This property of the sphere is used in the discussion of 
triangles in spherical trigonometry. 
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MENSURATION. 
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INTRODUCTION TO TRIGONOMETRY. 



LOGABITHHS. 

1. Thb Logabtthm of a nmnber is the exponent of the 
power to which it is necessary to raise a fixed number, to 
produce the given number. 

The fixed number is called the base of the system. Any 
positive number, except 1, may be taken as the base of a 
system. In the common system, the base is 10. 

2. If we denote any positive number by n, and the 

corresponding exponent of 10, by se, we shall have the 

exponential equation, 

10* = 71 (1.) 

In this equation, a; is, by definition, the logarithm of ti, 
which may be expressed thus, 

OS = logn. (2.) 

3. From the definition of a logarithm, it follows that, the 
logarithm, of any power of 10 is equal to the exponent of 
that pouter : hence the formula, 

log (10)' =p. (3.) 

If a number is an exact power of 10, its logarithm is 
a tohole number. 



4 INTRODUCTION. 

If a niiniber is not an exact power of 10, its logarithm 
will not be a wliole ninnber, but will be made up of an 
entire part plus a fmctionaX part^ which is generally expres- 
sed decimally. The entire part of a logarithm is called the 
characteristic^ the decimal part, is called the mantissa. 

4. If, in Equation (3), we make p successively equal 
to 0, 1, 2, 3, &c., and also equal to — 0, — 1, — 2, — 8, 
&C., we may form the following 







TABLB. 


log 1 


= 




log 10 


= 1 


log .1 = - 1 


log 100 


= 2 


log .01 = — 2 


log 1000 


= 3 


log .001 = — 3 


&c., 


&Q, 


Ac, Ac. 



If a number lies between 1 and 10, its logarithm lies 
between and 1, that is, it is equal to pltis a deci- 
mal ; if a number lies between 10 and 100, its loganthm 
is equal to 1 plus a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 plits a decimal ; and so on : 
hence, we have the foUowdng 

BULB. 

TJie characteristic of the logarithm of an entire number is 
positive^ and numericalli/ 1 less than the number of places 
of figures in the given number. 

If a decimal fraction lies between .1 and 1, its \ogs^ 
rithm lies between — 1 and 0, that is, it is equal to — 1 
plus a decimal ; if a number lies between .01 and .1, its 
K)garithm is equal to — 2, plus a decimal ; if between .001 
and .01, its logarithm is equal to —3, plus a decimal; 
antl 8u on : lien^-e, the tollowing 
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BULE. 

The cJiaracteristic of tlve logarithm, of a decimal fraction 
Is negative^ and numerically 1 greater than the number 
if 0'« that immjediately follow the decimal point. 

« 

The characteristio alone is negative, the mantissa being 
xlways positive. Tliis fact is indicated by writing the neg- 
ative sign over the characteristic : thus, 2.371465, is eqniv- 
ilent to — 2 + .371465. 

It is to be observed, that the characteristic cf the logarithm 
)f a mixed number is the same as that of its entire part, 
rhus, the mixed number 74.103, lies between 10 and 100; 
lence, its logarithm lies between 1 and 2, as does the logarithm 
>f 74. 



GENERAL PEINCrPLES. 

6. Let m and n denote any two numbers, and x 
ind y their logarithms. We shall have, from the defini 
^n of a logarithm, the following equations, 

10* = m (4.) 

10^ = n (5.) 

UEnltiplying (4) and (5), member by member, we have, 

10'"^'' = mn ; 
whence, by the definition, 

x + y =z log(mn) (6.) 

Chat is, the logarithm of the product of two numbers is 
iqual to the sum of the logarithms of the num&er%« 



I 
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6. Dividing (4) by (6), member by member, we have, 

10-" = "* ; 
n 

whence, by the definition, 

05 -y = log(^) (7.) 

That ifl, the logarithm of a quotient is egpjud to the loga- 
rithm of the dividend diminished by that of the divisor. 

T. Raismg both members of (4) to the power denoted 
by jt>, we have, 

10*' = m'; 

whence, by the definition, 

ajp = log m' (8.) 

That is, the logarithm of any power of a number is equd 
to the logarithm of the number multiplied by the exponent 
of the power. 

8. Extracting the root, indicated by r, of both memben 
of (4), we have, 

m 

whence, by the definition, 

- = logy^ .... (9.) 

That is, the logarithm of any root of a number is equal 
to the logarithm of the number divided by tJie index of the 
root. 

The preceding principles enable ns to abbreyiate the oper 
atLons of multiplication and division, by converting them into 
the simpler ones of addition «iid vvvbttacstlon* 
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TABLE OF LOGARITHMS. 

9. A Table of Logarithms, is a table containing a set 
of numbers and their logarithms, so arranged, that having 
given any one of the numbers, we can find its logarithm; 
or, having the logarithm, we can find the corresponding 
number. 

In the table appended, the complete logarithm is given 
for all numbers from 1 up to 10,000. For other numbers, 
the mantissas alone are given ; the characteristic may be found 
by one of the rules of Art. 4. 

Before explaining the use of the table, it is to be shown 
that the mantissa of the logarithm of any number is not 
ch^ged by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whatever, and lO' any 
power of 10, p being any whole number, either positive 
or negative. Then, in accordance with the principles of Arts. 
5 and 3, we shall have, 

log (w X 10') = log n + log 10' = p + log n ; 

but p iSy hj hypothesis, a whole number : hence, the deci- 
mal part of the log (n X lO') is the same as that of log n ; 
which was to be proved. 

Hence, in finding the mantissa of the logarithm of a num- 
ber, we may regard the number as a decimal, and move the 
decimal point to the right or left, at pleasure. Thus, the 
mantissa of the logarithm of 456357, is the same as that of 
the number 4563.57 ; and the mantissa of the logarithm of 
2.00357, is the same as that of 200^.51. 



8 INTRODUCTION. 



MANNER OF USING THE TABLE. 
1*. 7b find tht logarithm of a number leas than 100. 

10. Look on the first page, in the column headed "N," 
for the given number ; the number opposite is the logarithm 
required. Thus, 

log 67 = 1.826076. 

2^. To find the logarithm of a number between 100 and 

10,000. 

11, Find the characteristic by the first rule of Art, 4. 
To find the mantissa, look in the colunm headed ^^N," 

fbr the first three figures of the number ; then pass along 
I a horizontal line until you come to the column headed mth 
the fourth figure of the number ; at this place will be found 
four figures of the mantbsa, to which, two other figures^ 
teken from the column headed "0," are to be prefixed. If 
the figures found stand opposite a row of six figures, in the 
eolumn headed "0," the first two of this row are the ones 
to be prefixed ; if not, ascend the column till a row of six 
flgnres is found ; the first two, of this row, are the ones to 
be prefixed. 

I^ however, in passing back from the four figures, first 
found, any dots are passed, the two figures to be prefixed 
must be taken from the hue immediately below. If the 
figures first found fall at a place where dots occur, the dote 
must be replaced by O's, and the figures to be prefixed must 
be taken from the line beloio. Thus, 

Log 8979 = 3.963228 
Log 3098 =• 3.491081 
Log 21BB = S.^40047 
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3^. To find the logarithm of a number greater than 10,000. 

12. Find the characteristic by the first rule of Art. 4. 

To find the mantissa, place a decimal point after the fourth 
figure (Art. 9), thus converting the number into a mixed 
number. Find the mantissa of the entire part, by the me- 
thod last given. Then take from the column headed "D," 
the corresponding tabular difference^ and multiply this by the 
decimal part and add the product to the mantissa just found. 
The result will be the required mantissa. 

It is to be observed that when the decimal part of the 
product just spoken of is equal to or exceeds .6, we add 
1 to the entire part, otherwise the decimal part is rejected. 



EXAMPLE. 

1. To find the logarithm of 672887. 

The characteristic is 5. Placing a decimal point after the 
fourth figure, the number becomes 6728.87. The mantissa 
of the logarithm of 6728 is 827886, and the corresponding 
number in the column *'D" is 65. Multiplying 65 by .87, 
we have 66.55 ; or, since the decimal part exceeds .5, 57. 
We add 67 to the mantissa already found, giving 827948, 
aad we finally have, 

log 672887 = 5.827943. 

The numbers in the column "D" are the differences be- 
tween the logarithms of two consecutive whole numbers, and 
.are found by subtracting the number mder the heading "4' 
fi:om that under the heading "5." 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6729 is 827951, and 
their difference is 65 ; 87 hundredtUa o^ \>DAa ^iNSia^'iw^^ >» 
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67 : hence, the mantissa of the logarithm of 6728.87 is fomid 
by adding 57 to 827886. The principle employed is, that 
the differences of numbers iare proportional to the differencos 
of their logarithms, when these differences are smalL 



4®. To find the logarithm of a decimal. 

13. Find the characteristic by the second rule of Art. 4. 

To find the mantissa, drop the decimal point, thus reduo- 
mg the decimal to a whole number. Find the mantissa of 
the logarithm of this number, and it will be the mantissa 
required. Thus, 

log .0327 = 2.514548 
log 378.024 = 2.677520 



6°. To find the number corresponding to a given logarithm. 

14. The rule is the reverse of those just given. Look 
in the table for the mantissa of the given logarithm. If it 
cannot be found, take out the next less mantissa, and also 
the corresponding number, which set aside. Find the differ 
ence between the mantissa taken out and that of the given 
logarithm ; annex as many O's as may be necessary, and 
divide this result by the corresponding number in the colunrn 
" D." Annex the quotient to the number set aside, and then 
point off, from the left hand, a number of places of figures 
equal to the characterististio plus 1 : the result will be the 
number required. If the characteristic is negative, the result 
will be a pure decimal, and the number of O's which im- 
mediately follow the decimal point will be one less than the 
number of units in the characteristic. 
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EXAMPLES. 

1. Let it be required to find the number corresponding 

* 

to the logarithm 6.233568. • 

The next less mantissa in the table is 233504 ; the cor- 
responding number is 1712, and the tabular difference is 
253. 

OPERATION. 

Given mantissa, 233568 

Next less mantissa, • • • 233504 • • 1712 

253 ) 6400000 ( 25296 

.'. The required mumber is 171225.296. 

The number corresponding to the logarithm T.233568 is 
.0171226. 

2. What is the number corresponding to the logarithm 
2.786407? Ana. .06101084. 

8. What is the number corresponding to the logaiithm 
1,846741 ? Ana. .702653: 




MULTTPIIOATION BY MEANS \)P LOGAKITHMS. 



16. From the principle proved in Art. 5, we deduce the 
following 

BULB • 

JFind the logarithms of the factors^ and take their sum , 
then find the number corresponding to the resulting logarithm^ 
and it will be the product required. 



IS INTRODUCTIOK. 

EXAMPLK8. 

1. Multiply 23.14 by 6.062. 

• OPERATION. 

log 23.14 • • • 1.364363 
log 5.062 • • • 0.704322 



2.068686 .-. 117.1347, product 



2. Find the continued product of 8.902, 597.16, and 
a0814728. 



OPERATION. 

log 3.902 • • • 0.691287 

log 697.16 • • • 2.776091 
log 0.0314728 . . . 2.497936 

1.865314 •*• 73.8354, produoi. 

Here, the 2 cancels the + 2, and the 1 carried fironi 
the decimal part is set down* 

8. Find the continued product of 3.586, 2.1046, 0.8373, 
and 0.0294. Ana. 0.1857615. 



DIVISION BY MBAire OP LO0ABITHMS. 

16. From the principle proved in Art. 6, we have the 
following 

BULB. 

Find the logarithms of the dividend and divisarj and- 
subtract the latter from the former; then jmd the number 
corresponding to the resulting logarithm^ and it wiU be the 
^wtient required. 



\ 
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BZAMPLKS. 

1. IKvide 24163 by 4567. 

OPERATION. 

log 24163 • . . 4.383151 
log 4567 • • • 3.659631 



0.723520 



5.29078, quotient. 



2 Divide 0.7438 by 12.9476. 



log 0.7438 
log 12.0476 



OPSBAHON. 

. 1.871456 
. 1.112189 

2.769267 .*. 0.057447, quotient. 



Here, 1 taken from 1, givies 2 fer a result. The 
sabtraction, as in this case, is always to be performed in the 
aigebraic sense. 



3. Divide 37.149^ by 523.76. 



Ans. 0.0709274. 



The operation of division, particularly when combined with 
that of multiplication, can often be simplified by using the 
principle of 

THE AEITHMETIOAL COMPLEMENT. 

17. The AsiTHMKncAL Compleioint of a logarithm is the 
result obtained by subtracting it from 10. Thus, 8.130456 
is the arithmetical complement of 1.869544. The arithmeticaJ 
complement of a logarithm may be written out Jy commenc- 
ing at the left hand and subtracting eojch jigiwe Jtoik ^, 

18 



14 INTRODUCTION. 

uniU tJie last significant figure is reached^ which * must Is 
taken from 10. The arithmetical complement is denoted by 
the Bymbol (a. c). 

Let a and h represent any two logarithms whatever, 
and a — h their difference. Since we may add 10 to, 
and subtract it from, a — i, without altering its value, we 
have, 

a — 6 = a + (10 - J) - 10. . . . ( 10.) • 

But, 10 — 5 is, by definition, the arithmetical « complement 
of h : hence. Equation ( 10 ) shows that the difiTerence be- 
tween two logarithms is equal to the firsts plus the arith' 
metical complement of the second^ minus 10. 

Hence, to di^dde one number by another by means of 
the arithmetical complement, we have the following 

BULB. 

Find the logarithm of the dividend^ and the arithmetical 
complement of the logarithm of the divisor j add them tog^ 
therj and diminish the sum by 10 ; tJie number correspond- 
ing to the resulting logarithm toiU be the quotient required, 

EXAMPLES. 

1. Divide 827.6 by 22.07. 

OPEBATIOir. 

log 827.6 . . . 2.616211 
(a. c) log 22.07 • • • 8.656198 

1.171400 .*. 14.889, quotient 



2. Divide 87149 by 623.76. 



Ans. 0.0709878. 
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3. Multiply 358884 by 5672, and divide the ^lodact 
by 89721. 

OPERATION. 



log 358884 ... 5.554954 

log 5672 • • . 3.753736 

(a.c)log 89721 • • • 5.047106 


22688, 

X. 




4.366796 .-. 


result 


4. Solve the proportion, 

3976 : 7952 : : 5903 : 


• 



Applying logarithms, the logarithm of the 4th term, is equal 
to the sum of the logarithms of the 2d and 3d terms, minus the 
logarithm of* the 1st : Or, the arithmetical complement of the 1st 
termy plus the logarithm of the 2d term, plus the logarithm of the 
3d term, minus 10, is equal to the logarithm of the Uh term. 

OPERATION. 

(a. c.) log 3976 . . . 6.400554 

log 7952 . . . 3.900476 

log 5903 . . . 3.771073 

log a; . . . 4.072103 .'. a? = 11806 

The operation of subtracting 10, is performed mentally. 

RAISING OF POWERS BY MEANS OF LOGARITHMS. 
18. From Article 7, we have the following 

RULE. 

Find the logarithm of the number, and multiply it by the 
exponent of the power; then find the number corresrgoudm^ t^ 
the resuUinff logarithm, and it will ie tlie poaoer Te.qu\.Ted* 



16 



INTRODUCTION. 



BXAMPLBS. 

1* Find the 6th power of 9. 

OPSRATION. 

log 9 • • • 0.954243 

6 

4.771216 
2. Find the 7th power of 8. 



• • 



69049, power. 
Am. 2097162. 



EXTRACTING KQPTS BY MEANS OF LOGARITHMS. 

19. From the principle proved in Art. 8, we have the 
feUowing 

BULB. 

Find the logarithm of the number^ and divide it by the 
index of the root ; then find the number corresponding to 
the remUing logarithm^ and it will be the root required. 

BXAMPLBS. 

1. Find the cube root of 4096. 

The logarithm of 4096 is 8.612360, and one-third of 
this is 1.204120. The correspoi^ding nnmber is 16, which 
m the root sought. 

When the characteristic is negative and not divisible by 
the indeXj add to it the smallest negative number that wiU 
make it divisible^ and th,en prefix the same number^ with a 
phis sign^ to the mantissa. 

2. Find the 4th root of .00000081. 

The logarithm of .00000081 is y.908486, which is equal 
to 8 4- 1.908486, and one-fourth of this is 2.477121. 

The number corresponding to this logarithm is 03 : 
heDoOf .08 is the root rec^uired. 



PLANE TRIGONOMETRY. 



20 PiiAins Trigonometbt is that branch of Mathematio8 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three sides 
and three angles. When three of these parts are given, one 
being a side, the remaining parts may be found by computr 
ation. The operation of finding the unknown parts, is called 
the solution of the triangle. 




21. A plane angle is measured by the arc of a cirde 
included between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius AJS be 
equal to 1, the^ intercepted arc J3C 
will measure the angle A (B. HE., P. 

xvn., S.). 

Let ABCD represent a circle whose radius is equal to 
1, and -4(7, BD^ two diameters per- 
pendicular to each other. These dia- 
• meters divide the circumference into , 
four equal parts, called quadrants ; and 
because each of the angles at the cen- 
tre is a right angle, it follows that a 
right anpU is measured by a qiuid- 
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rant. An acute angle is measured by an are less than a 
quadranty and an obtuse angU^ by an are greater than a 
quadrant. 

22. In Geometry, the unit of angular measure is a right 
angle ; so in Trigonometry, the primary unit is a guadraiit, 
which is the measure of a right angle. 

For convenience, the quadrant is divided into 90 equal 
parts, each of which is called a degree ; each degree into 
60 equal^ parts, called minutes; and each minute' into 60 
equal parts, called seconds. Degrees, minutes, and seconds, 
are denoted by the symbols **, ', ". Thus, the expression 
7® 22' 33", is read, 1 degrees^ 22 minutes^ and 33 seconds. 
Fractional parts of a second are expressed decimally. 

A quadrant contains 324,000 seconds, and an arc of 7° 
22' 33" contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the ^it^iVV^^ P^'^ ^^ * right angle. 
In like manner, any angle may be expressed in terms of a 
right angle, 

23. The complement of an arc is the difference betweeo 
that arc and 90°. The complement 

of an angle is the difference be- 
tween that angle and a right angle. 

Thus, jE!B is the complement of 
A^^ and JFIB is the complement 
of AJ^. In like manner, JEOB 
is the complement of AOE^ and 
FOB is the complement of AOF. 

In a right-angled triangle, the 
acute angles are complements of each other. 

24. The supplement of an arc is the difference between 
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that arc and 180°. The supplement of an angle is the di& 
fcrence between that angle and two right angles. 

Thus, JEJC is the supplement of AJS, and -FC the 
supplement of AJFl In like manner, JEJOC is the supple- 
ment of AOJE, and 1^0 C the supplement of AOJFl 

In any plane triangle, either angle is the supplement of 
the sum of the other two. 



25. Instead of employing the arcs themselves, we usually 
employ certain functions of the arcs, as explained below. 
A /unction of a quantity is something which depends upon 
that quantity for its value. 

The following functions are the only ones needed for solv- 
mg triangles : 

26. The sine of an arc is the distance of one extremity 
of the arc from the diameter, through the other extremity. 

Thus, PM is the sine of 
AMj and P'M' is the sine of 
AM\ 

If AM is equal to M'C, 
AM and AM' will be supple- 
ments of each other ; and be- 
cause MM' is parallel to ACj 
PM will be equal to P'M' 
(B. L, P. XXTTT.) : hence, tlie 
sine of an arc is equal to the 
sine of its supplement. 

27. The cosine of an arc is the sine of the complement 
of the arc. 

Thus, iOf is the cosine of AM^ and iOf' is the 
cosine of AM\ These lines are respectively equal to OP 
and OP'. 




20 
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It is ^evident, fi'om the equal tiiangles of the figure, that 
the cosine of an arc is equal to the cosine of its suppU- 
ment. 




28, The tangent of an arc is the perpendicular to the 
radius at one extremity of the arc, limited by the prolon- 
gation of the dianaeter through the other extremity 

Thus, AT is the tangent of 
the arc AM, and AT'' is 
the tangent of the arc AM'. 

If AM is equal to M'C, 
AM and AM' will be supple- 
ments of each other. But AM'" 
and AM' are also supplements 
of each other : hence, the arc 
AM is equal to the arc AM'", 
and the corresponding angles, 

AOM and AOM"'y are also equal. The right-angled tri- 
angles AOT and AOT'", have a common base AO, and 
the angles at the base equal ; consequently, the remaining 
parts are respectively equal : hence, AT is equal to AT'". 
But AT is the tangent of AM, and AT'" is the tangent 
of AM' : hence, the tangent of an arc is equal to the tan- 
gent of its supplement. 

It is to be observed that no account is taken of the alge- 
braic signs of the cosines and tangents, the numerical valnes 
alone being referred to. 

29. The cotangent of an arc is the tangent of its com- 
plement. 

Thus, BT' is the cotangent of the arc AMy and BT" 
b the cotangent of the are AM'. 

The sine, cosine, tangent, and cotangent of an arc, a, 
are^ for convenience, Written sin a, coa a^ tan a, and cot a> 
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These functions of an arc have been defined on the sup- 
position that the radius of the arc is equal to 1 ; in this 
case, they may also be considered as functions of the angle 
which the arc measures. 

Thus, iW, iOf, ATy and J3T\ are respectively the 
sine, cosine, tangent, and cotangent of the angle AOM, as 
well as of the arc AM, 



30. It is often convenient to use some other radius than 
1 ; in such case, the functions of the arc, to the radius 1, 
may be reduced to corresponding functions, to the radius i2. 

Let AOM represent any angle, 
AM an arc described from O as 
a centre with the radius 1, PM 
its sine ; A^M' an arc described 
from as a centre, with any ra- 
radius i2, and P'M' its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have, 

OM : PM : : OM' : P'M\ or, 1 : PM : : JR : P'M' ; 




whence, 



PM = 



P'M' 
B 



and, P'M' = PM x B ; 



and similarly for each of the other functions. 

That is, any function of an arc whose radius is 1, is 
equal to the corresponding function of an arc whose radiuf 
is 72, divided by that radius. Also, any function of an 
arc whose radius is i2, is equal to the corresponding fu7u> 
tion of an arc whose radius is 1, multiplied by the ror 
dius B, 

By making these changes in any formula, the formula will 
be rendered homogeneous. 
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TABL15J OF NATUEAL SINES. 

31. A Natubal SmE, Cosine, Tangent, ob CorANGENT, 
is the sine, cosine, tangent, or cotangent of an arc whose 
radius is 1. 

; A Table of Natubal Sines is a table by means of which 
the natural sine, cosine, tangent, or sotangent of any arc, 
may be found. 

Such a table might be used for all the purposes of tri- 
gonometrical computation, but it is found more convenient to 
employ a table of logarithmic sines, as explained in the next 
article. 

TABLE OF LOGARITHMIO SINES. 

32. A LoGABiTHMic SiNE, CosiNE, Tangent, or Cotan- 
gent is the logarithm of the sine, cosine, tangent, or cotan- 
gent of an arc whose radius is 10,000,000,000. 

A Table of Logabithmic Sines is a table from which the 
logarithmic sine, cosine, tangent, or cotangent of any arc may 
be found. 

The logarithm of the tabular radius is 10. 

Any logarithmic function of an arc may be found by mul- 
tiplying the corresponding natural function by 10,000,000,000 
(Art. 30), and then taking the loorarithm of the result ; or 
more simply, by taking the logarithm of the corresponding 
mUuraZ ftmction, and then adding 10 to the result (Art. 6). 

33. -In the table appended, the logarithmic functions are 
given for every minute from 0° up to 90°. In addition, 
their rates of change for each second^ are given in the 
colunm headed "D." 

The method of computing the numbers in the column 
beaded ^^D," will be understood, ftom. ^ ^^le example. The 



PLANE TRIGONOMETRY. 23 

logarithmic sines of 27° 34', and of 21^ 36', are, respect- 
ively, 9.665376 and 9.665617. The difference between their 
mantissas is 242 ; this, divided by 60, the number of sec- 
onds in one minute, gives 4.03, which is the change in the 
mantissa for 1", between the limits 27° 34' and 27° 35'. 

For the sine and cosine, there are separate columns of 
differences, which are written to the right of the respective ^ 
3olunms ; but for the tangent and cotangent, there is but a 
single column of differences, which is written between them. 
The logarithm of the tangent increases, just as fast as that 
of the cotangent decreases, and the reverse, their sum being 
always equal to 20. The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logarithms must 
always be equal to twice the logarithm of the radius, or 20. 

The angle obtained by taking the degrees from the top 
of the page, and the minutes from any line on the left hand 
of the page, is the complement of that obtained by taking 
the degrees from the bottom of the page, and the minutes 
from the same line on the right hand of the page. But, 
by definition, the cosine and the cotangent of an arc are, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, the colmnns designated 
sine and tang^ at the top of the page, are designated cosine 
and cotang at the bottom. 

USB OF THE TABLE. 

To find the logarithmic functio9i8 of an arc which is ex- 
pressed in degrees and minutes. 

34, If the arc is less than 45°, lOok for the degrees at 
the top of the page, and for the minutes in the left hand 
'X>limin ; then follow the corresponding \iOTYLOXi\»^ ^xi^ ^^ ^^'^ 
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come to the column designated at the top by .sine^ cosine^ 
tcmg^ or cotang^ as the case may be ; the number there 
found is the logarithm required. ^ Thus, 

log sin 19° 55' • • • 9.532312 
log tan 19^ 55' . • • 9.559097 

If the angle is greater than 45°, look for the degrees at 
the bottom of the page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you come to the column designated at the bot- 
tom by siney cosine^ tang^ or cotang^ as the case may be; 
the number there found is the logarithm required. Thus, 

log cos 62° 18' . . . 9.786416 
log tan 62° 18' • • • 10.111884 

To find the logarithmic functions of an arc which is ea> 
pressed in degrees^ minutes^ and seconds. 

35. Find the logarithm corresponding to the degrees and 
minutes as before ; then multiply the corresponding* number 
taken from the column headed "D," by the number of sec- 
onds, and add the product to the preceding result, for the 
sine or tangent, and subtract it therefrom for the cosine or 
cotangent. 

EXAMPLES. 

1. Find the logarithmic sine of 40° 26' 28", 

OPERATION. 

log sin 40° 26' 9.811962 

Tabular difference 2.47 
No. of seconds 28 

Product • • • 69.16 to be added • • 69 

Jog am 40° 26' 28" 9.812021 



i 



% 
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The same rule is followed for decimal parts^ as in Art. 12. 

2. ilad the logarithmic cosine of 63° 40' 40". 

OPERATION. 

log COS 63° 40' 9.772075 

Tabular difference 2.86 

No. of seconds 40 

Product • • • 114.40 to be subtracted 114 

log cos 63° 40' 40" 9.772561 

If the arc is greater than 90°, we find the required 
fimction of its supplement (Arts. 26 and 28). 

8. Find the logarithmic tangent of 118° 18' 25". 

. OPEBATION. 
180° 

Given arc 118^ 18' 25" 

Supplement 61° 41' 35" 

log tan 61^ 41' 10.268556 

Tabular difference 6.04 
No. of seconds 35 

Product • • • 176.40 to be added • 176 

log tan 118° 18' 25" ........ 10.268782 



4. Fmd the logarithmic sine of 32° 18' 35". 

Arts. 9.727945. 

6. Find the logarithmic cosine of 95° 18' 24". 

Ans. 8.966080. 

6. Find the logarithmic cotangent of 125° 23' 50"» 

Arte, ^At>\^\^ 
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Hh find t/is arc corresponding to any logarithmic /unetion, 

36. This is done hj reversing the preceding rule : 
Look in the proper column of the table for the given log- 
aritlim ; if it is found there, the degrees are to be taken 
fi'oni tlie top or bottom, and the minutes from the left or 
right hand colunm, as the case may be. If the given log- 
arithm is not found in the table, then find the next less 
logarithm, and take from the table the corresponding degrees 
and minutes, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the corresponding tabular difference. The quo- 
tient will be seconds, which must be added to the degrees 
and minutes set aside, in the case of a sine or tangent, bjA 
subtracted^ in the case of a cosine or a cotangent. 

. EXAMPLES. 

1. Find the arc corresponding to the logarithmio 
one 9.422248. 

OPERATION. 

Given logarithm • • • 9.422248 

Next less m table • • • 9.421857 . • . 15^ 19' 

Tabular difference 7.68 ) ?91.00 ( 61", to be added 

Hence, the required arc is 15° 19' 61". 

2. Find the arc corresponding to the logarithmic 
co^iue 9.427485. 

OPERATION. 

Given logarithm • • • 9.427485 

Next less in table • • 9.427354 • • • 74** 29'. 

Tabular difference 7.58 ) 131.00 ( 17 , to be subt 

Hence, the required arc \a ' ^\^ *I^- V^'V 
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3. Find the arc corresponding to the logarithmic 
Bine 9.880064. Ans. 49® 20' 50". 

4. Find the arc corresponding t^o the logarithmic 
cotangent 10.008688. Ans. 44® 25' 37". 

6. Find the arc corresponding to the logarithmic 
oosino 9.944699. Ana. 28° 19' 46". 



SOLUTION OF RIGHT-AKGLED TRIAKGLE8. 

37. In what follows, we shall designate the three angles 
of every triangle, by the capital letters Ay -B, and Gy A 
denoting the right angle ; and the sides lying opposite the 
angles, by the corresponding small letters a, 5, and c. 
Since the order in which these letters are placed may be 
changed, it follows that whatever is proved with the letters 
placed in any given order, will be equally true when the 
letters are correspondingly placed in any other order. 

Let 0AJ3 represent any triangle, 
right-angled at A, With C as a 
centre, and a radius ODy equal to 1, 
describe the arc DGy and draw GJ^ 
and DJS perpendicular to CA : then 
will J^G be the sine of the angle (7, OF will be its 
cosine, and DJS its tangent. 

Since the three triangles CFGy CDJEJy and CAJS are 
similar (B. IV., P. XVilJ.), we may wnte the propoi 
tions. 




CB : AB 
CB : CA 
CA : AB 



: CQ : FG) or, a : c : : 1 : sin (7 
: CG : CF, or, a : J : : 1 : cos (7 



: CD : DE, 



or, 6 : c : •. "V \ \a.TL O , 
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henoi; we have (B. 11., P. I.)» 



c = a sin (7 • • • (1.) 

6 = a cos (7 • • • (2.) 
= b tan (7 • • • { 3.) 



^ 



sin (7 = — , • • • (4.) 



> .\ < 



a 

cos G = — , • • • (5.) 

tan (7 = -^j • • • (6.) 



Translating these formulas into ordinary language, we have 
the following 

PRINCIPLES. 

1. The perpendicular of any right^Lngled triangle is equm 
to the hypothenuse into the sine of the angle at the base, 

2. The base is equal to the hypothenuse ifito the cosine 
of the angle at the base. 

3. The perpe?idicular is equal to the base into the tan- 
gent of the angle at the base. 

4. The sine of the angle at the base is eqtuU to the 
perpendicular divided by the hypothenuse. 

5. The cosine of the angle at the base is equal to ths 
base divicled by the hypothenuse. 

6. The tangent of the angle at the base is equal to the 
perpendicular divided by the base. 

Either side about the right angle may be regarded as the 
base; in which case, the other is to be regarded as the 
jierpendicular. We see, then, that the above principles are 
sufficient for the solution of every case of right-angled tri- 
angles. When the table of logarithmic sines is used, in the 
solution, Formulas ( 1 ) to ( 6 ) must be made homogeneous, 
by substituting for in C, coa C, mv^ Vjaa. C\ respiectively, 
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son C cos (7 , tan C t> i • 

jn 9 ys , and , ' jB being equal . to 

10,000,000,0009 as explained in Art. 30. 

Making these changes, and reducing, we have, 

a sin G ,. . . ^ JRc ,,^. 

c = — ^ — •••(*•) sm (7 = — ... (10.) 

ft = — i5 — • • . (8.) cosC = — . . (11.) 

6 tan (7 , ^ . _ iJc , ^ 

e = — ^ — • • . (9.) tanC7 = -^ • . . (12.) 

In applying logarithms to these formulas, remember, that 
the sum of the logarithms of the two terms whicli multiply 
together, is equal to tlie sum of the logarithms of the other 
two terms, and that the required term comes last in the 
operation. Also, that the logarithm of i? is 10, and the 
arithmetical complement of it, is 0. 

There are four cases. 

CASE I. 

Given the hypothenuse and one of the acule angles, to find 

the remaining parts. 

38. The other acute angle may be found by subtracting 
the given one from 90° (Art. 23). „ 

The sides about the right angle Baay 
be found by Formulas (7) and (8). ^ 




EXAMPLES. C Ti 

1. Given a = 749, and = 47° 03' 10^'; required 
IJ, c, and h. 

0PEEATI02S-. 

i? = 90<> - 47° 03' 10" = 42° 56' 60". 

Applying logarithms to formula ^T), 's?^ \l^^^, 

19 






30 PLANE TRIGONOMETRY. 

log a 4- log sin C — 10 = log c) 

log a (749) .... 2.874482 

log sin (47° 03' 10") . 9.864501 

log c 2.738983 .-. c = 648.255. 

Applying logarithms to Formula (8), we haye, 

log a + log cos C — 10 = log ft; 

log a (749) .... 2.874481 

log cos (47° 03' 10") . 9.833354 

log J 2.707835 .-. J = 510.31. 

Ans. B = 42° 56' 50", i = 510.31, and c == 548.255. 

2. Given a = 439, and B = 27° 38' 50", to find 
Cy c, and J. 

OFEBATIOK. 

(7 = 90° - 27° 38' 50" = 62° 21' 10" ; 

log a (439) .... 2.642465 

log sin (62° 21' 10") . 9.947346 

log c 2.589811 .-. c = 388.875. 

log a (439) .... 2.642465 

log cos (62° 21' 10") . 9.666543 

log J 2.309008 . • . ft = 203.708. 

Ans. O = 62° 21' 10", ft = 203.708, and c = 388.875. 

3. Given a = 125.7 yds., and ^ = 75° 12', to find 
the other parts. 

Jns. C = 14° 48', 6 = 1^1.5^ ^d^., e^nd c = 32.11 yds. 
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CASE n. 

Given one of the aides about the right angle and one of 
the acute angles^ to find the remaining parts, 

39. The other acute angle may be found by subtractii»g 
the given one from 90°. 

The hypothenuse may be found by Formula (7), and 
the unknown ade about the right angle, by Formula (8). 

EXAMPLES. 

1. Given c — 66.293, and G = 64° 2V 39", to find B^ 
a, and b. 

OPERATION. 

J? = 90° — 64° 2V' 39" = 35° 32' 21". 

Applying logarithms to Formula (7), we have, 

log c + 10 — log siu C = log a ; 

but, 10 — log sin G = (a. c.) of log sin C\ whence, 

log c (56.293) . . . 1.750454 

(a. c.) log sin G (54° 27' 39'') . 0.089527 

log a 1.839981 .-. a = 69.18. 

Applying logarithms to Formula (8), we have, 

log a + log cos C — 10 = log b ; 

log a (69.18) . . . 1.839981 

log cos O (54° 27' 39") . 9.764370 

log & 1.604351 .-. 5 =r 40.2114. 

Ans. B = 35° 32' 21", a = 69.1S, «jv(5l h =- «^^?;CWV, 
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2. Given c = 358, and Ji = 28'' 47', to find C, a 
and b 

OPEUATION. 

C = 90° - 28° 47' = 61° IZ'. 
We have, as before, 

log c + 10 — log sin C = log a ; 

log c (358) . . . 2.553883 

(a. c.) log sin (61° 13') . . 0.057274 

log a 2.611157 .'. a = 408.466; 

Also, log a + log cos C — 10 = log b ; 

log a (313.776) • • 2.611157 

log cos C (61° 13') • • 0.682595 

log 5 2.293762 .'. ft = 196.676. 

Ans. G = 61° 13', a = 408.466, and 6 = 196.676. 

3. Given b = 162.67 yds., and (7 = 60° 18' 32", to 
find the other parts. 

Ans. B = 39° 41' 28", c = 183.95, and a = 239.05. 

4. Given c = 379.628, and C = 39° 26' 16", to find 
J9, a, and b. 

Ana. B = 60° 33' 44", a = 697.613, and 6 = 461.65. 



CASE m. 

(iiveti the two sides about tf^e right angU^ to find the re 

maining parts. 

40. The angle at the base may be found by Formula 
( ^2 )y and i\\Q solution may "b^ coTcv^XoX^i^ ^a '\a Q^sa TL 



PLANE TRIGONOMETRY. 8$ 



BX AM PLBS. 

1. Given b = 26, and c = 15, to find (7, -B, and a. 

OPERATION. 

Applying logarithms to Formula ( 12 ), we have, 

log c + 10 — log i = log tan 0\ 

log c (15) .... 1.176091 
(a. c.) log b (26) .... 8. 585027 

log tan a . . . 9.761118 .-. (5^=29° 58' 54"; 

5 = 90° — a - 60° 01' 06". 
As in Case II., log e? + 10 — log sin = log a ; 

log c . - (15) . . 1 176091 
(a. c.) log sin C (29° 58' 54") 0.301271 

log a 1.477362 .-. a = 30.017. 

Am. C = 29° 68' 64", B = 60° 01' 06", and a zs: 30.017. 

2. Given b = 1052 yds., and e = 347.21 yds., to find 
J?, C, and a, ^ 

J5 = 71° 44' 05", C = 18° 15' 55", and a = 1108.05 yds. 

3. Given b = 122.416, and c = 118.297, to find JB, 
Cj and a. 

J5 = 46° 58' 50", C = 44° 1' 10", and a = 170.236 

4. Given ^ = 103, and c = 101, to fird B^ C 
and a. 

B = 46° 33' 42", C = 44° ^ft' \^'\ «si!\ a = \fctfct?ia!^. 
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CASE IV. 

€Hvefi the hypothenuae and either aide about the right angle, 

to find the remaining parts. 

41. The angle at the base may be found by one of 
Formulas (10) and (11), and the remaining side may then* 
be found by one of Formulas ( V ) and ( 8 ). 

EXAMPLES. 

1. Giyen a = 2391.76, and i = 385.7, to find (7, 
R, and c. 

OPEEATION". 

Applying logarithms to Formula (11), we have, 
log J + 10 — log a = log cos C'y 

m 

log h (385.7) • • • 2.686250 
(a. c.) log a (2391.76) • • 6.621282 

log cos (7 ... 9.207632 .'. C = 80° 48' ll"j 

j» = 90° - 80° 43' 11" = 9° 16' 19". 

From Formula ( 7 ), we have, 

log a + log sin C — 10 = log c; 

log a (2391.76) • 3.378718 

log sin C (80° 43' 11") 9.994278 

log c 3.372996 .'. c = 2360.46. 

Ans. jB = 9° 16' 49", O = 80° 43' 11", and c = 2360.45. 
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2. Given a = 127.174 yds., and c = 125.7 yds., to find 
C7, B, and i. 



0PEEATI02S". 

From Formula (10), we have, 

log c + 10 — log a = log sin (7; 

log c (125.7) . . . 2.099335 
(a. c.) log a (127.174) . . 7.895602 

log sin a ... 9.994937 .-. C = 81° 16' 6"; 

5 = 90° - 81° 16' 6" = 8° 43' 54". 

From Formula (8), we have, 

log a + log cos (7 — 10 = log J ; 

log a (127.174) . 2.104398 

log cos (7 (81^ 16' 6") . 9.181292 

log ft 1.285690 .'. b = 19.8. 

Am. ^ = 8° 43' 54", G = 81° 16' 6", and ft == 19.3 yds. 



8. Given a = 100, and ft = 60, to find J5, (7, and c 



Ana. B = 86° 62' 11", C = 63° 7' 49", and c = 80, 



4. Given a = 19.209, and c = 15, to find J5, C, 
and ft. 

Ana. B = 38** 39 30" C = 61° 20' 30", ft = 12. 
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SOLUTION OF OBLIQUE-ANGLED TBIANGLES. 

42. In the solution of oblique-angled triangles, four cases 
may arise. We shall discuss these cases in order. 

CASE I. 

Oiven one side and two angleSy to determine the remaining 

parts, 

43. Let ABC represent any O 
oblique-angled triangle. From the y/ 
vertex (7, draw CD perpendicular j/^ 
to the base, forming two right- y/^ 

angled triangles A CD and BCD. ^ 

Assume the notation of the figure. 

From Formula { 1 ), we have, 

CD = ft sin -4, and CD = a sin J? ; 

Equating these two values, we have, 

ft sin ^ = a sin J? ; 
whence (B. H., P. 11.), 

a : ft : : sin ^ : sin ^. • • ( 13.) 

Since a and h are any two sides, and A and B the 
angles lying opposite to them, we have the following princi- 
ple : 

The sides of a plane triangle are proportional to the 
sines of their opposite angles. 

It is to be observed that Formula ( 13 ) is true for any 
value of the radius. Hence, to solve a triangle, when a sid^ 
and two angles are given : 



yU 
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Blrst find the third angle, by subtracting the sura of the 
given angles from 180° ; then find each of the required sides 
by means of the principle just demonstrated. 

EXAMPLBS. 

1, Given B = 68° 07', C = 22° 37', and a = 408, to 
find A^ by and c. 

OPERATION. 

B 68° 07' ' 

C 22 ° 37' 

A ... 180° - 80° 44' = 99° 16'. 

To find ft, write the proportion, 

sin ^ : sin J? : : a : b \ 

that is, the sine of the angle opposite the given stde, is to 
ike sine of the aJigle opposite the required side^ as the given 
side is to tJie required side. 

Applying logarithms, we have (Ex. 4, P. 15), 

(a. c.) log sin A + log sin B + log a — 10 = log i ; 

(a. 0.) log sin A (99° 16') . . . 0.005705 

log sin B (58° 07') . . . 9.928972 

log « . . (408) .... 2.610660 

log 5 2.545337 .-. 5 = 351.024. 

In like manner, sin -4 : sin (7 : : a : c; 

and, (a. c.) sin A + log sin + log tj — 10 = log c. 

(a. c.) log sin A (99° 16') . . . 0.005705 

log sin G (22° 37') . . . 9.584968 

log a . . (408) .... 2.610660 

log c 2.20133 3 .-. c = 158.976. 

Ans. A = 99'' 16', b = 351.0'^4, mSL c = \^^J^^^. 
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2. Given A = 38° 26', S = dl"" 42', and c = 400, 
to find (7, a, and b. 

Am. C = 83° 63', a = 249.974, 6 = 340.04. 

8. Given A = 16^ 19' 61", C = 72° 44' 05", and 
c = 250.4 yds, to find j5, a, and & 

Ana. B = 91° 66' 04", a = 69.328 yds., h = 262.066 yda. 

4 

4. Given B = 61° 15' 36", G = 37° 21' 25", and 
a = 305.296 ft., to find A^ bj and e, 

Ans. A = 91° 23', b = 238.1978 ft., c = 185.3 ft. 



CASE n. 

Given two sides and an angle opposite one of them^ to find 

the remaining parts, 

44. The solution, in this case, is commenced by finding 
a second angle by means of Formula (13), after which we 
may proceed as in Case I. ; or, the solution may be com- 
pleted by a continued application of Formula { 13 ). 

EXAMPLES. 

1. Given A = 22° 37', b = 216, and a = 117, to 
find J5, (7, and c. 

From Formula (13), we have, 

a : b : : sin ^ : sin J? ; 

that is, the side opposite the given angle^ is to the aide op- 
posite the required angle^ as the sine of the given angle is 
to the sine of the rejuired angle. 



:^ 
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Whence, by the application of logarithms, 

(a. c.) log a + log b + log sin ^ — 10 = log sin B ; 



(a. c.) log a . . (117) . . 7.931814 

log 5 . . (216) . . 2.334454 

log sin A (22° 37') . . 9.584968 

log sin 5 .... 9.851236 .-. B = 45° 13' 55", 

and B' = 134° 4G' 05". 

Hence, we find two values of J5, which are supplements of 
each other, because the sine of any angle is equal to the 
sine of its supplement. This would seem to indicate that 
the problem admits of two solutions. It now remains to 
determine under what conditions there will be two solutions^ 
one solution^ or no solution. 

There may bo two cases : the given angle may be c^cute^ 
or it may be obtuse. 

First Case. Let ABC re- 
present the triangle, in which the 
angle A^ and the sides a and 

( are given. From C let fall '**'- •''' 

a perpendicular upon AB^ pro- 
longed if necessary, and denote its length by />. We shall 
have, from Formula ( 1 ), Art. 37, 

jE> = d sin .^ ; 

from which the value of p may be computed. 

If a is intermediate in value between p and 5, there 
will be two solutions. For, if with (7 as a centre, and a 
as a radius, an arc bo described, it wiU cut the line Ai^ 
in two points, B and B\ each of which being joined witli 
C, will ^ve a triangle wliich will conform to the conditions 
of the prohleuL 
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In this case, the angles B* and i?, of the two triangles 
AJB'C and ABG^ will be supplements of each, other. 

C 
If a = />, there will be but 

one solution. For, in this case, 

the arc will be tangent to AJ3^ 

he two points J3 and B' will 

unite, and there will be but a single triangle formed. 

In this case, the angle ABC will be equal to 90®. 

If a is greater than both p 
and by there will also be but one 
solution. For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of the problem. 

In this case, the angle ABG will be less than A^ and 
consequently acute. 

If a <C Pj there will be no 
solution. For, the arc can neither 
cut ABy nor be tangent to it. 

Seco7id Case. When the given angle A is obtuse, the 
angle ABG will be acute ; the 
side a will be greater than b, 
and there will be but one solu- 
tion. 






In the example under considera- 
tion, there are two solutions, the 

iirst corresponding to ^ = 45° 13' 65", and the second to 
^' = 734° 40' 05". 
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In the first case, we have, 

A 22° 3r 

B 45° 13^ 55^^ 

180° - 67° 50^ 55^^ = 112° 09' 05". 

To find c, we have, 

Bin B : s'm : : b : c; and 

(a. c.) sin B + log sin C + log & — 10 = log c; 

(a. c.) log sin B ( 45° 13' 55") . 0.148764 

log sin (112° 09' 05") . 9.966700 

log & ... (216) . . . 2.334454 

log c 2.449918 .-. c = 281.785. 

Ans. B = 45° 13' 55", = 112° 09' 05", and c = 281.785. 

In the second case, we have, 

A 22° 37' 

B' 134° 46' 05" . 

G 180° - 157° 23' 05" = 22° 36' 55"; 

and as before, 

(a. c.) log sin B' (134° 46' 05") . 0.148764 

log sin G ( 22° 36' 55") . 9.584943 

log J ... (216) . . . 2.334454 

log c 2.068161 .-. c = 116.993. 

Ans. B' = 134° 46' 05", G = 22° 36' 55", and c = 116.993. 

2. Given A = 32°, a = 40, and 5 = 50, to find 
J3, G, and c* 

[B = 41° 28' 69", G = 106° 31' 01", c = 72.368 

{ B = 138° 31' 01", = ^° ^%' ^^% c ^-V^^^t^^. 
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3. Given ^ = 18^ 62' 13", a = 27.466 yds^ and 
b =13.189 yds., to find i?, C, and c. 

Ans. jB = 8° 66' 06", C = 152^ 11' 42", c = 39.611 yds. 



4. Given A = 32*^ 16' 26", b = 176.21 ft., and 
a = 94.047 ft., to find i?, C, and c. 

Ans. B = 90% C = 67° 44' 34", c = 140.014 ft. 




CASE ni. 

Given two sides and their included angh^ to find the f^ 

maining parts. 

45. Let ABC represent any 
plane triangle, AB and AG snj 
two sides, and A their included 
angle. With ^ as a centre, 
and A (7, the ' shorter of the two 
sides, as a radius, describe a semi- 
circle meeting AB in i*, and the prolongation of AB 
in K Draw CI and HJC, and through I draw IH 
parallel to ^C. 

Since the angle CAB is exterior to the triangle CBA, 
we have (B. L, P. XXV., C. 6), 

CAB = C-\- B. 

But the angle CIA is half the angle CAB; 
hence, CIA = i {C + B). 

Since ^(7 is equal to AFy the angle AFC is equal to the 
angle C; hence, the angle B plus FAB is equal to G; 
or i^^4j5 is equal to C -- B. But /Cff = is equal to one- 
half of FAB; 

hence, IGH ^ \ (G - BV 
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Since the angle ECI is inscribed in a semicircle, it is a 
right angle (B. III., P. XVIIL, C. 2); hence, GE is per- 
pendicular to CI, at the point (7. But since HI is parallel 
to CE, it will also be perpendicular to CL 

From the two right-angled triangles lOE and ICSy we 
have (Formula 3, Art. 37), 

EG = IG tan i((7 + -B), and IS = IG tan i((7 - B)\ 

hence, from the preceding equations^ we have, after omitting 
the equal factor IG (B. U., P. VII.), 

EG I IS I I tani(C+i?) : tani((7~^). 

The triangles EGB and IHB heing similar, their homo- 
logous sides are proportional ; and because EB is equal to 
AB + AGy and IB to AB --AG, we shall have the 
proportion, 

EG : IS :: AB + AG : AB -^ AG. 

Combining the preceding proportions, and substituting for 
AB and AG their representatives c and J, we have, 

e + b : c-^b :: tani((7+i?) : tani(C--B) . . (14.) 

Hence, we have the following principle : 

In any plane triangle^ the sum of ths sides including 
eUher angle^ is to their difference^t as the tangent of half 
the «wm of the two other angles^ is to the tangent of half 
their difference. 

The half sum of the angles may be found by subtracting 
the gi^en angle from 180°, and dividing the remainder by 2 
the half difference may be found by means of the principle 
just demonstrated. Knowing the Taatf »wm «cv^ N>cv<^. V^i^ 
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diflference the greater angle is found by adding the half 
difference to the half siini, and the less angle is found by 
subtracting the half difference from the half sum. Then the 
solution 18 completed as in Case I. 



EXAM PLBS. 



1. Given c = 540, b = 450, and A = 80°, to liiid 
Bj Cy and a. 

OPEIIATION. 

c 4- ft = 990 ; c - ft = 90 ; ^(G-^B) = ^(180° - SO*') = 50*». 

Applying logaiithms to Formula (14), we have, 

(a. e.) log {c + ft) + log (c - ft) + log tan ^ ((7 + ,B) - 10 = 

log tan \ {C — B). 

(a. c.) log (c + ft) . . (990) 7.004365 

log (c - ft) . . ( 90 ) 1.954243 

log tan i ((7+^) (50°) 10.076187 

log tan J {C -B) 9.034795 .'. i ((7-jB)=6° 11'; 

(7 = 50° + 6° 11' = 56° 11'; B = 50° - 6° 11' = 43° 49'. 

From Formula (13), we have, 

sin (7 : sin -4 : : c : a; whence, 

(a. c.) log sin G (56° 11') . 0.080492 

log sin A (80°) . . 9.993351 

log c . . . (540) . . 2.732394 

log a 2.806237 .-. a = 640.082. 

Ans. B ^ 43° 49', G = 56° 11', a = 640.082. 
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2. Given c = 1686 yds., * = 960 yds., and A = 128° 04', 
to find JSy (7, and a. 

Ana. B = 18*^ 21' 21", C = 33° 34' 39", a = 2400 yds. 

3. Given a = 18.739 yds., b = 7.642 yds., and 
C - 45° 18 28", to find A, B, and c. 

Ans. A = 112° 34' 13", B = 22° 07' 19", c = 14.426 yds* 

4. Given a = 464.7 yds, b = 289.3 yds., and 
C = 87° 03' 48", to find A, B, and c. 

Ans. A = 60° 13' 39", B = 32° 42' 33", c = 534.66 yds. 

5. Given a = 16.9584 ft., b = 11.9613 ft., and 
O = 60° 43' 36", to find A, B, and c. 

Ans. A = 76° 04' 10", B = 43° 12' 14 '^ c = 15.22 ft. 

6. Given a = 3754, b = 3277.628, and C = 57° 53' 17", 
to find Ay By and c. 

Am. A = 68° 02' 25", B = 54° 04' 18", e = 3428.512. 

CASE IV. 

Given the three sides of a triangle^ to find the remaining 

parts.* 



46. Let ABC represent any 
l>!ano triangle, of which BG is 
the longest side. Draw AJD per- 
pendicular to the base, dividing it 
into two segments CD and BB. 




* The angles maj be found by Formula (^) or (JJj), Lemma. Pages 

109, and 110, Mensuration. 

20 
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From the right-angled triangles CAD and BAD^ we 

have, 

Iff =z AO^ ^ J)C^, and Aff = Iff ---Bff \ 




Equating these values of AD ^ wo have, 
• Iff - DO^ = ZS" - Bffy 
whence, hj transposition, 

IG^ - Iff = DG^ - BD^. 

Factoring each member, we have, 

{AC + AB) {AC^AB) = {DC -\- BD) {DC-BD). 

Converting this equation into a proportion (B. IL, P. IL), 
we have, 
DC + BD : AC + AB :: AC-AB : DC^BD; 

or, denoting the segments by s and 8\ and the sides 
of the triangle by a, b, and c, 

«-f«' : i + c :: i — c : « — «'; ( 16.) 

that is, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle perpendicular to the base, divid- 
ing it into two segments ; then. 

The sum of the two segments^ or the whole basej is to 
the sum of the two other sides, as the difference of then 
sides is to the difference of the segments. 

The half difference added to the half sum, ^ves the 
greater, and the half difference subtracted from the half sum 
gives the less segment We shall then have two right- 
angled triangles, in each of which we know the hypothenuse 
and the base ; hence, the angles of these triangles may be 
fovndj and consequently, tlnoae ot Wi^ ^^xv. txiangjLe. 
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EXAMPLES. 

1. Given a = 40, 5 = 34, and e = 25, to find A^ 
By and C. 

OPERATIOK. 

Applying logarithms to Formula (16), we have, 

(a. c.) log {s + s') + log {h -^ c) + log (J — c) = log (s — s') ; 

(a. c.) log {s + s') . . (40) . . 8.397940 

log {b + c) . . (59) . . 1.770852 

log (5 - c) . . ( 9) . . 0.954243 

log (5-0 1.123035 .'. 5-s'=13.275. 

8 =i{8 + s') + i(s- s') = 26.6375 
s' = i (5 + s') - i (s - 5') = 13.3625 

From Formula (11), wo find, 

log « + (a. c.) log J = log COS (7 . • . (7 = 38'' 25' 20", and 
log 6' + (a.c.) log c = log cos B .-. B = 57^ 41' 25" 

96^ 06' 45" 

A = 180° — 96° 06' 46" = 83° 63' 16". 



2. Given a == 6, 6 = 6, and o = 4, to find Al, 
B^ and (7. 

^Itw. a = 82° 49' 09", B = 66° 46' 16", C = 41° 24' 86" 

3. Given a = 71.2 yds., b = 64.8 yds., and c = 87« 
yds., to find A^ J7, and (7. 

^7W. ui = 83° 44' 32", B = 64° 46' 66", C = 31° 28' 80". 
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PE0BLE3IS. 

1. Knowing the distance -4i?, 
equal to 600 yards, and the angles 
BAC zzz b1^ 35', ABC = 64*> 61', 
lind the two distances AC and 
BG. 

Ans. AC = 643.49 yds., JSG = 600.11 yd& 

2. At what horizontal distance from a column, 200 feet 

high, will it subtend an angle of 31*' 17' 12"? 

Ans. 329.114 ft. 

8. Required the height 
•f a hill D above a hor- 
izontal plane ABy the dis- 
tance between A and B 
being equal to 975 yards, 
and the angles of elevation at A and B being respect- 
ively 15° 36' and 27° 29'. Am. DC = 687.61 yds. 




4. The distances AC and BC 
are found by measurement to be, res- 
pectively, 588 feet and 672 feet, and 
their included angle 66° 40'. Requir- 
ed the distance AB. 

Ans. 592.967 ft. 



5. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standing on the top of an inaccessible 
hill, there were measured, the angle of. elevation of the top 
of the .hill 40°, and of the top of the tower 51° ; then 
measuiing in a direct line 180 feet farther from the hill, the 
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angle of elevation of the top of the tower was 33° 45' ; 
required the height of the tower. Ans, 83.998 ft. 

6. Wanting to know the horizontal distance between two 
inacceftsible objects J5J and TFJ the 
following measurements were made : 



AJ3 = 536 yards 
J^AW = 40° 16' 



viz : < WAE = 57° 40' 
ABE = 42° 22' 
EBW = 71° 07'. 

Required the distance EW. 




A'^ 



A71S. 939.634 yds. 




7. Wanting to know the 
horizontal distance between 
two inaccessible objects A 
and J?, and not finding any 
station from which both of 
them could be seen, two 
points C and Z>, were chosen 
at a distance from each other 

equal to 200 yards ; from the former of these points, A 
could be seen, and from the latter, B ; and at each of the 
points C and i>, a staff was set up. From (7, a dis- 
tance CF was measured, not in the direction i>(7, equal 
to 200 yards, and from D^ a distance DEy equal to 200 
yards, and the following angles taken : 

AFG = 83° 00', BJDE = 54° 30', AGD z=, 53° 30' 
BBC - 156° 25', ACF = 54° 31', BED = 88° 30' 

Required the distance AB. Ans. 345 467 yds. 
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8. The digtances ^i?, AC^ and 
BC^ between the pomts A^ J5, and 
(7, are kno^vn ; viz. : AB z=. 800 yds., 
4 (7 = 600 yds., and i? (7 = 400 yds. 
From a fourth point P, the angles 
APG and BPG are measured ; 

viz. : APG = sa*' 45', 

and BPG = 22^ 30'. P - -' 

Required the distances AP^ BP^ and GP. 

(AP = 710.193 yds. 
BP = 934.291 yds. 
GP = 1042.522 yds. 

• 

This problem is used in locating the position of buoys in 
maritime surveying, as follows. Three points -4, B^ and 
(7, on shore are known in position. The surveyor stationed 
at a buoy P, measures the angles APG and BPG. The 
distances AP^ BP^ and CP, are then found as foDows : 

Suppose the circumference of a circle to be described 
through the points A^ B^ and P, Draw GP^ cutting 
the circumference in 2>, and draw the lines DB and DA, 

The angles GPB and DAB^ being inscribed in the 
same segment, are equal (B. III., P. XVIIL, C. 1) ; for a 
like reason, the angles GPA and DBA are equal : hence, 
in the triangle ADB^ we know two angles and one side ; 
we may, therefore, find the side DB, In the triangle AGB^i 
we know the three sides, and we may compute the angle B. 
Subtracting from this the angle DBA^ we have the angle 
DBG, Now, in the triangle DBG^ we have two 8id<« 
and their included angle, and we can find the angle DGB. 
Finally, in the triangle GPB^ we have two angles and one 
side, from which data we can find GP and BP. In like 
manner^ we can find AP. 



ANALYTICAL TRIGONOMETRY. 



47. Analytical Trigonometry is that branch of Mathe- 
matics which treats of the general properties and relations • 
of trigonometrical functions, 

DEFINITIONS AND GENERAL PRINCIPLES. 




48. Let ABCD represent a dr- 
die whose radius is 1, and suppose 
its circumference to be divided into 
four equal parts, by the diameters 
A.C and -Bj9, drawn perpendicular to 
each other. The horizontal diameter 
A.C^ is called the initial diameter ; 
the vertical diameter BD^ is called 

the secondary diameter ; the point -4, from which arcs are 
usually reckoned, is called the origin of arcs^ and the point 
jB, 90° distant, is called the secondary origin. Arcs esti- 
mated from u4, around towards -B, that is, in a direction 
contrary to that of the motion of the hands of a watch, are 
considered positive ; consequently, those reckoned in a con 
trary direction must be regarded as negative. 

The arc AB^ is called the Jirst quadrant / the arc JS (7, 
the second quadrant ; the arc CZ>, the third quadrant ; 
and the arc X14, the fourth jwadrant. TVi^ ^cmX. ^ ^Nsj^siSc. 
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an arc terminates, is called its extremity^ and an arc is said 
to be in that quadrant in which its extremity is sitnated. 
Thus, the arc AM is in the Jirst 
quadrant^ the arc AM' in the sec- 
ond^ the arc AM'' in the thirds 
and the arc AM'" in the fourth. 




49, The complement of an arc 
has been defined to be the differ- 
ence between that arc and 90° (Art. 
23) ; geometrically considered, the 

complement of an arc is the arc included between the extremity 
of the arc and the secondary origin. Thus, MB is th« 
complement of AM ; M'B^ the complement of AM' ; 
M"B^ the complement of AM"y and so on. When the 
arc is greater than a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

The supplement of an arc has been defined to be the 
difference between that arc and 180® (Art. 24) ; geometrically 
considered, it is t?ie arc included between tJie extremity of 
the arc and the left hand extremity of the initial diameter. 
Thus, MG is the supplement of AM^ and M"C the sup- 
plement of AM''. The supplement is negative, when the 
arc is greater than two quadrants. 



50. The sine of an arc is 
tJie distance from the initial 
diameter to the extremity of the 
arc. Thus, PM is the sine 
of AM, and P"M" is the 
sine of the arc AM". The 
term distance, is used in the 
sense of shortest or perpendicu- 
lar distance. 
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51. The cosine of an arc is the distance from the sec- 
ondary diameter to the extremity of the arc : thus, NM 
is the cosine of AM^ and NM^ is the cosine of AM\ 

The cosine may be measured on the initial diameter : 
thus, OP is equal to the cosine of AM^ and OP* to the 
cosine of AM'. 

52. The versed-sine of an arc is the distance from the 
sine to the origin of arcs : thus, PA is the versed-sine of 
AMy and P'A is the versed-sine of AM\ 

53. The cO'Versed-sine of an arc is the distanx^e from 
the cosine to the secondary origin : thus, NB is the co- 
versed-sine of AMy and N^'B is the co-versed-sine of A3f'\ 

54. The tangent of an arc is that part of a perpenr 
dicular to the initial diameter^ at the origin of arcs^ inr 
eluded between t/ie origin and the prolongation of the diam- 
eter through the extremity of the arc : thus, AT is the 
tangent of AM^ or of AM'\ and AT'' is the tangent 
of AM', or of AM'". 

55. The cotajigent of an arc is that part of a perpenr 
diculq/r to the secondary diameter, at the secondary origin, 
included between the secondary origin and the prolongation 
of the diameter through the extremity of the arc : thus, 
BT' is the cotangent of AM, or of AM", and BT^' 
is the cotangent of AM', or of AM'". 

56. The secant of an arc is the distance from the cen-i 
tre of the arc to the extremity of the tangent : thus, T 
is the secant of AM, or of AM", and OT"' is the se- 
cant of AM', or of AM'". 

57. The cosecant of an arc is the distauce Jto-^x V\\fc 
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centre of the are to the extremity of the cotangent •* thiiB, 
OT' is the cosecant of AM^ or of AM"^ and OT" u 
the cosecant of AM\ or of AM**\ 

Tlie term oo, in combination, is equivalent to cotnplemefit 
of ; thus, the cosine of an arc is the same as the sine of 
the complement of that arc, the cotangent is the same as 
the tangent of the complements and so on. 

The eight trigonometrical functions above defined are also 
called circular functions. 



BT7LE8 FOB DETEBMINING THE ALGEBBAIO SIGNS OF CIBOULAB 

FUNCTIONS. 



68. AU distances estimated upwards are regarded as pos- 
itive ; consequently^ all distances estim>ated downwards m\t»t 
he considered negative. 

Thus, AT, PM, NB, rM\ 
are positive, and AT''\ P'''M''\ 
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P*'M'\ &c., are negative. 

All distances estimated towards 
the right are regarded as positive / 
consequently^ all distances estimat- 
ed towards the left must be con- 
sidered negative. ^ 

Thus, iOf, BT', PA, &c., 
are positive, and N*M\ BT'\ &c., are negative. 



All distances estimated from the centre in a direction to 
towards the extremity of the arc are regarded as positive; 
consequently, aU distances estimated in a direction from the 
second extremity of the arc must he considered negative. 

Thus, OT, regarded as the secant of AM, is estimated 
ux a direction towards JM, «iid. ^ -^odtive \ but OT, re- 
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garded as the secant of AM"y is estimated in a direction 
from M'\ and is negative. 

These conventional rules, enable us at once to give the 
proper sign to any fimction of an arc in any quadrant. 

59, In accordance with the above rules, and the defiiii- 
ions of the circular functions, we have the following prini'.iv 
>les : 

The shie is positive in the first and second quad/rants^ 
and negative in the third and fourth. 

The cosine is positive in the first and fourth quadrants^ 
and negative in the second and third. 

The versed-sine and the ca-versed^ine are always positive. 

The tangent and cotangent are positive in the first and 
third quadrants^ and negative in the second and fourth. 

The secant is positive in the first and fourth qzcadranta^ 
and negative in the second and third. 

The cosecant is positive in the first and second quadrants^ 
and negative in the third and fourth. 



LIMmNO VALUES OF THE CIRCULAR FUNCTIONS.' 

60. The limiting values of the circular functions are those 
values which they have at the beginning and end of the 
different quadrants. Their numerical values are discovered 
by following them as the arc increases from 0° around to 
360°, and so on around through 450°, 540°, Ac The signs 
of these values are determined by the principle, that the sign 
of a varying magnitude up to the limits is the sign at the 
limit. For illustration, let us examine the limitiug values of 
the sine and tangent. 
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If we suppose the arc to be 0, the sine will be ; ai 
the arc increases, the sme iucreases until the arc becomes 
equal to 90°, when the sine becomes equal to + 1, which m 
its greatest possible value ; as the arc increases from 90*, 
the sine goes on diminishing until the arc becomes equal to 
180°, when the sine becomes equal to H- ; as the arc 
increases from 180°, the sine becomes negative, and goes on 
increasing numerically, but decreasing algebraically^ until the 
arc becomes equal to 270°, when the sine becomes equal to 
— 1, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numerically, but inr 
creating algebraically^ until the arc becomes 360°, when the 
sine becomes equal to — 0. It is — 0, for this value of 
the arc, in accordance with the principle of limits. 

The tangent is when the arc is 0, and increases till 
the arc becomes 90°, when the tangent is + co ; in passing 
through 90°, the tangent changes from -|- co to — co , and 
as the arc increases the tangent decreases, numerically, bnt 
increases algebraically, till the arc becomes equal to 180®, 
when the tangent becomes equal to — ; from 180° to 
270°, the tangent is again positive, and at 270° it becomes 
equal to + co ; from 270° to 360°, the tangent is again 
negative, and at 360° it becomes equal to — 0. 

If we still suppose the arc to increase after reaching 360% 
the functions will again go through the same changes, that 
is, the functions of an arc are the same as the functions 
thai are increased by 360°, 720° &c. 

By discussing the limiting values of all the circular func 
tions we are enabled to form the following table : 
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TABLB I. 



Arc = 


= 0. 


Arc = 


90'. 


Arc = 180^ 


Arc = 270'. 


Arc = 360'. 


din 


= 


sin 


= 1 


sin = 


sin = — 1 


sin = —0 


cos 


= 1 


cos 


= 


cos = — 1 


cos =—0 


cos = 1 


v-sin 


= 


v-sin 


= 1 


v-sin = 2 


v-sin = 1 


v-sin = 


co-v-sin 


= 1 


co-v-sin 


= 


co-v-sin = 1 


co-v-sin = 2 


c-v-sin = 1 


tan 


= 


tan 


= CO 


tan =— ^ 


tan = CO 


tan =—0 


cot 


= CO 


cot 


= 


cot = — CO 


cot = 


cot = — CO 


sec 


= 1 


sec 


= CO 


sec = — 1 


sec = — CO 


sec = 1 


cosec 


= CO 


cosec 


= 1 


cosec = CO 


cosec = — 1 


cosec = — CO 



RELATIONS BETWEEN THE CIRCULAR FUNCTIONS OF ANY ARC. 



61. Let AM represent any arc de- 
noted by a. Draw the lines as repre- 
sented in the figure. Then we shall 
have, by definition 

OM =z OA = l; PM = ON = mi a 
NM = OP = cos a ; PA = ver-sin a 
JfJ3 = co-ver-sin a ; AT = tan a 
BT' = cot a ; OT = sec a ; and OT' = cosed a. 




P A 



From the right-angled triangle OPM^ we have, 



j=rF%2> 



PM* -f OP = OM" , or, 8m2a + coR^a = 1. . ( 1.^ 

The symbols sin^a, cos^a, &c., denote the square of tlie 
sine of a, the square of the cosine of a, &q. 
From Formula ( 1 ) we have, by transposition, 



dn^a = 1 — cos^a . (2) ; and cos^a = 1 — sin^a. . (3.) 
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We have, from the figure, 
P^ = 0-4 - OP, 
or, ver-sin a = 1 — cos a. • • (4.) 

and, KB ^ OB- ON, 

or, co-ver-sin a = 1 — sin a. . . (6.) 

From the similar triangles 0^:12^ and OPM^ we have, 
OP : PM : : OA : AT, or, cos a : sin a :: 1 : tana; 

whence, tan a = (6.) 

^ „ cos a ^ ' 

From the similar triangles ONM and OBT\ we have^ 
ON: NM : : OB : jBT', or, sin a : coBa : : 1 : cota; 

whence, cot a = —. — (7.) 

' sm a ^ ' 

Multiplying (6) and (7), member by member, we have, 

tan a cot a = 1 ; (8.) 

whence, by division, 

tan a = — - — ; • ( 9.) and cot a = ^ • • (lO.) 

cot a ' ^ ^ tan a ^ ' 

From the similar triangles OPjSf and OAT^ we haye^ 

OP : OM : : OA : OT, fr, cosa : 1 ; : 1 ; seoff 

* "^noe, sec a = ••••<••( 11.) 

^ cos a -V \ / 
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Prom the similar triangles ONM and OJBT\ we have, 
Oir 2 OM I I OB : 02", or, sin a : 1 : : 1 : co-seo a \ 



whence, 



co-seo a -sz ^ 



• • 



sm a 



(12.) 



From the right-angled triangle OAT^ we have, 
6T^ = CGP + AT\ or, sec^a = 1 -f tan^a. . (18.) 

Prom the right-angled triangle OBT', we have, 
OT'* = OW + BT^\ or, co-sec^a = 1 + cot'o. . (14.) 

It is to be observed that Pormulas (5), (7), (12), and 

(14), may be deduced from Pormulas (4), (6), (11), and 

( 13 ), by substituting 90® — a, for a, and then making the 
proper reductions. 



Collecting the preceding Pormulas, we have the following 
table : 

TABLB II. 



(1.) 

(2.) 


Bin^a 


= 1. 

= 1 — coB*a. 


(9.) 


tan a 


= 


1 
cot a ' 

4 


(8.) 


cofl'a 


= l-aln'o. 


(10.) 


cot a 


* 


1 

tan a * 


(4.) 
(5.) 


ver-fiin a 
co-ver-cdn a 


= 1 — coso. 
= 1 —sin a. 


(11.) 


sec a 


= 


1 
cos a 


(6.) 


tan a 


sin a 
cos a 


(12.) 


cosec « 


= 


1 
am a 


O') 


cot a 


cos a 

"" sin a * 


(1«.) 


seo'a 


= 


1 -f tan*a. 


(8) 


tan a cot a 


= 1. 


(U. 


cosec'a 


= 


1 -1- cot"a. 
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FUNCTIONS OF NEGATIVE ABOS. 

62. Let AM''\ estimated from A towards 
numerically equal to A3f ; then, 
if we denote the arc AM by a, 
the arc AM'" will be denoted 
by — a (Art. 48). 

All the functions of AM''\ 
will be the same as those of 
ABM'" \ that is, the functions of 
— a are the same as the func- 
tions of 360° — a. 

From an inspection of the fig- 
ure, we shall discover the following relations, viz. : 



B, be 




sin (—a) = — sin a ; cos (— a) =r 
tan (—a) = — tan a ; cot (— a) = 
sec (— a) — sec a ; cosec(— a) = 



cos a; 

— cot a ; 

— cosec a. 



FUNCTIONS OF ARCS FORMED BY ADDING AN ARC TO, OE SUB- 
TRACTING IT FROM ANY NUMBER OF QUADRANTS. 

63. Let a denote any arc less than 90**. From what 
lijis preceded, we know that, 

sin (90° — a) = cos a ; cos (90° — a) = sin a. 



tan (90° — a) = cot a ; 



cot (90° — a) = tan a 



sec (90° — a) = cosec a ; coseo (90® — a) = sec a. 



Now, suppose that BM' z= a, then will AM' = 90° -f a 
^*^e see from the figure that. 
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NM' = on a, P'M' = cos o, BT" = tan a, 
AT'" = cot a, OT" = see a, OT'" = coseo a, 
without reference to their rigns. 

By a Biinple inspection of the figure, observing the rul 
for signs, we deduce the following relations : i 

fiin (90® + a) = cos a, cos (90° + a) = — sin a, 

tan (90** + a) = — cotan a, cot (90® + a) = — tan Oi 

sec (90® + a) = — cosec a, cosec (90® + a) = sec a. 

Agsdn, suppose 

M'C = AM = a ; then will AM' =z 180® — a. 

We see from the figure that, 

JP'M' = sin a, OP' = cos a, AT"' = tan a, 

jBT"' = cot a, or" = sec a, OT'" = cosec a, 

without reference to their signs : hence, we have, as before, 
the following relations : 

sin (180® — a) = sin a, cos (180® — a) = — cos a, 
tan (180® — a) = — tan a, cot (180® — a) = — cot a, 
sec (180® — a) = — sec a, cosec (180 — a) = cosec a, 

By a similar process, we may discuss the remaining arcs 

in question. Collecting the results, we have the following 

table: 

21 
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TABLS III. 





Arc = 


: 90* + a. 




Arc = 


270' - a. 


0in ^ 


cos a, 


cos = —sin a, 


sin = 


— cos a, 


cos = — sin 0, 


tan - 


— cot a, 


cot = — tan a, 


tan = 


cot a, 


cot =3: tan a, 


860 = 


— coseo a, 


cosec = sec a. 


sec = 


— cosec a, 


coseo = — sec a. 

1 




Arc = 


180' - a. 




Arc = 


2'ro* •+ «. 


sin ^= 


sin a, 


cos = — COS a, 


sin = 


— coso, 


cos = sin 0, 


tan = 


— tan a, 


cot = — cot 0, 


tan = 


— cot a, 


cot = — tan a, 


fieo = 


— sec a, 


coseo = cosec a. 


sec = 


cosec a, 


cosec = — sec a. 




Arc = 


180* + a. 




Arc = 


860* - a. 


sin = 


— sin a, 


cos = — COS a, 


sin = 


— sin a, 


cos = COS a, 


tan = 


tan a, 


cot = cot a, 


tan = 


— tan a, 


cot = — cot a, 


sec = 


— sec a, 


cosec = — cosec a. 


sec = 


sec a, 


cosec = — cosec a. 



It will be observed that, when the arc is added to, or 
subtracted from, an even number of quadrants, the name of 
the function is the same in both columns ; and when the 
arc is added to, or subtracted from, an odd number of quad- 
rants, the names of the fhnctions in the two columns are 
contrary : in all cases, the algebraic sign is determined by 
the rules already given (Art. 68). 

By means of this table, we may find the functions of 

any arc in terms of the functions of an arc less than 90' 

Thus, 

i sin 115<» = sin ( 90* + 26*^) = cos 26% 

an 284* = sin (2Y0* + 14°) = — cos 14% 

dn 400° = sin (360° + 40°) = mn 40% 



tan 210° = tan (180° + 30°) = tan 80°. 
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PABTIOULAB VALUES OF CERTAIN FUNCTIONS. 

64. Let MAM' be any arc, denoted 
by 2a, M'M its chord, and OA a 
radius drawn perpendicular to M'Mi then 
win PM = PM', and AM = AM' 
(B. m, P. VI.). But PM is the sine 
of AMj or, PJf = sin a : hence. 

sin a = -^M'M ; 

that is, the sine of an arc is equal to one Imlf the chord 
of twice the arc. 

Let M'AM = 60° ; then will AM = 30°, and M'M 
will equal the radius, or 1 : hence, we have, 

sin 30® = ii 

that is, the sine of 30° is eqical to half the radius. 
Also, 

cos 30*» = ^/V^^^^^fW = iV^"; 
hence, 

sin 30° 



tan 30° = 



cos 30° 



=vl- 



Again, let M'AM = 90° : then will AM = 46**, and 
M'M = yf^ (B. v., P. nX) : hence, we have, 



Also, 



lience, 



m 46° = iv^ ; 



sm 



cos 



46° = -/I - sin2 45° = \^/i\ 



^ ,^^ sin 45° 

tan 45° = r = 1, 

cos 45° 



Bfany other numerical values might be deduced. 
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FORMULAS EXPRESSING RELATIONS BETWEEN THE CIRCULAB 

FUNCTIONS OF DIFFERENT ARCS. 




65. Let MB and BA represent two arcs, having the 
common radius 1; denote the first by 
a, and the second by h : then, MA=a + b. 
From M draw MP perpendicular to CAy 
and MN pei'pendicular to CB ; from 
N draw jSfP' perpendicular to CA^ and 
NL parallel to AC, 

Then, by definition, we shall have, 

PM = sin (a + h), NM = sin a, and CN = cos a. 

From the figure, we have, 

PM= ML + LP. ..... (1). 

Since the triangle MLN is similar to GP'N (B. IV., 
P. 21), the angle LMN is equal to the angle P'CIf; hence, 
from the right-angled triangle MLN, we have, 

ML = JI/JV cos ^ = sin a cos 5. 

From the right-angled triangle CP'If (Art. 37), we haye, 

iVP'= aJV sin i; 

or, since iVP' = LP, LP = cos a sin 5. 

Substituting the values of PM, ML, and LP, in Equa-' 
tion (1), we have, 

sin (a -h 5) = sin a cos J + cos a sin J; . (fiL.). 

that is, the sine of the sum of two arcs, is equal to the 
sine of the first into the cosine of the second, plus the co- 
sine of the first into the sine of the second. 
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Since the above formula is true for any values of a and 
6, we may substitute — ^, for b; whence, 

sin {a — b) = sin a cos ( — ^) + cos a sin ( — ft) ; 
but (Art. 62), 

cos ( — ft) = cos ft, and, sin ( — ft) = — sin ft ; 
hence, 

sm (<2 — ft) = sin a cos ft — cos a sin ft ; • ( Q.) 

that is, the sine of the difference of two arcs^ is equal to 
the sine of the first into the cosine of the second^ minus the 
cosine of the first into the sine of the second. 

If, in Formula ( ID ), we substitute (90** — a), for a, we 
have, 

rin (90®— a— ft) = sin (90®— a) cos ft— cos (90®— a) sin ft ; • (2.) 

but (Art. 63), 

gin (90®- a — ft) = sin [90®— (a + ft)] = cos (a + ft), 
and, 

sin (90® — a) = cos a, cos (90® — a) = sin a ; 

hence, by substitution in Equation (2), we have, 

cos (a + ft) = cos a cos ft — sin a sin ft ; • ( (3.) 

that is, the cosine of the sum of two arcs^ is equal to the 
rectangle of their cosines^ minus the rectangle of their si^es. 

1% in Formula (9), we substitute —ft, for ft, we find 

cos (a — ft) = cos a cos ( — ft) — sin a sin ( — ft), 
or, 

COB (a — ft) = COS a COS ft + sin a sin ft ; • • ( a,) 
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that is, the cosine of tJhe difference of tuio arcs^ is egud 
to the rectangle of their cosines^ plus the rectangle of their 
sines. 

If we divide Formula (4i) by Formula (®), member hy 
member, we have, 

sin (a + ^) __ sin a cos b -h cos a sin b 
cos (a + b) cos a cos 5 — sin a sin d 

Dividing both terms of the second member by cos a cos J, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

/ . r\ tan a + tan b ,„ . 

*»"<« + *) = 1 - tan a t ^ ' ' * * * <^-> 

that is, the tangent of the siim of two arcs^ is eqital to the 
sum of their tangents^ divided by 1 mimLS the rectangle of 
tJieir tangents 

If, in Formula ( lii ), we substitute — b^ for b^ recoUect- 
mg that tan {—b) = — tan b^ we have, 

/ i\ tan a — tan b ._. 

tan {a — b) = r ; • • • • O.) 

^ ' 1 -f tan a tan 6' ^ ' 

that is, the tangent of the difference of two arcs^ is equal 
to the difference of their tangents^ divided by 1 plus the 
rectangle of their tangerits. 



In like manner, dividing Formula (®) by Formula (4i), 
member by member, and reducing, we have, 

A / , r\ cot a cot ft — 1 . ^ . 

cot (a + 6) = — j^ -^ \ ' . (a.) 

' cot a -V wx» o ^ ' 
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imd thence, by the substitution of —ft, for bj 

X / x\ cot a cot ft + 1 .^ . 

cot (a — J) = -: — = -^— ; . . . . (a.) 

^ ' cot J — cot a ' ^^' 

FUNCTIONS OF D017BLB ARCS AND HALF ABCS. 

66. If, in Formulas (4i), (9), (a), and (O), we 
make a = ft, we find, 

sin 2a = 2 sin a cos a ; • • • • (^\) 

cos 2a = cos^a — sin^a ;....( 9',) 

. - 2 tan a ,^,x 

tan 2a = : f aM 

1 - tan^a ' V«"-i 

^ „ cot^a — 1 r^.v 

cot 2a = — — 7 ( O'.) 

2 cot a ^ ' 

Substituting in ( 9'), for cos^a, its value, 1 — sm^a ; and 
afterwards for sin^o, its value, 1 — cos^o, we have, 

cos 2a = 1 — 2 sm^o, 
cos 2a = 2 cos^a — 1 ; 

whoice, by solving these equations. 



/ 1 — cos 2a -^ . 

an a = y — ;••••(!.) 



/ 1 + cos 2a ,^_ 

cos a = -^ 2 ^^-^ 

We also have, from the same equations, 

1 — cos 2a = 2 sin*a ; (8.) 

1 + COB 2a = 2 cos^a. • . . * % % V^\>^ 
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Dividing Equation {£l% first by Eqoatbn (4), and thco 
by Equation ( 3 ), member by member, we have, 

mn 2a . ,^v 

- = tan a ; (5.) 



1 + cos 2a 

on 2a 

1 — cos 2a 



= cot a. (6.) 



Substituting ^o, for a, in Equations (1), (2), (5), 
and (6), we have, 



1 /I — cos a / rN//\ 

am ia = y ; • • • ( ^''.) 



cos 



- / 1 + cos a , ^„ V 

i« = V'2 * " " ' ^® "^ 



sm a 



tan ia = -— ; .... (a") 

1 + cos a ' ^ ^ 



cotia = _E5_?_ (Q/^) 

1 — cos a ^ ' 



Taking the reciprocals of both members of the last two 
formulas, we have also. 



^- 1+cosa , ^ . 1 — cos a 

cot M = ; , and, tan *a = ; 

sm a sm a 



ADDmONAL FOBMULAa 



67. If Formulas (^) and (S)) be first added, member 
to member, and then subtracted, and the same operations bs 
performed upon (9) and i,^V ^^ ^"aS^. Qfe.\»Mi^ 
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mn {a + b) + mn {a-- b) = 2 sin a cos & ; 

fidn (a 4- J) — sin (a — J) = 2 cos a sin ^ ; 

cos (a + J) + cos (a — ^) r= 2 cos a cos ^ ; 

cos (a — J) — cos {a + b) = 2 sin a sin ft. 

r 

i 

If in these we make, 

a + b = />, and a — J = y, 
whence, 

and then substitute in the above formulas, we obtain, 

sin /> + sin y = 2 sin ^ (^ + g') cos ^ ( j) — g') • ( 51.) 

sin /> — sm y = 2 cos^ {p + q) sin i {p — q) • ( a.) 

cos^ + cos g' = 2 cos i (i> + S') cos i {p — q) . (sa.) 

cos 2' — cos^ = 2 sin i (/> + S') sin i {p — q) • ( a.) 

From Formulas (Qi) and (US), by diyicdon, we obtain, 

sin j? — sm q _ C0Bi{p+q) sin i(jP— g) _ tan jip—q ) ^ , ^ 
Aip + mnq "" sini(^+^) cos ^(p'-q) "" tani(/>4-g'ji ' ^ '^ 

That is, t?ie sum of the sines of two arcs is to their dif- 
ferencBy as the tangent of one half the sum of the arcs is 
to the tangent of one half t/ieir difference. 
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Also, in like maimer, we obtain, 

^p±^q ^ Bin i{p+q) CO, Up-q) ^ ^^^^^^ . (3.) 
cos^-fcosg' COS i{p-{-q) COS i(jp—q) ^vr 2/ \ / 

Bin;,- sin q ^ cosjip + g) sin Up-q) ^ ^^^ ^ 

coap + cosq cos j^(p-\q) cos l{2J — q) a \r ^/ \ / 

rin/> + sin q __ sin i(^+g) cos\{p—q) _ cosKjp— g) ,.^ 
sin (^+3') "" sin 1(^+2') cos i(/>+2') "" c^\{p+^ ' ^ '' 

trinjp — sin q _ sin jip—q) co8^(^+g) _ sin i{p-^q) ^ 
sin (^+2') "" «iiii{p+q) cos i(jp+q) "" ^i{p+9) ' 

sin {p-q) __ sini(/)~g^)cosj(jP-g) _ oosKl>-g) ^ /^x 
sm^ — sing' sin 1(^—2') cob i(/>+2') cosi(p+3') ' ^ '' 



all of which give proportions analogons to that deduced from 
Formula (1). 

Since the second members of (6) and (4) are the same, 
we have, 

sin^-sing sin {p + q) ^ . 

; 7 r— = -; ; ; ! • • • • (7.) 

sm (p—q) smp + sm g' ' ^ ' 

« 

That is, the sine of the difference of two arcs is to the 
difference of t/ie sines as t/ie sum of the sines to the siiu 
of the sum. 

m 

All of the preceding formulas may be made homogeneous 
in terms of jB, H being any radius, as explained in Art. 
80 ; or, we may simply introduce jB, as a factor, into each 
term as many times as may be necessary to render all of 
its terms of the same degree. 
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METHOD OP COMPUTING A TABLE OF NATURAL SmES. 

68* Since the length of the semi-circumference of a circle 
wliose radius is 1, is equal to the number 3.14159265 . . . , 
f we divide this number by 10800, the number of minutes 
n 180% the quotient, .0002908882 . . . , will be the length 
)f the arc of one minute / and since this arc is so small 
that it does not differ materially from its sine or tangent, 
this may be placed in the table as the sine of one minute 

Formula (3) of Table EL, gives. 



cos 



1' = y/\ — sin^l' = .9999999577 • • (1.) 



Having thus determined, to a near degree of approximar 
tion, the sine and cosine of one minute, we take the first 
formula of Art. 67, and put it under the form, 

sin (a + ^) = 2 sin a cos 5 — sin (a — J), 
and make in this, 5 = 1', and then in succession, 

a = 1', a = 2', a = 3', a = 4', Ac, 

and obtain, 

sin 2' = 2 sin 1' cos 1' — mn = .0005817764 . . . 

sin 3' = 2 sin 2' cos 1' — sin 1' = .0008726646 . . . 

sin 4' = 2 sm 3' cos 1' — sin 2' = .0011635526 . . . 

sin 5' = <&c., I 

thtis obtaining the sine of every number of degreca ^^jA 
minutes from 1' to 45°. 
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The cosines of the corresponding axes may be computed 
by means of Equation ( 1 ). 

Having found the sines and cosines of arcs less than 45% 
those of the arcs between 45° and 90% may be deduced, 
by considering that the sine of an arc is equal to the cosine 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

' sin 50° = an (90° — 40**) = cos 40% cos 60° = sin 40% 

in which the second members are known from the previous 
computations. 

To find the tangent of any arc, divide \ts sine by its 
cosine. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As the accuracy of the calculation of the sine of any arc, 
by the above method, depends upon the accuracy of each 
previous calculation, it would be well to verify the work, by 
calculating the sines of the degrees separately (after having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

sin 1° : sin 2° — sin 1° : : sin 2° + sin 1° : sin 3" ; 
sin 2° : sin 3° — sin 1° : : sin 3° + sin 1° : an 4° ; 40i 



SPHEEICAL TEIGONOMETRY. 



69. Spherical Tkigonomitry is that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three sides 
and three angles. In general, any three of these parts being 
given, the remaining parts may be found. 



GENERAL PRINCIPLES. 

70. For the purpose of deducing the formulas required 
in the solution of spherical triangles, we shall suppose the 
triangles to be situated on spheres whose radii are equal 
to 1. The formulas thus deduced may be rendered applica- 
ble to triangles lying on any sphere, by making them homo- 
geneous in terms of the radius of that sphere, as explained 
in Art. 30. The only cases considered will be those in 
which each of the sides and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die- 
dral angle included by the planes of its sides, and its moa 
sure is equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B. VI., D. 4). 

The radius of the sphere being equal to 1, eacli side of 
the triangle will measure the angle, at the f.entre, subtended 
by it. Thus, in the triangle ABG^ tXie an^e^ ^\» A Sa 
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the same as that included between the planes AOG and 

A OB ; and the side a is the 

measure of the plane angle BOG^ 

O being the centre of the 

spliere, and OB the radius, equal 

to 1. 




71. Spherical triangles, like 
plane triangles, are divided into 
two classes, right-angled spherical 

triangles^ and oblique-angled spherical triangles. Each class 
will be considered in turn. 

We shall, as before, denote the angles by the capital 
letters -4, B^ and (7, and the opposite sides by the small 
letters a, 5, and c. 



FORMTTLAS USED IN SOLVING RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

72. Let GAB be a spherical triangle, right-angled at -4, 

and let be the centre of the 

sphere on which it is situated. 

Denote the angles of the triangle 

by the letters -4, J?, and (7, 

and the opposite sides by the 

letters a, h^ and c, recollecting 

that B and G may change 

places, provided that h and c 
. change places at the same time. 

DraAV OA^ OBy and 0(7, each of which will be equal 

to 1. From B^ draw i?P . perpendicular to OA^ and 

from P draw PQ perpendicular to OG \ then join the 

points Q and i?, by the line QB. The line QB will be 
perpendicuhr to OC (B. Yl., P. Yl-V a^id the angle PQ.B 
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will be equal to the inclination of the planes OCB and 
OCA ; that is, it will be equal to the angle C. 
We have, from the figure, 

PB = sin Cy OP = cos c, QB = sin a, 00 = <5os «• 

OP OP 

Also, ^^ = cos (7; and ^ = sin J. 

From the right-angled triangles OQP and ^PjB, we haye, 
OQ = OP cos AOC; or, cos a = cos c cos b . (1.) 

P5 = QB sin PQjB ; or, sin c = sin a sin . ( 2. ) 

OP 

Multiplying both terms of the fraction yr^ by OQ, and 

remembering that cot a = tan (90° — a), we haye, 

U = II X ||; or, cos 0= tan (90° - a) tan J. (3.) 

OP 

Multiply both terms ol the fraction jrp, by PB, and 

remembering that cot G = tan (90° — O), we haye, 

^ = OP^ TB' ^^' sm J = tan c tan (90°- 0). (4.) 

I^ in (2), we change c and O, into b and J?, W6 

have, 

sin J = sin a sin J? (5.) 

I^ in (3), we change b and (7, mto e and J?, we 

have, 

cos J? = tan (90®— a) tan c • • • • (6. 

If, in (4), we change 6, c, and O, into c, b, and 

£, we have. 

Bin c = tan 6 tan (90°-i?) • • • • (^.) 
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Multiplying (4) by (7), member by member, we have, 

sm J sin c = tan 6 tan c tan (90®— J?) tan (90®— (7). 

Dividing both, members by tan b tan c, we have, 
cos b cos = tan (90®— J?) tan (90®— (7) ; 

and substitnting for cos b cos c, its value, cos a, taken 
from ( 1 ), we have, 

cos a = tan (90®- J?) tan (90®— (7) • • (8.) 

Formula (6) may be written under the form, 

^ cos a sin c 

cos J? = -T • 

sin a cos e 

Substituting for cos a, its value, cos b cos c, taken from 
(1 ), and reducing, we have, 

^ cos 5 sin c 
cos JB = ; • 

sm a 

Again, substituting for sin c, its value, sin a mn C7, takai 
from ( 2 ), and reducing, we have, 

cos J? = cos 6 sin (7 • • • • (9.) 
Changing J?, A, and (7, in (9), into (7, c, and J?, wc 

f 

have, 

cos (7 = cos c sin J? • • • • (10.) 

These ten formulas are sufficient for the solution of any 
rig'hi angled spherical triangVe "w\i^\»^\^T» 



\ 



^ 
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Napier's circular parts. 

73. The two sides about the right angle^ 
the complements of their opposite angles, and 
the complement of the hypothenuse, are called 
Napier's Circular Parts. 

If we take any three of the five parts, as 
shown in the figure, they will either be ^ ^ ^ 

adjacent to each other, or one of them will be separated from 
each of the other two, by an intervening part. In the first case, 
the one lying between the other two parts, is called the middle 
part, and the other two, adjacent parts. In the second case, the 
one separated from both the other parts, is called the middle part, 
and the other two, opposite parts. Thus, if 90° — a, is the middle 
part, 90° —B, and 90° — C, are adjacent parts; and i and c, are 
opposite parts; and similarly, for each of the other parts, taken 
as a middle part. 

74. Let us now consider, in succession, each of the five 
parts as a middle part, when the other two parts are oppo- 
site. Beginning with the hypothenuse, we have, from formulas 
(1), (2), (5), (9), and (10), Art. 72, 

sm (90**— a) = cos 6 cos c (1.) 

sin = cos (90°— a) cos (90°— C7) • (2.) 

ein 6 = cos (90°— a) cos (90°— J?) • (3.) 

an (90°—^) = cos b cos (90°- (7) • • • • (4.) 

sin (90*— C) =. cos e cos (90°— i?) • • • - (5.) 

Comparing these formulas with the figure, we see tliat, 

T?ie sine of the middle part is equal to tlie rectoaglA oj 

t^ cosines of tAe opposite parts. 

22 
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Let us now take the same middle parts^ and the other parts 
adjacent. Formulas (8), (7), (4), (6), and (3), Art. 72, give 



Bin (90**- a) = tan (90°— J?) tan (90**— C7) 

sin c = tan h tan (90°— J?) • • • 

sin 5 = tan c tan (90°— (7) • • • 

an (90®— J?) = tan (90°— a) tan o • • • 

sin (90°— C) = tan (90°- a) tan h 



• • • 



(6.) 

(7.) 
(8.) 

(10.) 



Comparing these formulas with the figure, we Bee that, 

Ths sine of the middle part is equal to the rectangle of 
the tangents of the adjacent parts. 

These two rules are called Napier's rules for Circular 
Parts, and they are sufficient to solve any right-angled 
spherical triangle. 

75. In applying Napier's rules for circular parts, the part 
sought will be determined by its sine. Now, the same sme 
corresponds to two different arcs, supplements of each other; 
it is, therefore, necessary to discover such relations between 
the given and required parts, as will serve to point out 
which of the two arcs is to be taken. 

Two parts of a spherical triangle are said to be of the 
same species^ when they are both less than 90°, or botb 
greater than 90° ; and of different species^ when one ia less 
and the other greater than 90°. 

From Formulas (9) and (10), Art 72, we hav^. 

. ^ cos jB - . _, 000 C 

610 (7 = r- , Mid on J3 = ; 

cos ^«» ' 
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since the jangles B and C are both less than 180°, their 
flonefl must always be positive : hence, cos B must have 
the same sign as cos ^, and the cos C must have the 
same sign as cos c. This can only be the case when B 
is of the same species as 5, and C of the same species 
as c ; that is, the sides about the right angle are always 
of the same species as Iheir opposite angles. 

From Formula ( 1 ), we see that when a is less than 
.90®, or when cos a is positive, the cosines of b and c 
vnUl have the same sign ; that is, b and c will be of the 
BOme species. When a is greater than 90°, or when cos a 

^JJM negative, the cosines of b and c will be contrary ; that 
ii^* b and c will be of different species : hence, when t/ie 
ijfpoth^mese is less than 90°, the two sides about the right 

* 0nfflej and consequentlg the two oblique angles^ wiU be of the 
^goie species ; when the hypothenuse is greater than 90°, 

^4yi ^0^ sides about the right angle, and consequently the two 

^w^Xgnie angles^ wiU be of different species. 

'\ These two principles enable us to determine the nature 

if , the part sought, in every case, except when an oblique 

jj^e and the opposite side are given, to find the remaining 

J^^miA. In this case, there may be two solutions, one solt^ 

^'!afii ' or no solution at aU. 

r^- C C 

Jr Let BAG be a right-an- ^ T^^^v. 

^ ^Ted triangle, in which B p /^ / \ ^\\if 

0^^, . * *r® given. Prolong x. / \ y^ 

•' ^te (ddes BA and J?(7 tiU ^^ ^ \ :^'^ 

,' #By meet m B', Take 

' /^' = BA, B'Cr =z BC, and join A' and C by the 
> .e of a great circle : then, because the triangles BA O and 
i iAfO' have two sides and the included angle of the one, 
y ud to two rides and the included angle of the other, each 

I / Cttoh, the remaining parts will be ecpsi^ ^x5lOdl \.<i ^"^^V 
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that is, A'C = ACj and the angle A' equal to the 
angle A : hence, the two triangles BAG^ B'A'C\ are 
right-angled ; they have also 
one oblique angle and the op- 
posite side, in each, equal. 

Now, if h differs more from 
^0° than J?, there will evident- 
ly be two solutiojis^ the sides 
including the given angle, in the one case, being supplements 
of those which include the given angle, in the other case. 

If b = JBy the triangle will be bi-rectangular, and thert 
will be but a single solution. 

If b differs less from 90° than J?, the triangle cannot be con- 
structed, that is, there will be no solution. 

SOLUTION OF RIGHT-ANGLED SPHERICAL TBL^NGLES. 

76. In a right-angled spherical triangle, the right angle 
is always known. If any two of the other parts are giv^ 
the remaining parts may be found by Napier's rules for 
circular parts. Six cases may arise. There may be given, 

I. The hypothenuse and one side. 

n. The hypothenuse and one oblique angle, 

ni. The two sides about the right angle. 

IV. One side and its adjacent angle. 

V. One side and its opposite angle. 

VL The two oblique angles. 

In any one of these cases, we select that part which is 
either adjacent to, or separated from, each of the other given 
parts, and calling it the middle part, we employ that one of 
Napier's rules which is applicable. Having determined a third 
part, the other two may then be found in a similar manner 
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It is to be observed, that the formulas employed are to be 
rendered homogeneous, in terms of i?, as explained in Art. 30. 
This is done by simply multiplying the radius of the Tables, 
B, into the middie part. 




EXAMPLES. 

1. Given a = 105° 17' 29", and 
b = 38° 47' 11", to find (7, c, 
and B. 

Since a > 90°, b and c must be 
of different species, that is, c > 90°; 
for the same reason, C > 90°. 

OPEEATIOK. 

Formula ( 10 ), Art. 74, gives, for 90° — C, middle part, 

log cos = log cot a + log tan b — 10; 
log cot a (105° 17' 29") 9.436811 
log tan b ( 38° 47' 11") 9.905055 

log cos a 9.341866 .-. (7=102° 41' 33". 

» 

Formula (2), Art. 74, gives for c, middle part, 

log sin c = log sin a + log sin (7 — 10 ; 

log sin a (105° 17' 29") 9.984346 
log sin G (102° 41' 33") 9.989256 

log sin c 9.973602 . • . c = 109° 46' ^T. 

Formula (4), gives, for 90° — B, middle part, 

log cos B = log sin + log cos J — 10 ; 



log sin C (102° 41' 33") 

log cos b ( 38° 47' 11") 

log cos ^ .... 



9.989256 
9.891808 
9.881064 . • . ^ = 40° 29' 50"- 



Ans. c = 109° 46' 32", B = 40° 29' 50", C = \^V 4A.' ?>^", 
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2. Given I = 51° 30', and B = 58° 35', to find e, 
a, and C. 

Because b <, B, there are two solutions. 

OPERATIOir. 

Formula (7), gives for c, middle part, 

log sin c = log tan b + log cot B ^ 10; 

log tan b (51° 30') . 10.099395 
log cot B (58° 35') . 9.785900 

log sin c .... 9.885295 .-. c = 50° 09' 51", 

and c = 129° 50' 09". 

Formula ( 1 ), gives for 90° — a, middle part, 

log cos a = log cos b + log cos c — 10; 

log cos b (51° 30') . 9.794150 
log COB c (50° 09' 51") 9.80C580 

log cos a .... 9.600730 .-. a = 66° 29' 54", 

and a ==: 113° 30' 06". 
Formula ( 10 ), gives for 90° — C, middle part, 

log cos G = log tan b -\- log cot a — 10 ; 

log tan b (51° 30') • 10.099395 
log cot a (06" 29' 64") 9.638336 

lug cos 0' .... 9.737731 .' . C = 56° 51' 38", 

and = 123° 08' 22". 
In a similar manner, all other cases may be solved. 

3. Given a = 86° 61', and J? = 18° 03' 32", to find 
bf c, and C. 

Ans. * = 18° 01' 50", c = ^ft° 4V U", G = 88° 68' 25". 
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4. Given b = 165^ 27' 64", and c = 29® 46' 08", to 
find a, J?, and (7. 

-4n5. a = 142«> 09' 13", B = 137° 24' 21", C = 64«» 01' 16". 

5. Given c = 73*^ 41' 36", and J? = 99® 17' 33", to 
find a, ft, and (7. 

Am. a = 92® 42' 17", b = 99® 40' 30", C = 73® 64' 47". 

6. Given b = 115® 20', and J? = 91® 01' 47", to find 
a, Cy and C. 

64® 41' 11", f 177® 49' 27", ri77® 35' 36". 

115® 18' 49", I 2® 10' 33", I 2® 24' 24". 



7. Given J? = 47® 13' 43", and (7 = 126® 40' 24", to 
find a, bj and c. ' 

Ans. a = 133® 32' 26', b ;= 3?® 08.' 66", c = 144® 27' 03". 

In certain cases, it may be necessajy to find but a single 
part. This may be effected, either' by one of the formulafi 
given m Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and JB be given, to find (7. Regarding 
90^ — a, as a middle part, we have, 

cos a = cot JB cot C ; 

whence, 

^ ^ cos a 
cot C = —-JZ ; 

COtJL? 

and, by the application of logarithms, 

log cos a + (a. c.) log cot B = log cot 0; 

from which may be found. In like man.n.er, othar c^i&^'s. 
may be treated. 
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QUADBANTAL SPHEBIOAL TBIAKGLE8. 

77. A QuADEANTAL Sphebical Trianglb ifl one in which 
one side is equal to 90°. To solve such a triangle, we pass 
to its polar triangle, by subtracting each side and each 
angle from 180° (B. IX., P. VI.). The resulting polar tri- 
angle will be right-angled, and may be solved by the rules 
already given. The polar triangle of any quadrantal triangle 
being solved, the parts of the given triangle may be found 
by subtracting each part of the polar triangle from 180°. 




SXAMPLB. 

Let A'B'O' be a quadrantal 
triangle, in which J?'C" = 90°, 
B' = 76° 42', and c' = 18° ZV. 

Passing to the polar triangle, 
we have. 



A = 90°, ft = 104° 18', and G = 161° 23'. 



Solving this triangle by previous rules, we find, 
a = 76° 25' 11", e = 161° 65' 20", B = 94° 31' 21"; 

- • 

hence, the required parts of the given quadrantal triangle are, 
A^ z:z 103° 34' 49", C" = 18° 04' 40", ft' = 85° 28' 39". 



In a similar manner, other quadrantal triangles may be 
solved. 
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FOSMULAS USED IN SOLVINQ OBLIQUE-ANGLED SPHERICAL TRI- 
ANGLES. 

78. Let ABC represent an oblique-angled spherical tri- 
angle. From either vertex, (7, 
drai¥' the arc of a great circle 
CB\ perpendicular to the oppo- 
site side. The two triangles 
ACB' and BOB' will be right- 
angled at B'. 

From the triangle ACB\ we 
have Formula (2), Art. 74, 

on CB' =z sin ^ sin b. 

From the triangle BCB\ we have, 

an OB' = sin jB sin a. 

Equating these values of mi 0B\ we have, 

sin ^ sin ^ = sin ^ sin a ; 

from which results the proportion, 

sina : sind :: mnA : siuj^, • . (1.) 

In like manner, we may deduce, 

sina : sine :: sin^ : sin(7. . . (2.) 
sin ft : sin c : : sin jB : sin (7 . . . ( 3.) 

That is, in any spherical triangle, the sines of the aider 
are proportional to the sines of their opposite angles. 

Had the perpendicular fallen on the prolongation of AB^ 
the same relation would have been foun^ 
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79. Let ABC represent any spherical triangle, and 
the centre of the sphere on 
which it is situated. Draw the 
radii OA, OBy and 0(7; from 
C draw CP perpendicular to 
the plane A OB ; from P, the 
foot of this perpendicular, draw 
PD and PJE respectively per- 
pendicular to OA and OB ; join 
CD and CE^ these lines will be respectively perpendicular 
to OA and OB (B. YI., P. VL), and the angles CJDP 
and CEP will be equal to the angles A and B respec- 
tively. Draw DB and PQ^ the one perpendicular, and the 
other parallel to OB. We then have, 

OE = cos a, DC = sin J, OD = cos b. 




We have from the figure. 



OE = OL^QP 



(1.) 



In the right-angled triangle OLD^ 

OL = OD cos DOB = cos ft cos c. 

The right-angled triangle PQD has its sides respectively 
perpendicular to those of ODD ; it is, therefore, similar to 
it, and the angle QDP is equal to c, and we have. 



• • • 



QP = PD BmQDP = PD One 
Tlie right-angled triangle CPD gives, 



PD = CD cos CDP = sm ft cos u4 ; 
substituting this value in (2), we have, 

QP = am b wxi c eo^ A \ 



(2.) 



.^^1 
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and now substituting these values of OEy OL^ and QP^ 
in ( 1 ), we have, 

cos a = cos b cos c + sin ^ sin e cos A * (3.) 



Jii the same way, we may deduce, 

cos b = cos a cos c + sin a sin c cos B • • (4.) 



4 



cos c = cos a cos & + sin a sin ^ cos C • • (5.) 



That is, the cosine of either side of a spherical triangle is 

equal to the rectangle of the cosines of the oth&r two sides 

plus the rectangle of the sines of these sides into the cosine 

of their included angle. 

80. If we represent the angles of the polar triangle of 
AJBC, by A\ B\ and C\ and the sides by a', V 
and c', we have (B. IX., P. VI.), 

a = 180*> — A\ b = 180** - i?', c = ISO** -(7', 
A = ISO** — a', JB = 180° - 5', (7 = 180° - o\ 

Substituting these values in Equation (3), of the preceding 
article, and recollecting that, 

cos (180°-^') = - cos A\ sm (180°-^') = sin JB\ ifcc, 
we have, 

— cos A' = cos JB' cos C — Bin JB' mn C cos a' ; 

or, changing the signs and omitting the primes (since the 
preceding result is true for any triangle), 

cos A z= mn JB mi G cos a — cos B w>^ C V\^ 
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In the same way, we may deduce, 

cos JB z=z mn A An C cos b -- cos A cos (7 • (2.) 

cos G = sin -4 sin J? cos c — cos -4. cos JB • (3.) 

That is, the coairie of either angle of a spherical triangle 

18 equal to the rectangle of the sines of the other two 

angles into tJie cosine of tJieir included side^ minus the 

rectangle of the cosines of t/iese angles. 



81. From Equation (3), Art. 79, we deduce, 

- cos a — cos b cos e . ^ 

COSA =Z ; £ ; (1.) 

sm o sm c ^ ' 

If we add this equation, member by member, to the num> 
ber 1, and recollect that 1 + cos Ay in the first member, 
is equal to 2 cos^^^ (Art. 66), and reduce, we have, 

, , . sin 5 sin c 4- cos a — cos b cos c 

2 cos^^-d. = ; — 7 — ; ; 

sm ^ sm 

or. Formula (®), Art. 66, 

., . cos a — cos (5 + c) , ^ . 

2 COS^iA =r ; j-—r^ ' ^ (2.) 

sm 6 sm c ^ ' 

And since. Formula (O), Art. 67, 

cos a — cos (ft + c) = 2 sin i{a + ft + c) sin i{b + c — a), 



Equation (2) becomes, after dividing both members by 2, 
cosHA = «"^K^ + ^ + ^) sini(ft + c-a) 



TRIGONOMETRY. 89 

Jfj in this we make, 

i{a + b -\-c) =z is ; whence, i(^ -f c — a) = is — a, 

and extract the square root of both members, we have. 



cos 



V sm ^ sm c ^ 



That is, the cosine of one-half of either angle of a spherical 
triangle^ is equal to the square root of the sine of on^half 
of the sum of the three sides, into the sine of one-half this 
sum minus the side opposite the angle^ divided by the rect- 
angle of the sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member by member, from the number 1, and recollect that, 

1 — cos -4 = 2 sin^ ^-4, 
we find, after reduction, 

• 1 A I sin (i« — h\ sin i^s — c) , . . 

V sm ^ sm c ^ ' 

Dividing the preceding value of sin ^-4, by cos ^-4, 
we obtain, 

* V sm ^« sm (|« — a) ^ ' 

82. If the angles and sides of the polar triangle of 
ABC be represented as in Art. 80, we have, 

A = ISO*' - a', ft = ISO*' ~ i?', c = 180^ - (7', 

\^ = 270^ - i(A'-t-JS'+ G% i« - a = W^-\l,B» V C' - A!\ 
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Sabstituting these values in (3), Art. 81, and reducmg 
by the aid of the formulas in Table IIL, Art. 63, we find, 



^ V sin ^' sin C 

Placing 

i(^'+^'+ (70 = ^8 ; whence, i{B'+ C'-^A') = iS-^A'. 
Substituting and omitting the primes, we have. 



. 1 / — cos iS cos {iS — A) ,,. 

sm Ja = \/ -. — y ^ ^ . . . (1.) 

V sm jB sm (7 ^ ' 



In a similar way, we may deduce from (4), Art. 81. 



V sm ^ sm (7 ^ ' 



and thence, 



, /— cos ^8 cos {^8— A) ,^. 

tan ia = \/ — .^^ pv — ^^tyo — 77\ ' * * W 
V cos (i/S— jB) cos (to— C7) ^ ' 



83. From Equation ( 1 ), Art. 80, we have, 

sm ,^%. 

cos A + cos B cos (7 = sin jB sin (7 cos a = sin (7 -^; sin 6 cosa ; 

sm a 

(1.) 

since, from Proportion ( 1 ), Art. ^S, we have, 

. ^ sin J. , 

sm jt? = -; sm 0. 

sm a 

Also, from Equation (2), Art. 80, we have, 

oosJS + cos A oosG = an A smO eo^ h ^z^ «in(7 dn a oos J 
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Adding ( 1 ) and ( 2 ), and dividing bj sin C^ we obtain, 

/ >! I • 7>\ 1 + cos C sin ^ . , , _ . , ^ . 
(cos^ + cosi?) — ^r^^ = 2^ sm(a + 6). (8.) 

The proportion, sin ^ : sin J? : : sin a : sin 6, 

taken first by composition, and then bj division, gives, 

sin ^4 

fidn -4 + sin J5 = -, (sin a + sin J) • • • (4.) 

sm a ^ ' ^ ' 

sin ul — sin ^ = -; (sin a — sin 5) • • • (5.) 

sm a ' ^ ' 

Dividing ( 4 ) and ( 5 ), in saccession, by ( 3 ), we obtain, 

sin -4 + sin i? sin (7 sin a + sin 6 , ^. 

COS J. 4- cosjB 1 4- cos (7 "" sin (a -f ^) * 

sin J. — sin -B sin G __ sin q — sin 5 

cos -4 + cos J? 1 + cos (7 ~" sin (a + 6) * v v 

But, by Fommlas ( 2 ) and ( 4 ), Art. 67, and Formuia (a")> 
Art. 66, Equation ( 6 ) becomes, 

tani(^ + ^) = cot i(7 5^^if^^ ; • • (8.) 
^^ ' ^ cos^(a + h) ^ ' 

and, by the similar Formulas (3) and (6), of Art. 67, 
Equation ( 7 ) becomes, 

"tanK^-J5) = cot^C^^t^^^ . • (9,) 

These last two formulas give the proportions known as the 
first set of Napier'^s Analogies. 

cosi(a+J) : cosi(a— J) : : Qot^C : tani(^+^). (10.) 
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If in these we substitute the values of a, b^, Cj A^ 
and J?, in terms of the corresponding parts of the polar 
triangle, as expressed in Art. 80, we obtaih, 

coai{A+JS) : cosi(^— J5) :: tan^ : tani(a+5). (12.^ 
eiBi{A + JB) : sin i(A---jB) :: tanj^c : tan ^(a— ft). ( la.) 
the second set of N'apier'^s Analogies. 

In applying logarithms to any of the preceding formulas, 
they must be made homogeneous, in terms of J2, as ex- 
plained in Art. 30. 

SOLUTION OF OBLIQUE-ANGLBa> SPHERICAL TBLiKGLES. 

84. In the solution of oblique-angled triangles six differ* 
ent cases may arise : viz., there may be given, 

I. Two sides and an angle opposite one of them. 

n. Two angles and a side opposite one of them, 

in. Two sides and their included angle. 

IV. Two angles and their included side. 

V. The three sides. 

VI. The three angles. 

CASE I. 
Given two sides and an angle opposite one of tJiem, 

85. The solution, in this case, is commenced by finding 
the angle opposite the second given side, for which purpose 
Formula ( 1 ), Art. '/S, is employed. 

As this angle is found by means of its sine, and because 

the same sine corresponds to two different arcs, there would 

seem to be two different solutions. To ascertdn when there 

are two solutions^ when one solution^ and when no solution 

at ally it becomes necessary to eixaxo^^ ^iXl^ x^^aXkn^ "vbidi 
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may exist between the given parts. Two cases may arise, 
viz., the given angle may be acutCy o^ it may be obticee. 

We shall consider each case separately (B. IX., P. XIX., 
Qen. Scholium), 

Mrst Case. Let A be 
the given angle^ and let a 
and b be the given sides. 
Prolong the arcs AC and 
AB till they meet at A\ 
forming the lune AA' ; and 
from C, draw the arc CJ3' perpendicular to AJBA\ From 
Cy as a pole, and with the arc a, describe the arc of a 
small circle J3J3. If this circle cuts ABA\ in two points 
between A and A'^ there will be tuoo solutions / for if 
C be joined with each point of intersection by the arc of 
a great circle, we shall have two triangles AJBOj both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A'j or if the small 
circle is tangent to ABA\ 
there will be but one solu- 
tion. 

If there is no point of intersection, or if there are points 
of intersection which do not lie between A and A\ there 
will be no solution. 




From Formula (2), Art. 72, we have, 

sin CB* = sin ft sin -4, 

from which the perpendicular, which will be less than 90®, 

will be found. Denote its value by p. By inspection of 

the figure, we find the following relations s 

23 
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1. When a is greater than p, and at the same time' bu 
than both b and 180° — b, there wiU he two solutions. 

2. When a is greater than p, and intermediate in value 
between b and 180° — b; or, when a is equal to p, tfurs 
wiU be but one solution. 

If a = &, and is also less than 180° — d, one of the pointi 
of intersection will be at A^ and there will be bat one 
solution. 

3. When a is greater than p, cmd at th>e same tune 
greater than both b and 180° — b ; or, when a if 
less than p, there will be no solution, 

/Second Case. Adopt the 
same construction as before. 
In this case, the perpendicu- 
lar will be greater than 90*^, 
and greater also than any 
other arc GA, GB, GA\ 
that can be drawn from G 

to ABA\ By a course of reasoning entirely analogous to 
that in the preceding case, we have the following principles: 

4. When a is less than p, and at the same time 
greater than both b and 180° — b, there will be two 
solutions, 

5. When a is less than p, and intermediate ifi 
value between h and 180® — b ; or, when a is equal 
to p, there will be but one solution. 

6. When a is less than p, and at th>e same time 
Cess than both b and 180° — b ; or^ when a ii 
greater than p, there will be no solution. 

Having found the angle or angles opposite the seoond 
BidOy the solution may be completed by means of Napier^ 
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BXAMPLBS. 

1. Given a = 43° 27' 36", h = 82° 68' 17", and 
A = 29° 32' 29", to find ^, (7, and c. 

We see at a glance, that « > i>> since p cannot 
exceed A ; we see further, that a is less than both b 
and 180° — b ; hence, from the first condition there will be 
two solutions. 

Applying logarithms to Formula ( 1 ), Art. 78, we have, 

^a. c.) log sin a 4- log sin d -h log sin A — 10 = log sin S ; 

(a. c.) log Bin a . . (43° 27' 36") . . . 0.162508 
log sin * . . (82° 58' 17") . . . 9.996724 
log sin ^ . . (29° 32' 29") . . . 9.692893 

log sin ^ 9.852125 

.-. ^ = 45° 21' 01", and B = 134° 38' 59*'. 

From the first of Napier's Analogies (10), Art 83, we find, 

(a. c.) log cos j^ {a—b) +log cos i {a+b) + log tan J {A+B) —10 

= log cot i 0. 

Taking the first yalue of B^ we have, 

i(^ + ^) =37^ 26' 45"; 
also, 

K« + 5) = 63° 12' 56" ; and, J (a - J) = 19° 45' 20". 

(a. 0.) log cos \{a-'b) . (19° 45' 20") . 0.026344 

log cos i{a + b) . (63° 12' 56") . 9.653825 

log tan i(A + B) . (37° 26' 45") . 9.884130 

log cot i (7 9.564299 

.-. J (7 = 69° 51' 45", and (7 = 1^^° ^ ^« , 
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The side c may be found by means of Formula (12), 
Art. 83, or by means of Formula (2), Art. 78. 
Applying logarithms to the proportion, 

sin -4. : sin O : : sin a : sin {?, we haye^ 

(a. c.) log sin A = log sin O + log sin a — 10 = log sin c ; 

(a. c.) log sin A ( 29° 32' 29'') 0.307107 

log sin G (139° 43' 30") 9.810539 

log sin a ( 43° 27' 36") 9.837492 

log sin c 9^955138 .-. c = 115^ 35' 48". 

. We take the greater value of c, because the angle G, 
being greater than the angle jBj requires that the side e 
should be greater than the side b. By using the second 
value of i?, we may find, in a similar manner, 

= 82° 20' 28", and c = 48** 16' 18". 

2. Given a = 97° 35', b = 27° 08' 22", and 
A = 40° 51' 18", to find £, (7, and o. 

Ans. B = 17° 31' 09", G = 144° 48' 10", c = 119° 08' 25". 

3. Given a = 115° 20' 10", b = 57° 30' 06", and 
A = 126° 37' 30", to find B^ (7, and c. 

Ans. B = 48° 29' 48", G = 61° 40' 16", c = 82** 34' 04". 

PASB n. 
Given two angles and a side opposite one of tPiem. 

86. The solution, in this case, is commenced by finding 
the side opposite the second given angle, by means of For- 
ma/a (1 ), Art. 78. The Bo\\it,\oii \a completed as in Case 1. 
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Since the second side is found by means of its sine^ there 
may be two solutions. To investigate this case, w^e pass to 
the polar triangle, by substituting for each part its supple- 
ment. In this triangle, there will be given two sides and 
an angle opposite one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two sohi- 
tiona^ one solution^ or no solution^ the given triangle will, 
in like manner, have two solutions^ one solution^ or no solur 
tion. 

The conditions may be written out from those of the pre- 
ceding case, by simply changing angles into sides^ and the 
reverse ; and greater into less^ and the reverse. 



Let the given parts be -4, jB, 
and a, and let jt? be an arc 
computed from the equation, 



sin /> = sin a sin ^. 

There wiU be two cases : a may he greater than 90? ; 
pr, a may he less than 90°. 

In the first case, 

1. When A is less than p, and at the same time 
greater than hoth JB and 180° — jB, there will he two 
solutions. 

2. When A is less than p, and intermediate in 
value hetween B and 180° — i? / or, when A is equa^ 
'to p, there toiU he hut one solution. 




3. When A is less than p, and at the same tim^e 
rkss than hoth B and 180° - jB / or^ when A is 
greater than p, tJwre toiU be no 8ol^ttion. 
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In the second case, 

4. When A is greater t?uzn p, and cU the sami 
less than both B and 180^ — j5, there mil be two solu- 
tions. 

6, When A is greasier than p, and intermediate in 
value between B and ISO*' — B ; or^ when A is equal 
to p, t/iere wiU be but one solution. * 

6. When A is greater than p, and cU the same 
time greater than both B and 180° — -B/ or^ when A 
is less than p, there wiU be no solution. 

EXAMPLES. 

1. Given A = 95*^ 16', B = 80** 42' 10", and 
« = 67** 38', to find c, bj and C. 

Computing j9, from the formula, 

log sin jo = log sin -B 4- log sin a ~ 10 ; 
we have, p = 66** 27' 62". 

The smaller value of p is taken, because a is len 
than 90°. 

Because A > p^ and intermediate between 80° 42' 10" 
and 99° 17' 50", there will, from the fifth condition, be but 
a single solution. 

Applying logarithms to Proportion ( 1 ), Art. 78, we have, 

(a. 0.) log sin A + log sin B + log sin a — 10 = log sin i ; 

(a. 0.) log sin A (95° 16') 0.001837 

log sin B (80° 42' 10'') 9.994257 

log sin a (57° 38') 9.926671 

Jog sin J ... . ^.^^:i^"l^^ •• • b ■=^ Se^ 49' 57''. 
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We take the smaller value of 6, for the reason that Aj 
being greater than ^, requires that a should be greater 
than b. 

Applying logarithms to Proportion (12), Art. 83, we have, 

(a. c.) log cos J (^— j5) + log cos i {A-\- ^) 4-log tan ^ {a+b)—lQ 

= log tan ^ c ; 
we have, 

i{A+B) = Sr 59' 05", i{a + b)= 57° 13' 58", 
and, i (^ - 5) = 7° 16' 55". 

(a. c.) log cos i {A-B) . (7° 16' 55") . 0.003517 

log cos i {A+B) . (87° 59' 05") . 8.546124 

log tan i {a + b) . (57° 13' 58") . 10.191352 

log tan J <? 8.740993 

.-. i c = 3° 09' 09", and c = 6° 18' 18". 

Applying logarithms to the proportion, 

sin a : Bin c : : Bin A : sin (7, 
we have, 

(a. c.) log sin a + log sin c + log sin -4 — 10 = log sin C; 

(a. c.) log sin a (57° 38') . . 0.073329 

log sin c (6° 18' 18") . 9.040685 

log sin A (95° 16') . . 9.998163 

log sin (7 9.112177 .-. (7=7° 26' 21". 

The smaller value of (7 is taken, for the same reason 
as before. 

2. Given A = 60** 12', JB = 58° 08', and a = 62°42', 
to find bj 0, and C, i 

79° 12' 10", r 119° 03' 26", f 130° 64' 28", 

100° 47' 50'\ I 152^ 14' \%'\ \\\^ W ^^" . 



100 SPHERICAL 

CASE IIL 

Given two sides and their included angle. 

87. The remaining angles are found by means of Napier's 
Analogies, and the remaining side, a3 in the preceding cases. 

BXAM'PLBS. 

1. Given a = 62° 38', b = lO** 13' 19", and 
C = 150° 24' 12", to find c, JL, and JB. 

Applying logarithms to Proportions (10) and (ll)i 
Art. 83, we have, 

(a. c.) log cos i (a -f I) -f log cos i (a — J) + log cot ^ £7 - 10 

= log tan J (-4 + 5) ; 

(a. c.) log sin {a + b) -\- log sin J (« — *) + log cot J (7 — 10 

= log tan J (-4 - 5) ; 
we haye, 

J (a - J) = 26° 12' 20", ^ (7 = 75^ 12' 06", 
and, ^^a + b) = 36° 25' 39". 

(a. c.) log cos i{a + b) . (36° 25' 39") . 0.094415 

log cos iia- b) . (26° 12' 20") . 9.952897 

log cot i C ... (75° 12' 06") . 9.421901 

log tan J (^ -f 5) 9.469213 

.-. i{A + £) = 16° 24' 51". 

(a. c.) log sin J (a + ^) . (36° 25' 39") . 0.226356 

log sin i (a - J) . (26° 12' 20") . 9.645022 

log cot J C ... (75° 12' 06") . 9.421901 

log tan J (-4 - 5) 9.293279 
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The greater angle is equsd to the half sum plus the half 
difference, and the less is equal to the half sum minus the 
half difference. Hence, we have, 

A = 27^ 31' 44", and i? = 6° 17' 68". 

Applying logarithms to the Proportion (13), Art. 83, we 

Jbave, 

(a. c.) log sin i{A-B)+ log sin i (^+^)+log tan i {a-h) -10 

= log tan i c ; 

(a. c.) log sin ^ {A - B) . (11° 06' 53") . 0.714952 

log Bin i{A + B) . (16° 24' 51") . 9.451139 

log tan i (a - b) . (26° 12' 20") . 9.692125 

log tan J c 9.858216 

.-. ic = 35° 48' 33", and c = 71° 37' 06". 

2. Given a = 68° 46' 02", b = 37° 10', and 

C = 39° 23' 23", to find c. A, and JB. 

Am. A = 120° 59' 47", JB = 33° 45' 05", e = 43° 37' 38". 

8. Given a = 84° 14' 29", b = 44° 13' 46", and 
C = 36° 45' 28", to find A and JB. 

Ana. A = 130° 05' 22", B = 32° 26' 06". 



CASE rv. 

Given two angles and their included side. 
88. The solution of this case is entirely analogous to Case 

m. 

Applying logarithms to Proportions ( 12 ) and (13 V^ Axt. 
8S, and to Proportion (11), Art. 83, v?e Yi^iNe, 
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(a. c.) log cos i (-4 + 5) + log cos J (-4 —5) + log tan J c — 10 

= log tan J (a + J) ; 

(a. c.) log sin J (-4 + 5) + log sin J (-4 — 5) + log tan ^ c — 10 

= log tan i {a — b); 

(a. c.) log sin (a — J) + log sin {a + h) + log tan J (-4 — B) —10 

= log cot i G. 

The application of these formulas are sufficient for the 
solution of all cases. 

EXAMPLES. 

1. Given JL = 81° 38' 20", J3 = W 09' 38", and 
= 69*" 16' 22", to find C, a, and 6. 

Ans. G = 64^ 46' 24", a = 70° 04' 17^ b = 63<> 21' 27". 

2. GFiven J[ = 34° 15' 03", B = 42° 15' 13", and 
e = 76° 35' 36", to find (7, a, and 6. 

Ans. G = 121° 36' 12", a = 40° 0' 10", b = 50° 10' 30". 



CASE V. 

Given the three sides^ to find the remaining parts, 

89. The angles may be found by means of Formula (3), 
Art. 81 ; or, one angle being fonnd by that formula, the other 
two may be found by means of Napier's Analogies. 

EXAMPLES. 

1. Given a = 74« 23', b = 35° 46' 14", and c = 100° 80', 
to £Dd Aj Bj and C, 
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Applying logarithms to Formula (3), Art. 81, we have, 

log cos i-4 = 10 + i[log sin Ja + log sin {is — a) 

+ (a. c.) log sin 5 + (a. c.) log sin o — 20] ; 
or, 

og cos iA = J [log sin ^a + log an {is — a) 

+ (a. c.) log sin 5 + (a. c.) log sin c], 
we have, » 

is = 105<> 24' 07", and is — a = BV 01' 07 '. 

log sin J« ... (106*^ 24' 07") • 9.084116 

log sin (Ja - a) • ( 31° 01' 07") • 9.712074 

(a. c.) log sin 6 .... (35*»46'14") • 0.233186 

(a. c.) log sin c (100^ 39') 0.007546 

2 )19.936921 
log cos i-4 9,968460 

.-. J^ = 21^ 34' 2a", and ^ = 43° 08' 46". 

Using the same formula as before, and substituting Ji for 
Aj b for a, and a for 5, and recollecting that 
is — b = 69° 37' 63", we have, 

log sin ^5 ... (105° 24' 07") . 9.984116 

log mn {is -b) . ( 69° 37' 63") • 9.971968 

(a. c.) log sin a .... . {74° 23') . • 0.016336 

(a. c.) log sin c (100° 39') . • 0.007540 

2) 19.979956 
log cos ii? 9.989978 

! .-. iB = 12° 16' 43", and 2/ = 24° 31' 26.'. 

Using the same formula, substituting O for Ay c for ci, 
and a for c, recollecting that is — c = 4° 46' 07"^ w- 
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log An is • • (106^ 24' 07") 9.984116 

log sin {is - e) • (4^ 45' 07") • 8.918250 

(a. c.) log sin a . • • • (74° 23') • • • 0.016336 

(JL c.) log sin 6 . . • (36° 46' 14") • • 9.233185 

2) 19.151887 
logco8i(7 9.676943 

.-. i (7 = 67° 62' 25", and (7 = 135° 44' 60". 

2. Given a = 66° 40', b = 83° 13', and c = 114° 30'. 
Ans. A = 48° 31' 18", B = 62° hh' 44", (7 = 125° 18' 66". 



CASE VI. 

The three angles leing given, to find the sides. 

90. The solution iu this case is entirely analogous to the 
preceding one. 

Applying logarithms to Formula ( 2 ), Art. 82, we have, 

log cos ia = i[log cos {iS — J3) + log cos {iS — (7) 

+ (a. c.) log sin i? + (a. c.) log sin (7 J. 

In the same manner as before, we change the letters, lo 
suit each case. 

EXAMPLES. 

1. Given A = 48° 30', S = 125° 20', and (7 = 62° 64'. 
Ans. a = 66° 39' 30", ^ = 114° 29' 68", c = 83° 12' 06" 

2. Given A = 109° 65' 42", B = 116° 38' 33", and 
C = 120° 43' 37", to find «, J, and c. 

Ans. a = 98° 21' 40", b = 10^'^ ^^' ^l'\ c =. W^° \%! 28". 



\ 



MENSURATION. 



91. Mexsuration is that branch of Mathematics which 
treats of the measurement of Geometrical Magnitudes. 

92. The measurement of a quantity is the operation of 
finding how many times it contains another quantity of the 
same kind, taken as a standard. This standard is called the 
unit of measure. 

93. The unit of measure for surfaces is a square^ one 
of whose sides is the linear unit. The unit of measure for 
volumes is a cube^ one of whose edges is the linear unit. 

If the linear unit is one foot, the superficial unit is one 
sqtcare footy and the unit of volun^e is one cubic foot. If 
the linear unit is one yard, the superficial unit is one square 
yardy and the imit of volume is one cubic yard. 

94. In Mensuration, the term product of two lines, is 
used to denote the product obtained by multiplying the 
number of linear units in one line by the number of linear 
units in the other. The term product of three lines, is used 
to denote the continued product of the number of linear 
onits in each of the three lines. 

Thus, when we say that the area of a parallelogram is 
equal to the product of its base and altitude, we mean that 
the number of sijperficial units in the parallelogram is equal 
to the number of linear units in the base, multiplied by the 
nnmber of linear units in the altitude. Axv '^^ \xi'Kra\&^^ *viw^ 
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number of units of Yolmne, in a rectangular parallelopipedon, 
b equal to the number of superficial units in its base mnlti' 
plied by the number of linear units in its altitude, and 
so on. 

MEN8UKATI0N OF PLANE FIGURES. 

To find the area of a parallelogram, 

96. From the principle demonstrated m Book IV., 
Prop, v., we have the following 

BULE. 

Multiply the base by the altitude ; the product will ie 
the area required. 

EXAMPLES. 

1. Find the area of a parallelogram, whose base is 12.25, 
and whose altitude is 8.5. Ane. 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ans. 41738.49 sq. ft. 

3. How many square yards are there in a rectangle 
whose base is 66.3 feet, and altitude 33.3 feet ? 

Ans. 246.31 sq. yi 

4. What is the area of a rectangular board, whose 
length is 12^ feet, and breadth 9 inches ? 9f sq. ft. 

6. What is the number of square yards in a parallelo- 
gram, whose base is 37 feet, and altitude 6 feet 3 inches? 

Ans. 21^. 

To find the area of a plane triangle. 
96. First Case. When t\ve \>^e «cvd ^Ititade are giA^en 
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From the principle demonstrated in Book IV,, Prop. VI., 
we may write the following 



BULE. 



Multiply the base by lialf the altitude / the product toiU 
be the area required, 

EXAHPLS:S. 

1. Find the area of a triangle, whose base is 625, and 
altitude 520 feet. Ans. 162500 sq. ^. 

2. Find the area of a triangle, in square yards, whose 
base is 40, and altitude 30 feet. ' Ans. 66|. 

3. Find the area of a triangle, in square yards, whose 
base is 49, and altitude 25J feet. Ans. 68.7361. 

Second Case. When two sides and their included angle 
are given. 

Let ABC represent a plane tri- 
angle, in which the side AB = c, 
BO = a^ and the angle J5, are 
given. From A draw AD perpen- 
dicular to BC \ this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane Trigonometry, we have, 

AD = c sinA 

Denoting the area of the triangle by Q, and applying the 
rule last given, we have, 




^ oc sinJ5 

Q = — s — ; 



or, 2Q z=z ac sin B. 



• 7> 

Substituting for sin B^ — ^ (Trig., Art. 30), and applying 
logaiithms, we have, 

log (2Q) = log a -f log c + log woi B — Vi % 
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hence, we may write the following 

BULB. 

Add together the logarithms of ths two sides and thi 
logarithmic sine of their included angle / from this mht/t 
subtract 10 ; the remainder will be the logarithm, of doahk 
the area of the triangle, Find^ from the table^ the ntnvhfr 
answering to this logarithm^ and divide it by 2 ; the quotient 
wiU be the required area, 

EXAMPLES. 

1. What is the area of a triangle, in which two sides 
a and J, are respectiyely eqi}al to 125.81, and 67.-65, and 
whose included angle (7, is 57° 25'? 

Ans. 2Q = 6111.4, and Q = 3055.7 Am. 

2. What is the area of a triangle, whose sides are 30 
and 40, and their included angle 28° 67' ? Ans. 290.427. 

3. What is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45° ? Ans. 20.8694. 



LEMMA. 



To find half an angle^ when the three sides of a plane tri- 

angle are given. 

97. Let ABC be a plane tri- 
angle, tlie aogles and sides being de- 
noted as in the figure. 

We have (B. IV., P. XH., XHI.), 

a'^ = b'^ + c^^2c.AD. ( 1.) 

When the angle A is acute, we have (Art. 37), 
AD = b cos A \ vrtien o\>\.\3ka^> Aiy -= b ^»^ CAjy. 
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Bat as CAD' is the supplement of the obtuse angle A^ 
cos CAD' = — cos -4, and AD' z=z -^b cos A. 

Ether of these values, being substituted for AD^ in ( 1 ), 

gives, 

a* = 52 + c* — 2bc cos ^ ; 

whence, 

^2 _|. ^2 _ ^^2 t 

cos A =z — 1--7 (2.) 

If we add 1 to both members, and recollect that 
1 + cos-4 = 2 cos^i^ (Art. 66), Equation (4), we have, 

tx A 2bc -\- b^ + c^ - a' I 

2 cos**-4 = r^ 

^ 2bc 

_ (b -f cY - g^ _ {b -r- c + a) {b + c — a) ^ 

"" 2bc "" 2bc • 

or, 

21 A {b + c +a) (b + e — a) ,-v 

cos* iA = ^ ~~ • • • • ( 8,) 

If we put b + c + a = 8j we have, 

6 + c-fa , , 5 + c — a , 

= is, and, = i* - a; 

Substituting in (3), and extracting the square root^ 



C0S iA 



/is {js - a) 
= V fc ' • • • • (4.) 

the plus sign, only, being used, smce iA < 90° ; hence. 

The cosine of half of either angle of a plane triangle^ 
is cf/unl to the square root of half the sum of tJte three 
sides, into half that sum minus the side opposite the angle, 
divided by the rectangle of the adjacent sides. 

By applying logarithms, we have, log cos iA — 

i [log is 4- log (is — a) + (a. c.) log b -V i^Si^. <i^i^o^ ^- • V^^^ 

24 
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If we subtract both members of Equation ( 2 ), from 1, 
and recollect that 1 — cos JL = 2 siu^ iA (Art. 66.), wo have, 

^ t , 1 ^ 25c - 52 - c2 + a« 
8 sln« iA = -Y 

^ a^^ {h- cY _ (g + ft - c) (g — 6 + c) 

"" 2ftc "" 2bc VO. 

Placing, as before, a + ft + c = «, we have, 

= i«-.C and, ^ = i«-ft. 

Substituting in (5), and reducing, we haye, 



hence. 



sini^ = ,/WES^EI. . . . (,.) 



The sine of half an angle of a plafie triangle^ is equal 
to the square root of half the sum of the three sides^ minus 
one of the adjacent sides^ into the ^alf sum minus the 
other adjacent side, divided by the rectangle of the adjacent 
sides. 

Applying logarithms, we have, 

log sm i^ = i [log {is - ft) + log {is - c) 

+ (a. c.) log ft + (a. c.) log c]. (3.) 

Third Case. To find the area of a triangle, when the 
three sides are given. 

Let AJBG represent a triangle 
whose sides a, ft, and c are given. 
From the principle demonstrated in 
the last case, we have, 

Q = ihc on A. 




/ 
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But, from Formula (^')> Trig** -A.rt. 66, we have, 

sin Am=z 2 sin iA cos iA ; 

whence, 

Q z= be sia ^A cos iA. 

Substituting for sin iA and cos iAj their values, taken 
from Lemma; and reducing, we have, 

hence, we may write the following 

BULE. 

JFlnd half tJie sum of the three sidesy and from it subtract 
each side separately. Find the continued product of tJie half 
sum and the three remainders^ and extract its square root ; the 
result will be the area required, 

. It is generally more convenient to employ logarithms ; for 
this purpose, applying logarithms to the last equation, we have, 

log C = iPog is + log {is - a) -i- log {is - 5) -f log (i^-c)] 
hence, .we have the following 

BULE. 

Find the half sum and the three remainders as before^ then 
find the half sum of th^ir logarithms ; the number correspond- 
ing to the resulting logarithm wiU be the area required. 

EXAMPLES. 

1. Find the area of a triangle, whose aides are 20, 80, 
and 40. 

We have, is = 46, is— a = 25, is—b = 16, is-^o = 5 
l)y the first rule. 



Q = y/45 X 25 X 15 X 6 = ^^OAI^I An», 
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By the second rule, 




log i( ... 


• (4.->) 


log (i« — «) • 


• C-^.^) 


log {is - b) . 


• (1-^) 


log (is-c) . 


• ( 5) 



... 1.6.53213 
• • • . l.;S97ft40 
• . . 1.I7«)()«I 
. . . . 0.<)1)S97(> 
2 )4.9-2l>-^l4 
log § 2.403107 

.-. Q = 290-4737 Ans. 

2. How many square yards are there in a trian<j:le, whose 
sides are 30, 40, and 50 tt'Ct ? Afis. 66f. 

To find the area of a trapezoid, 

98. From the pnnciple demonstrated in Book IV., Prop. 
VII., we may write the following 

RULE. 

Find half the sum of the parallel sides^ and multiply it 
by the altitude ; the product will be the area required. 

EXAM PLES. 

1. In a trapezoid the parallel sides are 750 and 1225, 
and the perpendicular distance between them is 1540 ; what 
IS the area ? Ans. 1520750. 

2. How many square feet are contained in a plank, whoso 
length is 12 feet 6 inches, the breadth at the greater end 15 
lathes, and at the less end 11 inches ? . Ans. 13J^. 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 06 
fe€t ? Ans. 20531 sq. yd 

To find the area of any quadrilateral. 

99, From what precedes, we d^dvice the following 



/ 
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RULE. 

Join the veHices of two opposite angles by a diagonal / 
from each of the other vertices let fall perpendiculars upon 
this diagonal ; multiply the diago7ial by half of the sum 
of the periteudiculars^ and the p7*oduct will be the area re- 
qui /• fid. 

EXAMPLES. 



1 . What is the area of the qtmd- 
rilatoral ABCJ)^ the diagonal AC 
being 42, and the |>erj)endicular8 Dg^ 
Bb^ equal to 18 and lb feet? 

Ans, 714 sq. ft. 



2. How many square yards of paving are there in the 
quadrilateral, whose diagonjil is 65 feet, and the two perpen- 
diculars let tali on it 28 and 33^ fe^t ? Aas. 222,^, 




To find tlie area of any polygon. 
100. From what precedes, we have the following 

RULE, 

Draw diagonals dividing the proposed polygon iiito tra- 
pezoids and triangles : then find the areas of these figures 
separately^ and add thern together for the area of the whole 
polygon. 

EXAMPLE. 

1. Let it be required to de- 
termine the area of the polygon 
^ABCDE^ having five sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
Lnrs, and found AC = 30.21, EC = 39.11, Bb = 4 
7V = 7.2(i, Aa = 4.18 : required l\\e ^y^^. Au&. ^^'^.Vi^n.. 
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To find the area of a regular polygon. 

101. Let AJBj denoted by 5, re- 
present one side of a regular polygon, 
whose centre is C. Draw CA and 
CZ?, and from draw CD perpen- 
dicular to AJ3. Then will CD be the 
apothem, and we shall have AD = DD. 

Denote the number of sides of the polygon by n ; tlieu 

360® 
will the angle ACD, at the centre, be equal to 




n ' 



(B. v., Page 138, D. 2), and the angle ACD^ which is half 

180° 

of A CD. will be equal to • 

^ n 

In the right-angled triangle ADC^ we shall have, For- 
mula (3), Art. 37, Trig., 

CD = is tan CAD. 

But CADy being the ^complement of ACD^ we have, 

tan CAD = cot A CD ; 

hence, CD = is cot , 

n 

a formula by means of which the apothem may be computed. 
But the area is equal to the perimeter multiplied by half 
the apothem (Book V., Prop. VIII.) : hence the followmg 

RULE 

1^171(1 the apothem^ by the preceding formula ; multiply 
the perimeter by half the apothem ; the product wiU be the 
area refjuired. 

E XAMPLES. 

1. What is the area of a regular hexagon, each of whose 
sides is 20 ? We have, 

CZ> = 10 X cot 30° ; or, log CD = log 10 + log cot 30°— 10 

log ^5 . . . (10 ) . 1.000000 

180° 
log cot (30°^) • 10.^^^5^\ 



n 



log CD \.^^%b^\ /. CB=YV,^^^V 
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The perimeter is equal to 120 : hence, denoting the area by Q^ 

^ 120 X 17.3205 ,^„^„„ . 

Q = = 1039.23 Ans. 

2s What is the area of an octagon, one of whose sides 
Is 20 ? Ans. 1931.36886. 

The areas of some of the most important of the regular 
polygons have been computed by the preceding method, on 
the supposition that each side is equal to 1, and the results 
are given in the following 

TABLE. 



VAXS8. 


SIDBS. 


AREAS. 


NAHUS. 


8IDK8. 


AREAS. 


Triangle, . 


. 8 . 


. 0.4330127 


Octagon, . 


. 8 . 


. 4.8284271 


Square, 


. 4 . 


. 1.0000000 


Nonagon, . 


. 9 . 


. 6.1818242 


Pentagon, . 


. 5 . 


, 1.7204774 


Decagon, . 


. 10 . 


. 7.6942088 


Hexagon . 


• 6 • 


. 2.5980762 


Undecagon, 


. 11 . 


. 9.8656899 


Heptagon . 


. 1 . 


. 8.6339124 


Dodecagon, 


. 12 . 


. 11.1961524 



The areas of similar polygons are to each other as the 
squares of their homologous sides (Book IV., Prop. XXVII.). 

Denoting the area of a regular polygon whose side is 
*> ^y Gj 8Jid that of a similar polygon whose side is 
1, by Ty the tabular area, we have. 



hence, the following 



BULE. 



Multiply the corresponding tabular area by the square of 
the gimn side / the product will be the area required. 

EXAMPLES. 

* 

1. What is the area of a regular hexagon, each of whoso 
^ides is 20 ? 

We have, T = 2.5980762, and s^ = 400 : hence, 

g = 2.5980762 X 400 = 10*i^.^^^^% Au^- 
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2. Find the area of a pentagon, whose side is 25. 

Ans. 1075.298375. 

3. Find the area of a decagon, whose side is 20. 

Ans. 3077.68352. 




To find the circumference of a circlcj when the diameter is 

given. 

102. From the principle demonstrated in Book V., Prop^ 
XVI., we may write the following 

BULB. 

Multiply the given diameter by 3.1416 ; tJie product wiU 
be the circumference required. 

EXAMPLBS. 

1. What is the circumference of a circle, whose diameter 
is 25 ? Ans. 78.54. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Ans. 24884.6136. 

To find the diameter of a circle^ when the circumference %s 

given. 

103. From the preceding case, we may write the following 

BULB. 

Divide the given circumference by 3.1416 ; the quotient 
mU be the diameter required. 

EXAMPLES. 

1. What is the diameter of a circle, whose circumference 
is 11652.1944? Ans. 3700. 

2. What is the diameter of a circle, whose circumference 
'- 6850 ? Aus, ^V^^X\ 
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To find the length of an arc covtaining any number of 

degrees, 

104. The length of an arc of 1°, in a circle whose 
diameter is 1, is equal to the circumference, or 3.1416 
divided hy 360 ; that is, it is equal to O.O0872G0 : hence, 
the h^ns^lh of an arc of n degrees, will be, n x 0.0087266. 
To tind the length of an arc containing n degrees, when 
the diameter is d^ we employ the principle demonstrated in 
Book v.. Prop. XIII., C. 2 : hence, we may write the following 

RULE. 

3[tdt}jt1y the number of degrees hi tlie arc by .0087266, 
and the product by the diameter of the circle / the res^dt 
toill be the length required. 

EX A M P LES. 

1. What is the length of an arc of 30 degrees, the 
diameter being 18 feet? Ans. 4.712364 ft. 

2. What is the length of an arc of 12° 10', or 12^°, the 
diameter beiifg 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

105. From the principle demonstrated in Boole V., Prop. 
XV., we may write the following 

RULE. 

Multiply the square of the radiics by 3.1416 ; the prO' 
duct iPiU be the area required. 

EXAMPLES. 

1. Find the area of a circle, whose diameter is 10, and 
circumference 31.416. A?is. 78.54. 

2. How many square yards in a circle whose diameter 
is 3i feet? Ans. 1.009016. 

3. What is the area of a circle \vho^<i ckcvvKv^vix^w^^ \% 
^12 feet ? Aas. WAt^^ 
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To find the area of a circular sector, 

106. From the principle demonstrated in Book V., Prop. 
XIV., C. 1 and 2, we may write the following 

SULE. 

L Multiply half the are by the radius / or, 
n. Find tJie area of the whole circle^ by the last rule; 
tlien lorite t/ie proportion^ as 360 is to the number of deyrees 
in the sector^ so is the area of the circle to the area of the 
sector, 

EXAMPLES. 

1. Find the area of a circular sector, whose arc contains 
18% the diameter of the circle being 3 feet. 0.35343 sq. ft. 

2. Find the area of a sector, whose arc is 20 feet, the 
radius being 10. Ans, 100. 

3. Required the area of a sector, whose arc is 147® 29', 
and radius 25 feet. Ans. 804.3986 sq.ft. 

To find the area of a circular segment, 

107. Let AD represent the chord C 
corresponding to the two segments 
AOJi and AI^B. Draw AJEI and 
J3JEI, The segment ACB is equal to 
the sector EACB^ minus the triangle 
AEB. The segment AFB is equal 
to the sector EAFB^ plus the tri- 
angle AEB. Hence, we have the fol- 
lowing 

BULE. 

Find the area of the corresponding sector^ and also of 
the triangle formed by the chord of the segment and the 
two extreme radii of the sector; subtract the latter from the 
former when the segment is less than a semicircle^ and take 

their sum when the segment is greatw than - a. %effa\^TdiA \ 

t^ result vnU be the area required. 
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BXAMPLBS. 

1. Find the area of a segment, whose chord is 12 and 
the radius 10. 

Solving the triangle AEB^ we find the angle AEB is 
equal to 73® 44', the area of the sector JEA GB equal to 
34.35, and the area of the triangle AEB equal to 48 ; 
lence, the segment ACB is equal to 16.36 Ans. 

2. Find the area of a segment, whose height is 18, the 
diameter of the circle being 60. Ans, 636.4834, 

3. Required the area of a segment, whose chord is 16, 
the diameter being 20. Ans. 44.764. 

To find tJie area of a circular ring contained between the 
circumferences of two concentric circles, 

108. Let B and r denote the radii of the two circles, 
JB being greater than r. The area of the outer circle is 
iP X 3.1416, and that of the inner circle is r^ X 3.1416 ; 
hence, the area of the ring is equal to (i? — r^) x 3.1416. 
Hence, the following 

SULE. 

Find the difference of the squares of the radii of the 
two circles^ and multiply it by 3.1416 ; the product will be 
the area required, 

EXAMPLES. 

1. The diameters of two concentric circles being 10 and 
6, required the area of the ring contained between their 
circumferences. Ans, 60.2056. 

2. What is the area of the ring, when the diametcn:* <i< 
th3 drclea are 10 and 20? Aas^. ^'i^^&J^ 
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MENSURATION OF BROKEN AND CURVED SURFACES. 
To find the area of the entire surfaxie of a right prism, 

109. From the principle demonstrated in 'Book VII., Prop, 
L, we may write the following 

RULE. 

Multiply the perimeter of the base by the altitude^ ths pro^ 
duct wiU be the area of the convex surface / to thin add the 
areas ^f the two bases / the result will be the area required, 

EX AMPLES. 

1. Find the surface of a cube, the length of each side 
being 20 feet. Ans, 2400 sq. ft. 

2. Find the whole surface of a triangular prism, whose 
base is an equilateral triangle, having each of its sides equal 
to 18 inches, and altitude 20 feet. Ans, 91.949 sq.ft. 

To find the area of the entire surface of a right pyramid, 

110. From the principle demonstrated in Book VII., Prop. 
rV., we may write the following 

BULB. 

Multiply the perimeter of the base by half the slant 

height/ the product will be the area of the convex surface; 

to (his add the area of the base/ the result will be the. area 
required. 

EXAMPLES. 

1. Find the convex surface of a right triangular pyramid, 
the slant height being 20 feet, and each side of the base 
3 feet. Ans, 90 sq. ft 

2. What is the entire surface of a right pyramid, whose 
sliiut height is 15 feet, and the base a pentagon, of which 

eac/j side is 25 feet ? Aus. ^^\'m^'^ ^. CL 
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To Jind the urea of the coiicex surface of a frustum of a 

rig Jit pyramid. 

111. From the principle demonstrated in Book VIl., Prop. 
rV., S., we may write the following 

RULE. 

Mnltiply the half sum of the peritneters of the ttno hffnes 
by tlkjc slant height / the jyroduct will be the area reiiuired, 

EXAMPLES. 

1. How many square feet are there in the convex sur- 
face of the frustum of a square pyramid, whose slant height 
is 10 feet, each side of the lower base 3 feet 4 inches, and 
each side of the upper base 2 feet 2 inches? Ans, 110 sq.ft. 

2. Wliat is the convex surface of the frustum of a 
heptagonal pyramid, whose slant height is 55 feet, each side 
of the lower base 8 feet, and each side of the upper base 
4 feet ? Ans. 2310 sq. ft. 

112. Since a cylinder may be regarded as a prism whose 
base has an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules 
just given, may be applied to find the areas of the surfaces 
of right cylinders, cones, and frustums of cones, by simply 
changing the term perimeter^ to circumference. 

EXAMPLES. 

1. Wliat is the convex surface of a cylinder, the diameter 
of whose base is 20, and whose altitude 50 ? Ayis. 3141.0 

2. What is the entire surface of a cylinder, tlie altitude 

being 20, and diameter of the base 2 feet? 131.9472 sq.ft. 

8. Required the convex surface of a cone, Avhose slant 
height is 60 feet, and the diameter of its base 8^ feet. 
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4. Required the entire surface of a cone, whose dant 
height is 36, and the diameter of its base IS feet. 

Am. ' 1272.348 bq. ft. 

6. Find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12^ feet, and the cu'cum- 
ferences of the bases 8.4 feet and 6 feet. Ans. 90 sq. ft. 

6. Find the entire surface of the frustum of a cone, the 
slant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ans. 292.1688 sq. ft. 

To find the area of the surface of a sphere. 

113. From the principle demonstrated in Book Vlil, 
Prop. X., C. 1, we may write the following 

RULE. 

Find the area of one of its great circles^ and mtdtiply 
it by 4 I the product will be the area required. 

EXAMPLES. 

1. What is the area of the surface of a sphere, whose 
radius is 16 ? Ans. 3216.9984, 

2. What is the area of the surftice of a sphere, whose 
radius is 27.25 Ans. 9331.3374, 

To find the area of a zone. 

114. From the principle demonstrated in Book VIU, 
l*rop. X., C. 2, we may write the following 

BULB. 

Find the circumference of a great circle of the sphere, 
and multiply it by the altitude of the zone; the product 
toiU be the area required. 
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EXAMPLES. 

1. The diameter of a sphere being 42 inches, what is 
the area of the surface of a zone whose altitude is 9 inches. 

Ans. 1187.5248 sq. in. 

2. If the diameter of a sphere is 12^ feet, what will be 
the surface of a zone whose altitude is 2 feet ? 78.54 sq. ft. 

To find the area of a spherical polygon, 

115. From the principle demonstrated in Book IX., Prop. 
XIX., we may write the following 

BULE. 

From the sum of the angles of the polygon^ subtract 180° 
taJcen as many times as the polygon has sides^ less two^ 
and divide the remainder by 90° / the quotient will be the 
spherical excess. Find the area of a great circle of the 
sphere^ and divide it by 2 / the quotient will be the area 
of a tri^ectangular triangle. Multiply the area of the trt- 
rectangular triangle by the spherical excess^ and the product 
wiU be the area required. 

This rule applies to the spherical triangle, as well as to 
any other spherical polygon. 

EXAMPLES. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 fjet, the angles being 140°, 92°, and 
08°. Ans. 471.24 sq. ft 

2. What is the area of a polygon of seven sides, de 
scribed on a sphere whose diameter is 17 feet, the sum of 
tho angles being 1080° ? Ans. 226.98 

3. What is the area of a regular polygon of eight sides, 
described on a sphere whose diameter is 30 yards, each an- 
gle of the polygon being 140°? Ana. \^1.^^ ^0^,^^%. 
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MENSURATION OF VOLUMES. 

To find the volume of a prism, 

1 1 6. From the principle demonstrated in Book \T1., 
Prop. XrV., we may write the following 

RULE. 

]Uult}j)hj the area of the base by the altitude ; the pro- 
dttct will be the volume required. 

EXAMPLES. 

1. What is the volume of a cube, whose side is 24 inches? 

Ans. 13824 cu. in. 

2. How many cubic feet in a block of marble, of wiiich 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches ? A?is. 21^ cu. ft. 

3. Re(piired the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
8, 4, and 5 feet. A91S, 60. 

To find the volume of a pyramid, 

117. From the principle demonstrated in Book Vll., Prop. 
XVll., we may write the following 

RULE. 

Multiply the area of the base by one-third of the alti- 
i ide / the product will be the volume required. 

EXAMPLES. 

1. Required the volume of a square pyramid, each side 
of its base being 30, and the altitude 26. Ans, 7500. 

2. Find the volume of a triangular pyramid, whose alti- 
tude 18 30^ and each side o^ tV V^^^ ^ i-^i^X.* ^^.9*711 cu. ft. 



\^ 
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3, What is the volume of a pentagonal pyramid, its alti- 
tude being 12 feet, and each side of its base 2 feet. 

Ans. 27.5270 cu. ft. 

4. What is the volume of an hexagonal pyramid, whoso 

ftltitudo is ^6,4 feet, and each side of its base 6 inches ^ 

Ans. 1.38504 cu. (I 

To find the volume of a frustum of a pyramid. . 

118. From the principle demonstrated in Book VII., Prop^ 
XVin., C, we may write the following 

RULE. 

^'ind the sum of th^ upper hase^ the lower base^ and a 
mean proportional between them ; multiply the result by one- 
third of the altitude ; the product wMl be the volume required. 

EXAMPLES. 

1. Find the number of cubic feet in a piece of timber, 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base 6 inches, the 
altitude being 24 feet, Ans. 19.6. 

2, Required the volume of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, and 
each side of the upper base 6 inches. Ans. 9.31925 cu. ft. 

119. Since cylinders and cones are limiting cases of prisms 
and pyramids, the three preceding rules are equally applicable 
to them. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude is 
12 feet, and the diameter of its base 16 feet. 

Ans. 2120.58 cu. ft. 

2. Required the volume of a cylinder whose altitude is 
20 feet, and the circumference of whoie base is 5 feet 
6 inches. Ana. «k^\*tV ^xs.."^, 

2& 
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8. Hequired the volume of a cone whose altitude u 
27 feet, and the diameter of the base 10 feet. 

Ana, 706.86 cu. ft 
4. Required the volume of a cone whose altitude is 
lOj feet, and the circumference of its base 9 feet. 

Atia. 22.56 cu. fin 

6. Find the volume of the frustum of a cone, the altitude 

being 18, the diameter of the lower base 8, and that of the 

upper base 4. Ana, 527.7888. 

6. What is the volume of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10 ? Ana. 464.216. 

7. If a cask, which is composed of two equal conic frus- 
tums joined together at their larger bases, have its bung dia- 
meter 28 inches, the head diameter 20 inches, and the length 
40 inches, how many gallons of wine will it contain, there 
being 231 cubic inches in a gallon ? Ana. 79.0613, 

To find the volume of a sphere. 

120. From the principle demonstrated in Book VllL, 
Prop. XrV., we may write the following 

RULE. 

Cube the diameter of the sphere^ and multiply the result 
by J'B', that is^ by 0.5236 ; the product wiU be the volume 
required. 

EXAMPLES. 

1. Wliat is the volume of a sphere, whose diameter in 
1 2 ? Ans. 904.78:)8 

2. What is the volume of the earth, if the mean diain 

eter be taken equal to 7918.7 miles. 

Ana. ^b^^^^n^^^^^ ^M.Tftik 
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To find the volume of a wedge. 

121. A "Wedgb is a volume bound- 
ed by a rectangle ABGD^ called the 
hdch^ two trapezoids ABHQ^ DCHQ^ 
called faces^ and two triangles ADG^ 
GBH called ends. The Mne GH, in 
which the faces meet, is called the edge. 
•The two faces are equally inclined to 
the back, and so also are the two ends. 

There are three cases: 1st, When the length of the edge is 
equal to the length of the back; 2d, When it is less; and 3d, 
When it is greater. 

In the first case, the wedge is a right prism, whose base is 
the triangle ADQ^ and altitude GH or ABi hence, its volume 
is equal to ADG multiplied by AB, 

In the second case, through H^ 
the middle point of the edge, pass 
a plane HCB perpendicular to the 
back and intersecting it in the line 
BG parallel to AD. This plane 
will divide the wedge into two 
parts, one of which is represented 
by the figure. 

Through (?, draw the plane GNM parallel to HGB^ and it 
will divide the part of the wedge represented by the figure into 
the right triangular prism GNM — J?, and the quadrangular pyr 
amid ADNM— G* Draw GP perpendicular to iOf: it will 
also be perpendicular to the back of the wedge (B. VI., P. 
XVII.), and hence, will be equal to the altitude of the wedge. 

Denote AB by Z, the breadth AD by 5, the edge GHhy 
I, the altitude by A, and the volume by "P; then, 

A3f=z L-l, MB = GJI= I, and area NGM= ^bh : then 

Prism == ^bhl; Pyramid = b{Z - tj^h = \bh{L - I), and 
r= \bht + \bh{L - /) = \bhl + \bhL - \bhl = ibh{l-{-2Z). 

We can find a similar expression for the remaining part of the 
wedge, and by adding, the factor within the parenthesis be<io\x\ft» 
the entire length of the edge plus twice XXie \ei!k^\)cv ol \)ci^ \k^4*^. 
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In the third case, / is greater than X, and denotes the 
altitude of the prism ; the volume of each part i& equal to 
the difference of the prism and pyramid, and is of the same 
form as before. Hence, the following 

llui^. — Add twice the length of the back to the length of 
the edge; multiply the sum by the breadth of the back^ and 
that result by one-sixth of the altitude / the final product will 
he the volume required. 

EXAMPLES. 

1. If the back of a wedge is 40 by 20 feet, the edge 
35 feet, and the altitude 10 feet, what is the volume? 

Ans. 3833.33 en. ft. 

2. What is the volume of a wedge, whose back is 18 feet 
by 9, edge 20 feet, and altitude 6 feet? 504 cu.ft. 

To find the volume of a prismoid. 

122. A Peismoid is a frustum of a wedge. 

Let i and J5 denote the 

loigth and breadth of the lower /^ 

base, I and b the length and 
breadth of the upper base, M and 





m the length and breadth of the / \ j m 

section equidistant from the bases, 
and h the altitude of the prismoid. 

Through the edges Z and l\ 
let a plane be passed, and it will 

divide the prismoid into two wedges, having for bases, the 
bases of the prismoid, and for edges the lines i and /'. 

The volume of the prismoid, denoted by V, will be 
equal to the sum of the volumes of the two wedges ; hence, 

V = iJBh{l 4- 2L) + ibh{Z + 21) ; 
or, 

V = {h[^BIj -\- 'iW A- Bl -Vbl>i \ 



OF VOLUMES. 129 

wbich may be written under the fonn, 

V = ih[{BZ + bl + JBl-[- hZ) + BL + U\ (^.) 

Because the auxiliary section is midway between the bases, 
M'e have, 

2M = Z+ ly and 2m = i? + ^ ; * 
hence, 

4Mm = (X + (^ + ^) = J?i 4- Bl + bZ + hi 

Substituting in ( 4i ), we have, 

V = yi{BZ -^bl + 4Mm). 

But BZ is the area of the lower base, or lower section, 
bl is the area of the upper base, or upper section, and Mm 
is the area of the middle section ; hence, the following 

BULE. 

To find the volume of a prismoid^ find the sum of the 
areas of the extreme sections and four times the m^iddle sec- 
tion ; multiply the result by one-sixth of the distance between 
the extreme sections / the result will be the volume required. 

This rule is used in computing volumes of earth-work in 
railroad cutting and embankment, and is of very extensive 
application. It may be shown that the same rule holds for 
every one of the volumes heretofore discussed in this wort 
Thus, in a pyi-amid, we may regard the base as one extreme 
section, and the vertex (whose area is 0), as the other 
extreme ; their sum is equal to the ^ area of the base. The 
area of a section midway between between them is equal to 
. one-fourth of the base : hence, four times the middle section 
is equal to the base. Multiplying the sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylinders, 
frustums of coneSj spheres, &c., ia left s^a ^iXi ^x^xc\5ftfe iort >^&». 
ftudeDt 
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EXAMPLES. 

1. One of the bases of a rectangular prismoid is 25 feet 
by 20, the other 15 feet by 10, and the altitude 12 feet 
required t4ie volume. Ans. STOO cu. ft. 

2. What is the volume of a stick of hewn tiiiiber,^ 
whose ends are 30 inches by 27, and 24 inches by 18, its 
length being 24 feet ? Ana. 102 cu. A. 



MENSURATION OF REGULAR POLYEDRONS. 

123. A Regulab Polyedron is a polyedron bounded by 
equal regular polygons. 

The polyedral angles of any regular polyedron are all 
equal. 

124. There are five regular polyedrons (Book VIL, 
Page 208). 

To find the dledral angle between t/ie faces of a regvJUxf 

polyedron, 

125. Let the vertex of any polyedral angle be taken as 
the centre of a sphere whose radius is 1 : then will this 
sphere, by its intersections with the faces of the polyedral 
angle, determine a regular spherical polygon whose sides will 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles between 
the faces. 

It only remains to deduce a formula for finding one 
angle of a regular spherical polygon, when the sides are 
given. 
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Let ABODE represent a regular spherical polygon, and 
let P be the pole of a small circle passing through its verti- 
ces. Suppose P to be connected 
with each of the vertices by arcs of 
great circles ; there will thus be 
formed as many equal isosceles tri- 
angles as the polygon has sides, the 
vertical angle in each being equal 
to 360° divided by the number of 
sides. Through P draw PQ per- 
pendicular to AB : then will A Q 
be equal to BQ. If we denote the number of sides by n, 




360^ 



180* 



the angle AP Q will be equal to , or 

In the right-angled spherical triangle APQ^ we know the 
base AQy and the vertical angle APQ; hence, by Napier's 
rules for circular parts, we have, 

sm (90° — APQ) = cos (90° - PA Q) cosAQ; 



or, by reduction, denoting the side AB by «, and the an- 
gle PAB, byi^, 

180° 



cos 



whence, 



n 



= sin iA cos is ; 



cos 



sin ^A = 



180^ 
n 



cos is 



In the Tetraedron, 
ISO"" 



M 



In the Ilexaedron, 
180« 



n 



EXAMPLES. 



== 60°, and is =»30° .'. A = 70° 31' 42". 



= 60°, and is = 45° .' A -=1 ^** . 
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In the Octaedron, 

180® 

-— = 45% and is = 80* .'. A = 109° 28' 18". 
n 

In the Dodecaedron, 
180° 



n 

In the leosaedron, 
180° 



= 60% and is = 64o .\ A = 116^ 33' 54". 



n 



= 36% and is = 80** .'. A = 138° 11' 23". 



To find the volume of a regular polyedron. 

126. If planes be passed through the centre of the poly- 
edron and each of the edges, they will divide the polyedron 
into as many equal right pyramids as the polyedron has faces. 
The conmion vertex of these pyramids will be at the centre 
of the polyedron, their bases will be the faces of the poly- 
edron, and their lateral faces will bisect the diedrid angles 
of the polyedron. The volume of each pyramid will be equal 
to its base into one-third of its altitude, and this multiplied 
by the number of faces, will be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn fi-om the centre of 
the polyedron to one face ; the foot of this perpendicular 
will be the centre of the face. From the foot of this per- 
pendicular, draw a perpendicular to either side of the face 
in which it lies, and connect the point thus determined with 
the centre of the polyedron. There will thus be formed a 
right-angled triangle, whose base is the apothem of the face, 
whose angle at the base is half the diedral angle of the 
polyedron, and whose altitude is the required altitude of the 
pyramid, or in othei words, the radius of the inscribed 
Bphere, 
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Denoting the perpendicular by P, the base by J, and 

the diedral angle by Aj we have Formula ( 3 ), Art. 37, 

Trig., 

P = b imiA; 

bat b is the apothem of one face ; if, therefore, we denofe 
Ihe number of sides in that face by w, and the length of 
each side by «, we shall have (Art. 101, Mens.), 

b = is cot _ ; 



n 



whence, by substitution, 



P = |« cot -^37- tan iA ; 



n 



hence, the volume may be computed. The volumes of all 
the regular polyedrons have been computed on the supposi- 
tion that their edges are each equal to 1, and the results 
are given in the following 



TABLE. 



NAMES. 

Tetraedron, , 
Hexaedron, , 
Octaedron, 
Dodecaedron, 
Icosaedron, , 



NO 



OF FACES. TOLUMES. 

4 0.1178613 

6 1.0000000 

8 0.4714045 

12 7.6631189 

20 2.1816950 



From the principles demonstrated in Book Vll., we may 
write the following 



KULB. 



To find the volume of any regular polyedron^ multiply 
ihe cube of its edge by the corresponding tabular volume : 
Hue product will be the volumt required. 
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EXAMPLES. 

1. ' What is the volume of a tetraedron, whose edge is 1& ? 

Arts. 397.75. 

2. What is the volume of a hexaedron, whose edge is 12 ? 

Ans. 1728. 

8. What is the volume of a octaedron, whose edge is 20 ? 

Am. 3771.236. 

4. What is the volume of a dodeeaedron, whose edge 
is 25? Ans. 119736.2328. 

5. What is the volume of an icosaedron, whose edge 
is 20? Am. 17453.56. 
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